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Abstract

We observe that the principal typing property of a type
system is the enabling technology for modularity and
separate compilation [10]. We use this technology to
formulate a modular and polyvariant closure analysis,
based on the rank 2 intersection types annotated with
control-flow information.

Modularity manifests itself in a syntax-directed,
annotated-type inference algorithm that can analyse
program fragments containing free variables: a princi-
pal typing property is used to formalise it. Polyvariance
manifests itself in the separation of different behaviours
of the same function at its different uses: this is for-
malised via the rank 2 intersection types. As the rank
2 intersection type discipline types at least all (core)
ML programs, our analysis can be used in the separate
compilation of such programs.

1 Introduction

Compiler optimisations are crucially dependent on the
availability of control-flow information at compile time.
For any first-order imperative program, this information
is available via a flowchart constructed from the pro-
gram text. Consequently, traditional dataflow analyses
can be used to perform a series of compile-time program
optimisations [1]. For higher-order programs, however,
a control-flow graph is often unavailable. The reason is
that functions in a higher-order program are treated as
data — they can be passed between two program points
via function calls and can arise as the result of evalua-
tion at any program point. Thus one needs to calculate
flow information — it cannot be deciphered from an in-
spection of the structure of the program text. Hence,
a number of control-flow analyses have been proposed
[8, 11, 20] for higher-order programs. Since functions
are traditionally implemented as closures, such analy-
ses are also called closure analyses [19].1 All of them
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answer the following interrelated questions: what are
the possible functions called at a program point? and:
what are the possible functions that can be the result
of evaluation at a program point?

1.1 Techniques for closure analysis

The classical technique for closure analysis is abstract
interpretation [4] of either the denotational semantics
of the language [20] or of its operational semantics [14].
An equivalent technique uses a system of constraints to
specify these analyses so that flow information is ob-
tained as the minimal solution of the constraint system
[16]. Both techniques are global in that they require the
availability of the entire program before analysis. Fur-
ther, they assume the program to be closed, or, if open,
to have simple (e.g., integer or boolean), non-function
inputs.

Recently, there has been a surge of interest in using
annotated type systems for program analysis. The intu-
ition is that we can annotate types and expressions in a
language with the properties of interest, e.g., flows [23],
binding times, strictness and totality [21], effects [22],
regions [24], concurrent behaviours [15] etc., so that if
an expression, e, has the annotated-type, τ , then evalu-
ation of the expression exhibits the properties described
by the annotation of τ . Static analysis of the expres-
sion, e, is then synonymous with the calculation, via
an annotated-type inference algorithm, of its property
annotations. 2

For closure analysis, we annotate every function in
an expression with a distinct label, and associate a set of
function labels with every function type. The intuition
is that if an expression, e, has the function type, τ , with
flow annotation, φ, then its evaluation will yield a clo-
sure, whose text is a function having a label predicted
by φ. The static determination of the set of function la-
bels that e can possibly evaluate to, is thus synonymous
with the calculation, via an annotated-type inference al-
gorithm, of its flow annotations.

While the type-based approach maynot be as pre-
cise as the abstract interpretation-based approach, it
nonetheless outlines a method for performing local and
more importantly, modular program analysis. “Local”
means that the analysis of an expression is derived

2There is of course the issue of decidability of type inference
in the underlying type system: for instance, it is well known that
type inference is undecidable in System F or the intersection type
discipline.



through the composition of the analyses of its proper
sub-parts. We say that an analysis is “modular” if it
can analyse program fragments containing free variables,
i.e., modules, in isolation, and if the linking of fragments
does not require their re-analysis. A modular program
analysis is thus indispensable in the context of separate
compilation.

1.2 Related work on type systems and closure
analysis

The inspiration for this paper comes from three sources:

• Palsberg and O’Keefe show that Amadio and
Cardelli’s type system with recursive types and
subtyping [2] is equivalent to safety analysis [17,
18].3 The equivalence says that a term is declared
safe by the analysis if and only if it is typable in
Amadio and Cardelli’s type system. Suppose we
know that an expression is typable; is there an al-
gorithm to uncover its type-derivation tree? The
answer is “yes”, and the method involves perform-
ing a safety analysis of the expression.

• Heintze shows that given a variety of type systems
instrumented by control-flow information — the
instrumented types are termed control-flow types
— there exist corresponding closure analyses aug-
mented by type information such that each type
system is equivalent to its corresponding closure
analysis [7]. Equivalence here means that each
system calculates the same flow and type infor-
mation.

Both of the above papers address type systems for
closure analysis, but their methods of computation
of flow information are as follows: in Palsberg and
O’Keefe’s work, the information is indirectly obtained
via a safety analysis, while for an expression in Heintze’s
system, it is obtained by enumerating all of the possible
control-flow types of the expression, and then systemat-
ically removing the (structural) type information. The
upshot is that we obtain global analyses of expressions,
in a (type-based) setting where most analyses usually
rely on compositional inference algorithms to calculate
program properties.

• In her Phd thesis, Tang provides a type and effect
discipline for a call-tracking analysis of the simply-
typed λ-calculus with a recursion operator [23].
Types are annotated with control-flow effects that
statically approximate the set of functions called
during the evaluation of an expression. Subtyping
is used to obtain better precision for this analysis,
by disambiguating call contexts.

Tang’s framework is attractive because it is local :
given an expression, e, and an annotated-type envi-
ronment, TE , containing the annotations of the free
variables in e, the (ML-style) type inference algorithm
can locally analyse proper subexpressions of e, indepen-
dently of the rest of the program; subsequently, it can

3Safety analysis for the untyped λ-calculus is basically a
constraint-based, global program analysis that is used to pre-
vent run-time errors due to misuse of constants (as in e.g., the
application, 0(λx.x)) —without type reconstruction.

compose the local analyses to obtain an analysis for the
entire expression. In fact, this is the general technique
that is used for all the example program analyses men-
tioned in Section 1.1. The technique, however, is non-
modular : it requires the user to specify the annotated
types of the free variables of e as is manifest in the pa-
rameters to the inference algorithm.

1.3 This paper

A curious observation due to Damas [5, Chapter 1],
is that the simply typed λ-calculus satisfies the prin-
cipal typing property : given a typable program frag-
ment, e, possibly containing free variables, there is a
pair, 〈TE , τ〉, such that TE � e : τ represents all valid
typings (i.e., type-derivation trees) of e. Furthermore,
there is an algorithm that calculates such a pair for e.
The significance is, first, the user does not have to sup-
ply the types of the free variables of e — they can be
inferred automatically; secondly, when fragments are
linked, the typing of e might possibly change — but
principality guarantees that the new typing is always an
instance of TE � e : τ . Thus we can avoid a re-inference
of e upon linking. Principal typing is therefore crucial to
ensuring modularity. In the rest of the paper, we apply
this property to obtain a modular closure analysis.

Our goal is first, to provide a modular closure anal-
ysis of program fragments in languages with type sys-
tems at least as powerful as (core) ML’s. Secondly, we
are also interested in making our analysis polyvariant,
i.e., a function can have different behaviours (i.e., be
applied to different functions) at its different uses.

Note that in an ML-like language with polymorphic
type schemes, the principal typing property no longer
holds [5, Chapter 2]. Instead, we obtain the weaker no-
tion of principal type schemes: if a type scheme can
be inferred for an expression from a particular set of
assumptions,4 then the expression has a principal type
scheme under those assumptions. This entails that we
cannot infer a principal type scheme for a program
fragment with free variables, unless supplied the type
schemes of the free variables; this, in turn, entails that
we ought to know the definitions of the free variables
so that we can type the uses of these definitions. This
runs contrary to our expectations that we must be able
to type all uses of (free) variables in a module indepen-
dently of their definitions, which may reside in a differ-
ent module. Program analyses based on the ML type
system are therefore often non-modular.

The following question [17, pp.579, 591] is open:
“Does there exist a direct, (i.e., modular) way of com-
puting flow information in Amadio and Cardelli’s sys-
tem without a reduction to safety analysis”? In this pa-
per we answer this question positively for another very
expressive type system, namely, the rank 2 intersection
type system. We thus address both of our goals: indeed,
Jim has shown that this system can type more terms
than ML while retaining the same complexity of type
inference [10]. He has further demonstrated the useful-
ness of this type system in typing recursive definitions,
in accurate error detection due to type mismatches, in
incremental compilation, etc.

4a proviso not required for the simply-typed λ-calculus.



We develop a modular, polyvariant and type-based
closure analysis based on the rank 2 intersection type
system with subtyping. Annotating types with flows,
we show that there exists a sound and complete type
inference algorithm that can compute control-flow in-
formation directly from the structure of the program
text. Subtyping is used to orient flow information; the
principal typing property of the annotated type system
lends modularity to the analysis, so that program frag-
ments with free variables can be separately analysed;
and the polymorphism inherent in the type system ren-
ders the analysis polyvariant, so that the same function
can be specified to have different behaviours at its dif-
ferent uses.

Polyvariance in our framework is similar to the no-
tion of polymorphic splitting advocated by Jagannathan
and Wright for improving the precision of 0-CFA [9].
Our work differs in that polyvariance is obtained as a
result of the inherent polymorphism in the rank 2 inter-
section type system rather than as a result of an explicit
polyvariant closure analysis based on abstract interpre-
tation.

1.4 Organisation of the paper

Section 2 briefly reviews closure analysis and gives a
couple of examples. Section 3 introduces the system L2,
which is the proposed type system for closure analysis.
Section 4 and its subsections introduce the framework
for type inference in L2, the crucial notion of matching,
and the inference algorithm. Properties of the inference
algorithm are stated in Section 5. Section 6 shows an
example where the inference algorithm is applied. A
discussion of the framework follows in Section 7. Section
8 concludes.

2 Closure analysis

Consider an expression in the (call-by-value) λ-calculus.
We will label all λ-abstractions and variables in this
expression uniquely, so that λ�x binds occurrences of
x�. We often refer to a λ-abstraction by its label.

A node in the syntax tree of an expression is called
a “program point”. Then, given a closed expression,
closure analysis seeks to answer the following questions:

• What set of labelled lambdas can each program
point evaluate to?

• What set of labelled lambdas can each λ-
abstraction in the expression be applied to?

Suppose the analysis detects that one of the λ-
abstractions that � can be applied to is �′. Then this is
analogous to saying that the bound variable, x�, say, of
� can be bound to �′. The second question above can
thus be reformulated as:

• What set of labelled lambdas can every variable
in the closed expression be bound to?

Let us give a couple of examples of closure analysis.
For exact details of the usual abstract interpretation-
based analysis, we refer the reader to the work of Sestoft
[19] and Shivers [20].5

5Mossin has recently discovered that Sestoft’s analysis is not

2.1 Examples

We wish to analyse the following terms:

(I) (λ1 g . g(g(λ2 v . v)))(λ3 x . λ4 y . y).
The analysis yields the following results:

1. The function part of the application,
λ1 g . g(g(λ2 v . v)), yields {1}.
The variable g yields {3}.
λ2 v . v yields {2}.
The application, g(λ2 v . v), yields {4}.
The application, g(g(λ2 v . v)), yields {4}.

2. The argument part of the application,
λ3 x . λ4 y . y, yields {3}.
y yields ∅.
λ4 y . y, yields {4}.

3. The entire application expression yields {4}.
The interesting case is that of x: it yields both {2}
and {4}! This is because, λ3 x . λ4 y . y once gets
applied to λ2 v . v and again to the result of this
application, i.e., to λ4 y . y.

(II) (λ1 z . zz)(λ2 y . y). The analysis yields the follow-
ing results:

1. The function part of the application, λ1 z . zz,
yields {1}.
z yields {2}.

2. The argument part of the application, λ2 y . y,
yields {2}.
y yields {2}.

3. The entire application expression yields {2}.
One can verify the above results by reducing the ex-

pressions. Note that the first example is typable in the
simply-typed λ-calculus and in ML, whereas the sec-
ond is not. Thus a type-based analysis based on the
simple-type system, where properties are represented
using simple-type constructors, cannot be used to do
closure analysis for the second example. On the con-
trary, an abstract interpretation-based analysis would
succeed.

For the first example, note that a monovariant anal-
ysis would analyse x and report that it possibly evalu-
ates to the set, {2, 4}. For a polyvariant analysis, how-
ever, we should rather have a formalism that says: at its
innermost occurrence, x is bound to the λ-abstraction
labelled 2, and at its outer occurrence, x is bound to
the λ-abstraction labelled 4. Informally, we could say
that g is bound to the λ-abstraction labelled 3, which
has type “{2} → {4}” at the former occurrence, and
has type “{4} → {4}” at the latter occurrence. We
cannot “unify” these types, instead should maintain
their identities by resorting to an intersection type —
“{2} → {4} ∧ {4} → {4}”.
Shivers’ 0-CFA, as is commonly mentioned in the literature.
For examples, see his forthcoming Phd thesis [13, chapter 8].
The analysis presented in this paper, is, in Mossin’s parlance,
a “value-flow analysis”, where we are interested only in closure
values.



3 A type system for polyvariant closure
analysis

Here and in the following sections, we are motivated by
the general framework for type inference in the presence
of subtypes as defined by Mitchell [12] and extended
to behaviour analysis by Amtoft, Nielson and Nielson
[3, 15]. We show that the rank 2 fragment of the inter-
section type discipline can be instrumented to perform
a polyvariant closure analysis. We will call this instru-
mented system L2.

A type, τ , is of rank k, if no intersection type con-
structor, ∧, occurs to the left of k arrows in τ . We
restrict ourselves to rank 2, because typability for ranks
higher than 2 is an open question, and in the full inter-
section type discipline typability is undecidable; further,
the rank 2 system can type more terms than ML and
has the principal typing property [10].

The terms of the system are the terms of the λ-
calculus. The types of the system are classified as fol-
lows:

T0 = {t | t is a type variable}∪
{σ φ−→ τ | σ, τ ∈ T0, φ ∈ Flow}6

T1 = T0 ∪ {σ ∧ τ | σ, τ ∈ T1}

T2 = T0 ∪ {σ φ−→ τ | σ ∈ T1, τ ∈ T2, φ ∈ Flow}
T0 is the set of simple or rank 0 types. The set T1

is the set containing rank 1 intersection types: i.e., it
contains T0 as well as finite, non-empty intersections of
simple types. A T1 type can be written in the notation∧

i∈I
(τi), where each τi is in T0. The set T2 contains

T0 and the set of function types which are a subset of
the rank 2 intersection types, and in which the inter-
section type constructor is restricted to appear only to
the left of atmost one arrow. Clearly, T1 �⊆ T2 and
T0 = T1 ∩ T2.

The set Flow denotes flows: a flow, φ, has the BNF,
φ ::= κ | ξ | φ1 ∪ φ2, where κ ∈ P(Labels) and ξ is
a flow variable.

3.1 Subtyping

Corresponding to the sets Ti above, we have the sub-
typing relations, ≤i, for i ∈ {0, 1, 2}. A set, K, of type
constraints is said to be atomic, iff all type constraints
in K are of the form, t ≤0 t

′, where, t, t′ are type vari-
ables. A set, C, of flow constraints is said to be regular,
iff all flow constraints in C are of the form, ξ � φ, where
ξ is a flow variable.

Subtyping judgements take the form: K ,C �ST

σ ≤i τ , where K is a set of atomic type constraints, C
is a set of regular flow constraints, and i ∈ {0, 1, 2}.
The judgement should be read as: under the atomic
type constraints, K , and the regular flow constraints,
C , we can deduce that the rank i-type σ is a sub-
type of the rank i-type τ , for i ∈ {0, 1, 2}. Since func-
tion types are annotated with flows, subtyping on types

6Base types like int, real, bool, etc., belong to T0. For sim-
plicity, we omit them in this paper.

requires a comparison of flows too. Thus the judge-
ment K ,C �FL φ′ � φ means that under the atomic
type constraints, K , and the regular flow constraints,
C , the flow, φ′, is less precise than the flow, φ. Fig-
ure 1 provides a formal definition of subtyping and flow
comparisons.7

K ,C �FL κ′ � κ, if κ′ ⊇ κ

K ,C �FL ξ � φ, if (ξ � φ) ∈ C

K ,C �FL φ � φ′

K ,C �FL φ′ � φ′′

K ,C �FL φ � φ′′

K ,C �ST σ ≤i σ, i ∈ {0 , 1 , 2}

K ,C �ST σ ≤i τ
K ,C �ST τ ≤i ρ

K ,C �ST σ ≤i ρ
i ∈ {0, 1, 2}

K ,C �ST t ≤0 t ′, if (t ≤0 t
′) ∈ K

K ,C �ST σ1 ≤0 τ1
K ,C �ST τ2 ≤0 σ2

K ,C �FL φ′ � φ
K ,C �ST (τ1

φ−→ τ2 ) ≤0 (σ1
φ′−→σ2 )

∀τ ∈ {τj | j ∈ J}. ∃σ ∈ {σi | i ∈ I}.
K ,C �ST σ ≤0 τ

K ,C �ST

∧
i∈I

(σi) ≤1

∧
j∈J

(τj )

K ,C �ST σ ≤0 τ

K ,C �ST σ ≤2 τ

K ,C �ST σ1 ≤1 τ1
K ,C �ST τ2 ≤2 σ2

K ,C �FL φ′ � φ
K ,C �ST (τ1

φ−→ τ2 ) ≤2 (σ1
φ′−→σ2 )

Figure 1: Subtyping in L2

The typing rules of L2 follow in Figure 2. For
i ∈ {0, 1, 2}, we say that a type environment TE is
a Ti type environment, iff for all x ∈ dom(TE), TE(x )
is a Ti type. All type environments in L2 are T1 type
environments whereas derived types are in T2. The
subtyping relation, ≤1 is extended to T1 type environ-
ments so that TE ≤1 TE ′ iff for all x ∈ dom(TE ′), it

7In the sequel, we will often need judgements of the form,
K , C �ST K ′ and K , C �FL C ′, where, K′ and C′ are sets
of type constraints and flow constraints. They have the obvious
meanings.



is the case that x ∈ dom(TE) and TE(x ) ≤1 TE ′(x ).
A typing is of the form, K,C,TE � e : τ , and is read:
under the atomic type constraints, K, the regular flow
constraints, C, and the T1-type environment, TE , the
expression, e, has the T2-type, τ .

K,C,TE ⊕ (x � :
∧
i∈I

τi) � x� : τi0 , if i0 ∈ I

K,C,TE ⊕ (x � : τ1 ) � e : τ2
K,C,TE � λ� x . e : (τ1

κ−→ τ2)
� ∈ κ

K,C,TE � e1 : (
∧

i∈I
τi)

φ−→ τ
(∀i ∈ I). K,C,TE � e2 : τi

K,C,TE � e1e2 : τ

K,C,TE � e : τ
K ,C �ST τ ≤2 σ

K,C,TE � e : σ
Figure 2: The system L2

4 Type inference in L2

4.1 Preliminaries

Given an expression, e, we wish to infer a set of atomic
type constraints, K, a set of regular flow constraints, C,
and a T1 type environment, TE , under which e can be
assigned a T2 type, τ . We are especially interested in τ

of the form τ1
φ−→ τ2, where φ estimates the flow infor-

mation, i.e., the set of all closures that e can possibly
evaluate to.

In preparation for the type inference algorithm, we
stipulate that substitutions map type variables to T0

types, and flow variables to flows — the restriction to
T0 types assuring that all inferred types are T2 types.
We will also need subtypings between T2 types and T1

types. The reason is that if we have an application of
the form e0e1, and the type of e0 is inferred to be the

T2 type, τ
φ−→ τ ′, and the type of e1 is inferred to be the

T2 type, τ1, then τ1 must be a subtype of τ . But since

τ
φ−→ τ ′ is a T2 type, τ is a T1 type! Accordingly, we

have the following definition of the subtyping relation
≤2,1.

Definition 1 (≤2,1) Let σ be a T2 type and τi, a T0

type, for all i ∈ I. Further, let K be a set of atomic type
constraints, and C be a set of regular flow constraints.
Then, K ,C �ST σ ≤2 ,1

∧
i∈I
τi , iff K ,C �ST σ ≤2 τi ,

for all i ∈ I. 8

Mitchell has observed that the key to generating
atomic type constraints from a subtype relation on types
σ and τ , say, is to make σ and τ match [12], i.e., to force
them to have the same shape [3]. Here we run into a
technical difficulty due to the presence of intersection

8Note that since τi is a T0 type, it is a T2 type and hence it
is legal to write σ ≤2 τi.

types. As before, let us consider an application of the
form, e0e1. Suppose the type of e0 is inferred to be the

T2 type, σ0 ∧ σ1
φ−→σ2, and that of e1, the T2 type,

τ0 ∧ τ1 φ′
−→ τ2. If the application is to successfully type-

check, then clearly, τ0 ∧ τ1 φ′
−→ τ2 ≤2,1 σ0 ∧ σ1. By def-

inition of the ≤2,1 relation, this implies that σ0, σ1 are

T0 types and, in particular, that τ0 ∧ τ1 φ′
−→ τ2 ≤2,1 σ0.

Now if we directly match σ0 with τ0 ∧ τ1 φ′
−→ τ2, then σ0

is forced to have the shape of a T2 type that is not a T0

type, leading to a contradiction. We will see later that
the solution to this difficulty is to transform any ≤2,1

subtyping into a set of ≤0 subtypings and then match
on the latter set.

4.1.1 Matching
Adapting Mitchell’s notion, we say that two T0 types,
σ and τ match iff they have the same “shape”. This is
formalised in the following definition.

Definition 2 (Matching for T0 types)
Two T0 types, σ and τ match iff any of the following
hold:

• Both σ and τ are type variables.

• σ = τ .

• If σ has form, σ1
φ−→σ2 and τ has form, τ1

φ′
−→ τ2,

then it is the case that σ1 and τ1 match and σ2 and
τ2 match.

Now let
∧

i∈I
(σi) and

∧
j∈J

(τj) be two T1 types.

Clearly, each of the σi’s and each of the τj ’s are T0

types. We then have the following definition of match-
ing for T1 types.

Definition 3 (Matching for T1 types)
Two T1 types,

∧
i∈I

(σi) and
∧

j∈J
(τj) match iff for all

τ ∈ {τj | j ∈ J}, there exists σ ∈ {σi | i ∈ I}, such
that σ and τ match.

Note that Definition 3 does not necessarily imply that
two matching T1 types have the same “shape”.

Finally, we have the following definition of matching
for T2 types — note that here again, two matching T2

types do not necessarily imply that they have the same
“shape”.

Definition 4 (Matching for T2 types)
Two T2 types, σ and τ match iff either:

• σ and τ are both T0 types and they match accord-
ing to Definition 2, or,

• σ has form, σ1
φ−→σ2 and τ has form, τ1

φ′
−→ τ2,

and the T1 types, τ1 and σ1 match, and the T2

types, σ2 and τ2 match.

The three definitions above inspire the following fact:

Fact 1 Let K be a set of atomic type constraints, C be
a set of regular flow constraints and σ and τ be two Ti

types such that the judgement K ,C �ST σ ≤i τ can be
asserted for i ∈ {0, 1, 2}. Then σ and τ are matching.



Since we need to deal with the ≤2,1 relation in the
inference algorithm, we need to define what it means for
a T2 type and a T1 type to match.

Definition 5 (Matching T2 and T1 types)
Let σ be a T2 type and

∧
i∈I

(τi), a T1 type. Then

σ matches
∧

i∈I
(τi), provided σ matches the T0 (hence

the T2) type, τi, for all i ∈ I.
The following fact is immediate from Definition 5 and
Fact 1:

Fact 2 Let K be a set of atomic type constraints, C
be a set of regular flow constraints, σ be a T2 type
and

∧
i∈I

(τi) be a T1 type such that the judgement,

K ,C �ST σ ≤2 ,1

∧
i∈I

(τi) can be asserted. Then σ

and
∧

i∈I
(τi) are matching.

Consider the scenario where the types σ and τ are a
possibly non-matching pair, such that, either, both σ
and τ are Ti types, (i ∈ {0, 1, 2}), or, σ is a T2 type and
τ is a T1 type. If there is a substitution, S, that makes
Sσ and Sτ match, then such a substitution is termed
a matching substitution for σ and τ . The notion of a
matching substitution is extended to a set of possibly
non-matching pairs of types in the obvious manner.

4.1.2 Matching problems
Consider a possibly non-matching set, K, of ≤0 con-
straints. Question: Is there an algorithm that computes
a matching substitution, S, for K and reports failure if
the matching fails? The answer is “Yes”. Many versions
of this algorithm exist — we will be using the Algorithm
F developed by Nielson, Nielson and Amtoft [15], based
on ideas from Fuh and Mishra’s work on type inference
in the presence of subtypes [6]. The algorithm has been
shown to be sound and complete: we will just mention
the soundness property here.

Property 1 (Soundness of Algorithm F)
Let K be a set of possibly non-matching ≤0 constraints.
Then Algorithm F computes a matching substitution for
K, if one exists, and reports failure otherwise. More
specifically, if a matching substitution for K exists,
F(K) computes the triple, (S′,K′, C′), where S′ is a
matching substitution for K, restricted to type vari-
ables only,9 K′ is a set of atomic type constraints,
and C′ is a set of regular flow constraints, such that,
K ′,C ′ �ST S ′K.

In our inference algorithm, however, we will need to
compute matching substitutions for a possibly non-
matching set of ≤2,1 constraints. The natural question
is: Is there an algorithm, similar to Algorithm F , that
can compute a matching substitution for such a set? We
will show that for every non-matching set of ≤2,1 con-
straints computed by the inference algorithm, there ex-
ists a corresponding non-matching set of ≤0 constraints.
Thus, it suffices to use Algorithm F on this latter set.
We formalise the notions below.

Consider the quadruple, 〈K,C, P, S〉, where K is a
possibly non-matching set of ≤0 constraints, C is a set

9A substitution S is said to be restricted to type variables
only, if for all type variables, t in its domain, St = τ , where τ is
a T0 type, and for all flow variables, ξ in its domain, Sξ = ξ.

of regular flow constraints, P is a possibly empty set of
≤2,1 constraints of the form, {τi ≤2,1 σi | i ∈ I}, and S
is a substitution restricted to type variables only. Then
〈K,C, P, S〉 will be called a ≤2,1 matching problem.
The special case, P = ∅, will be called a ≤0 matching
problem.

Definition 6 (Solution to ≤2,1 matching problems)

A solution to the ≤2,1 matching problem, 〈K,C, P, S〉,
is a triple, (K′, C′, S′), where K′ is a set of atomic type
constraints, C′ is a set of regular flow constraints, and
S′ is a matching substitution for K and is a matching
substitution for the set, P — restricted to type variables
only — such that, K ′,C ′ �ST S ′K, and K ′,C ′ �FL C,
and K ′,C ′ �ST S ′P.

Note that in Definition 6, if P = ∅, then the ≤2,1

matching problem reduces to the ≤0 matching problem,
〈K,C, ∅, S〉, such that, if it has a solution, (K′, C′, S′),
then, K ′,C ′ �ST S ′SK and K ′,C ′ �FL C . We also
know that Algorithm F can compute a solution (if one
exists) for the possibly non-matching set S(K). Let
F(S(K)) = (S′′,K′′, C′′). Then, by soundness of F ,
since K ′′,C ′′ �FL S ′′SK and K ′′,C ′′ ∪ C �ST C , we
can assert that (K′′, C′′ ∪ C, S′′S) is a solution to the
≤0 matching problem, 〈K,C, ∅, S〉!

We will now show that any ≤2,1 matching problem
arising out of the inference algorithm can be rewrit-
ten into a ≤0 matching problem. For the moment, the
reader is requested to accept on faith that there can be
only four basic forms of ≤2,1 constraints arising from
the inference algorithm:10 (a)t ≤2,1 τ , where τ is a T0

type, (b) τ ≤2,1 τ1 ∧ τ2, (c) (τ1 ξ−→ τ2) ≤2,1 t, and (d)

(τ1
ξ−→ τ2) ≤2,1 (σ1

ξ′−→σ2). The rewriting rules appear
in Figure 3.

• 〈K,C, P ∪ {t ≤2,1 τ | τ ∈ T0}, S〉
=⇒ 〈S(K ∪ {t ≤0 τ}), C, P, S〉
• 〈K,C, P ∪ {τ ≤2,1 τ1 ∧ τ2}, S〉
=⇒ 〈SK,C, P ∪ {τ ≤2,1 τ1, τ ≤2,1 τ2}, S〉
• 〈K,C, P ∪ {(τ1 ξ−→ τ2) ≤2,1 t}, S〉
=⇒ 〈K′, C′, P ′, S′〉
where t1, t2, ξ

′ are fresh, K′ = S′K,
C′ = C ∪ {ξ′ � ξ},
P ′ = P ∪ {t1 ≤2,1 τ1, τ2 ≤2,1 t2},
S′ = [t �→ t1

ξ′−→ t2] ◦ S

• 〈K,C, P ∪ {(τ1 ξ−→ τ2) ≤2,1 (σ1
ξ′−→σ2)}, S〉

=⇒ 〈SK,C′, P ′, S〉
where C′ = C ∪ {ξ′ � ξ},
P ′ = P ∪ {σ1 ≤2,1 τ1, τ2 ≤2,1 σ2}

Figure 3: Rewriting of ≤2,1 constraints to ≤0 con-
straints

Note that Figure 3 indeed defines, in rewrite rule
form, an algorithm to transform ≤2,1 constraints to
≤0 constraints. The rewriting terminates, since every

10This will be clear by inspection when the inference algorithm
is presented in the following section.



step of the rewriting creates a “smaller” set of ≤2,1

constraints: by inspection, one of two things happens
at every rule — either the number of type construc-
tors (→ or ∧) decreases, or the number of ≤2,1 in-
equalities is reduced. As a result, we are guaranteed
that the ≤2,1 matching problem, 〈K,C, P, S〉 will be
eventually rewritten into the ≤2,1 matching problem,
〈K′, C′, ∅, S′〉.

The following fact is immediate:

Fact 3 (Properties of the relation =⇒)
If 〈K,C, P, S〉 =⇒ 〈K′, C′, P ′, S′〉, then:

• There exists a substitution, R, such that, RS = S′.

• S′K′ = K′.

• C′ ⊇ C and all new flow constraints generated due
to rewriting are between flow variables, i.e., of the
form ξ′ � ξ.

• If (K′′, C′′, S′′) is a solution to 〈K′, C′, P ′, S′〉,
then, (K′′, C′′, S′′S′) is a solution to 〈K,C, P, S〉.

In summary, we have the following crucial theorem re-
lating ≤2,1 and ≤0 matching problems.

Theorem 1
Let 〈K,C, P, S〉 be a ≤2,1 matching problem, where P
is a set of ≤2,1 constraints obtained from the inference

algorithm. Then, 〈K,C, P, S〉 +
=⇒ 〈K′, C′, ∅, S′〉. Fur-

thermore, if F(K′) = (S′′,K′′, C′′), then, (K′′, C′′ ∪
C′, S′′S′) is a solution to both 〈K′, C′, ∅, S′〉 and to
〈K,C, P, S〉.

4.2 The inference algorithm: an intuitive ex-
planation

For a term e, the inference algorithm calculates the pair,
〈TE , τ〉 — where TE is a T1 type environment, and τ
is a T2 type — a set of type constraints, K, and a set of
flow constraints, C. We will show in Section 5 that K
is atomic, C is regular, and that all flows occurring in
τ are flow variables. We will also need to demonstrate
that K,C,TE � e : τ is a valid derivation in L2.

We present the inference algorithm in inference-rule
format in Figure 4. The algorithm is in a style reminis-
cent of Damas’ Algorithm T [5]. The following notations
are used:
Notation: TE x denotes the type environment TE with
all occurrences of x deleted; further, (TE1 +TE2 )(x ) =


TE1 (x ), x ∈ dom(TE1 ), x �∈ dom(TE2 )
TE2 (x ), x ∈ dom(TE2 ), x �∈ dom(TE1 )
TE1 (x ) ∧ TE2 (x ), x ∈ dom(TE1 ) and
x ∈ dom(TE2 )

We will only focus on the rules for application since
the ones for identifiers and λ-abstractions are easy.

There are two rules for inferring the type of an ap-
plication, e0e1. For the first, we need to show that
K′′, C′ ∪ C′′, S′′S′(TE0 + TE1 ) � e0e1 : S′′S′(t2) is a
valid derivation in L2. We can assume that the inference
of e0 yields the T1 type environment, TE0 , the T2 type,
t, a set of atomic type constraints, K0, and a set of reg-
ular flow constraints, C0, so that, K0, C0,TE0 � e0 : t
is a valid derivation in L2. In a similar manner, we can
assume that K1, C1,TE1 � e1 : τ is a valid derivation
in L2.

! x : 〈{x : t}, t〉, ∅, ∅, where t is fresh.

! e : 〈TE , τ〉, K, C
! λ� x . e : 〈TE , t ξ−→ τ〉, K, C ∪ {ξ � {�}}

where

{
x �∈ dom(TE),
t, ξ are fresh.

! e : 〈TE , τ〉, K, C
! λ� x . e : 〈TE x , TE(x )

ξ−→ τ〉, K, C′

where

{
x ∈ dom(TE),
ξ is a fresh flow variable
C′ = C ∪ {ξ � {�}}

! e0 : 〈TE0 , t〉, K0, C0

! e1 : 〈TE1 , τ〉, K1, C1

! e0e1 : S′′S′〈TE ′, t2〉, K′′, C′ ∪ C′′

where


t1, t2, ξ are fresh,
K = K0 ∪K1, C = C0 ∪ C1,

S = [t �→ t1
ξ−→ t2],

〈SK,C, {τ ≤2,1 t1}, S〉 +
=⇒ 〈K′, C′, ∅, S′〉,

F(K′) = (S′′,K′′, C′′), and
TE ′ = TE0 + TE1

! e0 : 〈TE0 , (
∧

i∈I
σi)

φ−→σ〉, K0, C0

(∀i ∈ I) ! e1 : 〈TE i , τi〉, Ki, Ci

! e0e1 : S′′S′〈TE ′, σ〉, K′′, C′ ∪ C′′

where


∀i ∈ I, the type and flow variables
in 〈TE i , τi〉, Ki and Ci, are fresh,
K = K0 ∪

⋃
i∈I
Ki,

C = C0 ∪
⋃

i∈I
Ci, P = {τi ≤2,1 σi | i ∈ I},

〈K,C, P, [ ]〉 +
=⇒ 〈K′, C′, ∅, S′〉,

F(K′) = (S′′,K′′, C′′) and
TE ′ = TE0 +

∑
i∈I

TE i

Figure 4: Inference Algorithm for L2



Clearly, t ought to be a function type of the form,

t1
ξ−→ t2, where t1, t2, ξ are fresh. Furthermore, τ , a T2

type, ought to be made a subtype of t1, a T1 type. Let

S be the substitution, [t �→ t1
ξ−→ t2], K = K0∪K1, and

C = C0∪C1. Note that whileK is atomic, SK is a possi-
bly non-matching set of ≤0 type constraints. Similarly,
the types τ and t1 are possibly non-matching; hence
to force a ≤2,1 subtyping judgement between them, we
must find a matching substitution, a set of atomic type
constraints and a set of regular flow constraints, such
that the obvious judgement can be asserted. Further-
more, the matching substitution should match the ≤0

constraints in the set SK.
Now note that 〈SK,C, {τ ≤2,1 t1}, S〉 is a ≤2,1

matching problem! Hence we can use the algorithm in
Figure 3 to transform it into a ≤0 matching problem,
〈K′, C′, ∅, S′〉. Algorithm F can compute a matching
substitution for K′, (if one exists), restricted to type
variables only. By Theorem 1, we know that a so-
lution for the ≤0 problem also solves the ≤2,1 prob-
lem, 〈SK,C, {τ ≤2,1 t1}, S〉. Accordingly, let F(K′) =
(S′′,K′′, C′′). Then we can assert the subtyping judge-
ment, K ′′,C ′ ∪ C ′′ �ST S ′′S ′(τ) ≤2 ,1 S ′′S ′(t1 ). Fur-
thermore, since K ′′,C ′ ∪ C ′′ �ST S ′′S ′K , we can assert
the judgements,
K′′, C′ ∪ C′′, S′′S′(TE0 + TE1 ) � e0 :

S′′S′t1
ξ−→S′′S′t2, and

K′′, C′ ∪ C′′, S′′S′(TE0 + TE1 ) � e1 : S′′S′τ .
Putting the pieces together, and using the rule for

application and subtyping in L2, we obtain,
K′′, C′ ∪ C′′, S′′S′(TE0 + TE1 ) � e0e1 : S′′S′(t2).

In a similar fashion, we can show that for the second
application rule, the derivation,
K′′, C′ ∪ C′′, S′′S′(TE0 +

∑
i∈I

TE i) � e0e1 : S′′S′(σ)
is valid in L2.

5 Properties of the inference algorithm

We state without proof the following properties of the
inference algorithm.

Lemma 1
For all expressions, e, if ! e : 〈TE , τ〉,K,C, then, K
is atomic and C is regular. Furthermore, all flows in
the inferred type, τ , are flow variables.

Theorem 2 (Soundness)
For all expressions, e, the inference algorithm al-
ways terminates either with failure,11 or, if ! e :
〈TE , τ〉,K,C, then, it is the case that K,C, TE � e :
τ .12

Notation: Say that 〈TE , τ〉 ≤ 〈TE′, τ ′〉, iff, TE ′ ≤1

TE and τ ≤2 τ
′. We then have the following theorem:

Theorem 3 (Completeness)
Suppose K,C,TE � e : τ . Then !e : 〈TE ′, τ ′〉,K′, C′

succeeds, and there exists a matching substitution, R′,
of K′, such that

(i) K ,C �ST R′〈TE ′, τ ′〉 ≤ 〈TE , τ〉.
11due to failure of matching in Algorithm F .
12the proof uses the property of soundness of Algorithm F .

(ii) K ,C �ST R′K ′ and K ,C �FL R′C ′.13

Given an expression, e, type inference either fails,
or generates the pair, 〈TE , τ〉, the set of atomic type
constraints, K, and the set of regular flow constraints,
C. Closure analysis now is just the solution of C, using
the usual transitive closure algorithm.

6 Example

Consider the term, (λ1 z . zz)(λ2 y . y). We can show
that the inference algorithm applied to λ1 z . zz yields,

〈∅, [(t3
ξ−→ t4) ∧ t1] ξ′−→ t4〉, {t1 ≤0 t3}, {ξ′ � {1}},

and, applied to λ2 y . y, yields 〈∅, t5 ξ′′−→ t5〉, ∅, {ξ′′ �
{2}}. Now we can obtain the ≤2,1 matching problem,
〈K,C, P, S〉, where:
K = {t1 ≤0 t3},
C = {ξ′ � {1}, ξ′′ � {2}, ξ̄′′ � {2}},
P = {t5 ξ′′−→ t5 ≤2,1 t3

ξ−→ t4, t̄5
ξ̄′′−→ t̄5 ≤2,1 t1},

and S = [ ]. This matching problem can be reduced to
the ≤0 matching problem, 〈K′, C′, ∅, S′〉, where:
K′ = {t11 ξ11−→ t12 ≤0 t3, t̄5 ≤0 t12, t11 ≤0 t̄5, t5 ≤0

t4, t3 ≤0 t5},
C′ = C ∪ {ξ1 � ξ̄′′}, S′ = [t1 �→ t11

ξ11−→ t12].
Applying Algorithm F to K′ yields the substitution:

[t3 �→ t31
ξ31−→ t32, t4 �→ t41

ξ41−→ t42, t5 �→ t51
ξ51−→ t52], the

set of atomic type constraints:
{t31 ≤0 t11, t12 ≤0 t32, t̄5 ≤0 t12, t11 ≤0 t̄5, t41 ≤0

t51, t52 ≤0 t42, t51 ≤0 t31, t32 ≤0 t52}, and the set of
regular flow constraints,
C′′ = {ξ31 � ξ11, ξ51 � ξ31, ξ41 � ξ51}.

Upon solving the set of constraints, C′ ∪C′′, we see

that the type of the entire expression is t41
{2}−→ t42, giv-

ing the expected result that it evaluates to the lambda
labelled 2.

7 Discussion

A difference between the current framework and existing
abstract interpretation-based approaches and Tang’s
effect systems-based approaches is that our analysis
doesn’t track function calls. Instead, we only calcu-
late what set of functions every program point can pos-
sibly evaluate to. This automatically provides a call-
tracking analysis: suppose a program point has type,

(t1
{2}−→ t2)

{1}−→(t3
{4}−→ t4), then we immediately know

that it can evaluate to the function labelled 1 and the
behaviour of 1 is that when applied, it will call the func-
tion 2 and yield the function 4. Moreover, we observe
that 2 and 4 never call any functions.

The rules for type inference of an application, e0e1,
in Figure 4, reveals that the merging of the type envi-
ronments in the consequent does not unify the possibly
different types of a free variable occurring both in e and
in e′: rather the variable is given an intersection type.
This is of crucial importance in providing polyvariance.
Consider the example (λf.(λx.fI)(f0))I, where I is the
identity combinator. Instead of giving a type � → �
to f , and assigning the type � to the entire expression

13the proof uses the property of completeness of Algorithm F .



(as is done in [17]) we can do better. First, let us anno-
tate the term (writing out the identity combinator), as
follows: (λ1 f . (λ2 x . (f(λ3 u . u))(f0)))(λ4 v . v). Then
executing the inference algorithm and solving the set
of flow constraints, we find that the type of the en-

tire expression is t1
{3}−→ t1, showing that it evaluates

to closure {3}. The type of the function part of

the application becomes [((t1
{3}−→ t1)

{4}−→(t1
{3}−→ t1)) ∧

(int
{4}−→ int)]

{1}−→(t1
{3}−→ t1 ). which shows the expected

polyvariance: the two uses of f expect the identity {4};
at one use point the identity calls the function 3 and
returns it; at the other it expects an integer and returns
an integer. Note that this automatically ensures that v
is only going to be bound to the function labelled 3.

The impact of modularity is that at every stage of
the inference algorithm, we can reduce the set of flow
constraints and atomic type constraints, to some “nor-
mal form” and store it away. During linking, we will
possibly generate some new constraints, but we do not
need to recompute the “normal forms”.

8 Conclusion and Future Work

We have developed a type-based closure analysis by a
simple extension of the rank 2 intersection type sys-
tem. The inherent polymorphism of intersection types
is exploited to provide a polyvariant analysis. Type in-
ference in the system is sound and complete and yields
principal typings, resulting in a modular analysis.

Recursion has often been the bane of many type-
based program analyses. Whereas we would very much
like polymorphic recursion, type inference becomes un-
decidable. The type system in this paper can be easily
extended to allow top-level universal quantification so
that the following recursion rule suggested by Jim [10]
can be added:
K,C,TE + {x : τ} � e : σ
K ,C �ST σ ≤∀2,1 τ

K,C,TE � µx.e : σ
This would be an improvement on ML-style monomor-
phic recursion while still retaining principal typings and
polyvariance. More interesting would be the extension
of the framework to handle intersections for arbitrary
depths for which, Jim hints, principal typings can be
obtained.

A different approach would be to use Tofte and
Talpin’s region analysis [24], but this analysis, being
for ML, uses the assumption of monovariant λ-bound
variables, which results in loss of polyvariance if such a
variable is used multiple times within the λ body. How-
ever, it remains to be seen how region-polymorphism
for recursive definitions compares with the above rule
for recursion.

For T0 types, our analysis can track the same calls
as Tang’s call-tracking analysis. Our analysis needs
to be implemented, tested for precision, and anal-
ysed for complexity vis-a-vis its corresponding abstract
interpretation-based analysis. It also remains to be seen
how this work compares with the polymorphic splitting
optimisation of Jagannathan and Wright [9].

We are continuing work on extending our framework
with recursive types of the form µt.τ , where τ is a T0

type. Such an extension would allow us to handle re-
cursive data structures as well.

It will also be interesting to develop a generic, type-
based program analysis framework that is modular and
achieves precision comparable to that obtained via an
abstract interpretation-based analysis. In particular,
the precise relationship between flow information ob-
tainable from a rank k type system and the k-CFA hi-
erarchy proposed by Shivers [20] needs to be explored.
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