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Abstract to keep a reference to an object but also prevent that object from

Weak references are references that do not prevent the object they?®"SUMing unnecessary space. That is, we would like the object to
point to from being garbage collected. Many realistic languages, e garbage collected once it is no longer reachable from outside the

including Java, SML/NJ, and Haskell to name a few, support weak data structure despite the fact that it is reaqhable from within the
references. However, there is no generally accepted formal seman-data structure. A weak reference is the solution!
tics for weak references. Without such a formal semantics it be-
comes impossible to formally prove properties of such a language
and the programs written in it.

We give a formal semantics for a calculus calle@ax that in-
cludes weak references and is derived from Morrisett, Felleisen,
and Harper's\g.. The semantics is used to examine several issues » X ; .
involving weak references. We use the framework to formalize the S&YS+ The semantics of v’\,/eak pointers to immutable data struc-
semantics for the key/value weak references found in Haskell. Fur- tures in ML is amb!guous. [13]'. The problem stems from both a
thermore, we consider a type system for the language and Showlack of documentation and t_he intrinsic connection between weak
how to extend the earlier result that type inference can be used toreferences, garbage collection, _and thus_the runtime-system. The
collect reachable garbage. In addition we show how to allow col- SMLOfNJ Structure documentation [13] gives a slightly modified
lection of weakly referenced garbage without incurring the compu- version of the following example:
tational overhead often associated with collecting a weak reference
which may be later used. Lastly, we address the non-determinism of
the semantics by providing both an effectively decidable syntactic
restriction and a more general semantic criterion, which guarantee
a unique result of evaluation.

Difficultieswith weak references. Despite its benefits in practice,
defining formal semantics of weak references has been mostly ig-
nored in the literature, perhaps partly because of their ambiguity
and their different treatments in different programming languages.
The Weak Sgnature documentation of Standard ML of New Jersey

let val (b’, w’) =
let val a = (1, 2)
val b = (1, 2)
val w = weak(a)
in (b, w) end
Categories and Subject Descriptors  F.3.2 [Logics and Meanings in (b’, strong(w’)) end
of Programs]: Semantics of Programming Languages
whereweak andstrong allocate and dereference weak references
General Terms - Languages respectively. The types of these functions are as follows:
Keywords Weak references, garbage collection, formal semantics , ,
weak a — 'aweak
1 Introduction strong . 'aweak — ’a option.
At After evaluation of this expressioa,is unreachable, so one would
11 Background and M(?tlvatlon ) expect the result to be ((1, 2), NONE). However, the object that a
Weak references are an important programming feature, supportedyeak pointer references is not considered dead until garbage collec-
by many modern programming languages (see the appendix oftion actually occurs. If the runtime-system has not initiated garbage
[5] for a survey of weak references in some popular languages). collection then the result will be ((1, 2), SOME(1, 2)). Also, the
Weak references have shown to be particularly useful when we compiler or runtime-system may have performed subexpression
want to store numerous objects without allowing them to perma- efimination for optimization reasons, thasandb would point to
nently occupy space. The classic examples of data structures thathe same (1, 2). If this is the case thewould remain alive as long
benefit from weak references are caches, implementations of hashzsy does.
consing, and memotables [3]. In each data structure we may wish  weak references are a complex programming feature which
forces the programmer to think about runtime behavior that is irrel-
evant without such a feature. While it would be possible to formal-
ize a semantics for weak references without a semantics of garbage
collection, such a semantics would be limited in application. Al-
lowing the semantics of weak references to explicitly depend on
garbage collection gives a more precise semantics which could, for
example, let one prove more specific properties about memory us-
] ) ) age of programs. It also forces a semantics for weak references to
[copyright notice will appear here] incorporate a semantics for garbage collection as well.
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The ability to concisely specify and formally prove the correct- cause of compiler optimizations like common subexpression elim-
ness of garbage collection strategies, in an implementation inde-ination, the actual identity of immutable objects is not statically
pendent way, was an important contribution of Morrisett, Felleisen known, and as such the documentation claims the semantics is “am-
and Harper's\q [11]. By modeling the heap as a set of mutually biguous.” However, if an SML programmer uses our semantics in a
recursive definitions, the semantics of a garbage collection strat- program, it will behave as expected (regardless of common subex-
egy can be specified as a rewrite rule which removes bindings from pression elimination) since our semantics does not guarantee that
the mutually recursive set without altering program behavior. The any reference will be collected at any particular time. This is a nat-
addition of weak references changes this situation in that programural restriction as the programmer (usually) has no control over if
behavior can depend on how garbage collection is employed. With or when garbage collection occurs.
such added complexity, it even more desireable to have a formal
semantics. Syntax of Aweak
The syntax of\weax (given in Figure 1) is that of a standard pro-
gramming language based on thealculus along with additional
Our ultimate goal is to provide a framework for formal reasoning primitives for introducing weak references and doing conditional
about weak references. We make use of the formalization to proveweak dereferencing. Aweak €xpression is either a variable)(
some properties of the language including correctness of an ex-an integer {), a pair (e1, e2)), a projection f; ¢), an abstraction
tended garbage collection strategy and some conditions guarantee¢\x. ¢), an applicationd; e»), a weak expressiorwéak e) or an
ing the result of a program is unique regardless of when garbageifdead expressionifdead e; ez e3).
collection occurs. Such a framework could also be used by imple-  Heap valueshv, are values which may be allocated to the
mentors to prove optimal use of memory or to determine whether heap during reduction. Heap values are a subset of expressions in
potential code optimizations are safe with respect to the collection addition to the special valui(meaning “dead”). During execution,

1.2 Our Contributions and Organization of the Report

of weak references. a weak pointerweak y" on the heap may be replaced withf the
Towards this goal, we propose a small functional programming only remaining references tpare weak.

language \weak USINg a style of definition proposed in [11]. In A Aweak program,letrec H in e consists of a set of mutually

Section 2, we define the syntax and semantica.fx and prove recursive definitions (given by a finite ma : Var — Hval)

several preliminary results. A fundamental aspechfi is that, which models the heap, and an expressiowe write H & H' to

even though parameter-passing is deterministic (call-by-value in be the union of two heap functions defined on disjoint domains and
our case), program evaluation is non-deterministic because weakDom(H) to be the domain off and we define

references (possibly affecting the result of the program) can be s

garbage-collected at any time during execution. H" = {2+ H(z) | H(z) # weak y for anyy}

AweakiS a particular abstract model of a functional language with to be the strong part of the heap. The set of free variables of an
weak references corresponding the weak references in StandardxpressionF'V (e) and capture-avoiding substitutiedz := ¢’}

ML [13], but it is also flexible enough for adaptation to other are defined as usual. Free variables for a hHapnd a program
languages that support weak references. In Section 3 we showletrec H in e are defined by:

how Aweak can be adapted to model the weak references found in
Haskell, and outline appropriate changes in order to handle the case
of Tava. Pprop g FvH)=| |J FV(H()) | - Dom(H)

In Section 4 we set up a type system MeaxWhich, in addition w€Dom(H)
to enforcing the standard invariants, i.e., catching programs that . -

“go wrong” (Subsection 4.1), can be used for a more efficient FV_(letreC H_'n e)f (FV(H) UFV(_e)) — Dom(H)
management of memory (Subsection 4.2). We extend the previousEXPressions are identified up te-conversion and programs are
result by showing that we can use type inference to allow for identified up to renaming of variables bound in the heap, e.g.,
the collection of additional weak references without incurring the letrec H W {x — h} in x = letrec H W {y — h} in y assuming
runtime penalty that might otherwise occur if a collected weak < ¢ FV(H)andy ¢ FV(H).

reference is later used. :

In Section 5 we study the conditions under whiskxax pro- Semantics of Awea
grams are “well-behaved”, i.e., under which garbage collection The reduction semantics ofweax are given by the evaluation
does not affect the result of evaluation. It is undecidable whether contexts (which apply left-to-right, call-by-value reduction) and
an arbitraryAweax program is well-behaved. rewrite rules in Figure 1. We use the following notation for rewrite

In Subsection 5.1 we define a proper subclass of well-behavedrules. LetG be a set of rules an# and P’ be programs:
programs that is efficiently recognizable (in linear time) and en- G . , .
compasses some common uses of weak references. In Subsection PG — P’ meansP rewrites toP’ by some rule inG and
5.2 we define a sufficient (but not necessary) general criterion for ~—" is the reflexive, transitive closure &.
the well-behavedness of programs which can be used as aguideline P |z P’ meansP S, P’ and P’ is irreducible with
for writing programs satisfying the property. respect to the rules i&y.

In Section 6 we discuss related work and in Section 7, we pro- P ¢ means there exists an infinite reduction using rules in
pose several directions for future research and conclude. Missing G starting from progrand.
proofs and additional materials can be found in the two companion

reports, [4] and [5]. The evaluation rules are chosen to extend normal evaluation with

reference values and weak references. The (allec) allocates a

. . value on the heap and replaces it with a reference. The(sple

2. Modeling Weak References: Awea evaluates function calls by reference passing. In thise( Iang);uage,
A formal model, which extenday with the means to introduce  all values are “reference values” in that they are allocated to the
and conditionally dereference weak references, is introduced in heap and passed by reference. The projection ritgsextract

[5] and further investigated in [4]. The semantics given essentially the appropriate component from a pair pointed to by a reference.
matches the semantics for weak references in SML/NJ [13]. Be- Rule (ifdead) applied toP = letrec H in E[ifdead = ez e3]
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Programs:

(variables) w,x,y,z € Var

(integers) i € Int = ... =2|=-1]0]|1]|2]...

(expressions) e € Exp = x|t (e, e2) |mie|melAz.e|er e
weak e | ifdead e ez e3

(heap values) hv € Hval = i|(x1,®2) | \x.e|weak x | d

(heaps) H € Var A, Hval

(programs) P € Prog = letrec Hine

(answers) A € Ans = letrec H inz

Evaluation Contextsand I nstruction Expressions:
(contexts) E € Ctat [11(E,e) | (x,E) | m; E| Ee|z E |weak E | ifdead E e e2
(instruction) I € Instr hv|m z|zy|ifdead x e e

Rewrite Rules:
alloc

(alloc)  letrec H in E[hv] — letrec H W {z — hv} in E[z]
wherez is a fresh variable

(mi) letrec H in E[m; 2] — letrec H in E[z;]
providedH (z) = (z1,z2) and: € {1,2}

(app) letrec H in E[z y] 2% letrec H in Ele{z := y}]
providedH (z) = Az.e

letrec H in Elex w] if H(xz) = weak w

ifdead) letrec H in E[ifdead Tdead,
(ifdead) letrec H in E[ifdead z e1 e2] letrec H in Ele] if H(z) = d

Figure 1. Syntax and Operational Semantics)\tax

does a conditional deallocation of weak referencéf H(x) = rule we are sure that the programmer cannot rely on some location
weak y (the weak reference is not dead) théh reduces to having been collected, so it is safe to perform compiler optimiza-
letrec H in Eles y]. If H(z) = dthenP reduces tdetrec H in es. tions which make object identity statically unknown (like common

There is an additional rewrite rulgarb) not listed in Figure 1 subexpression elimination).
which uses the following as auxiliary rules. We denote the set of rewrite rules by

gc letrec Hy W Hs in e =5 letrec Hy ine .

(&) providedDom(Hs) N FV (letrec Hf in e) = 0, R = {alloc, m, 2, app, ifdead, garb}.

andH, # 1] . . . .
weak-gc Given the rewrite rulggarb), the reduction is no longer con-

(weak-gc) letrec HW {z — weak y} ine ———
letrec HW{z —d}ine
providedy ¢ Dom(H)

fluent because the initiation of garbage collection can effect the
reduction of ifdead expressions. The example progfanshown
in Figure 2, taken from [5], shows the non-confluence\@fa.

Using these rules we define the garbage collection (gdeb) as ~ We can even have a program whose behavior can converge or
follows: diverge depending on when garbage collection occurs. For exam-
; ple:
(garb) letrec H ine B Jetrec H' ine
providedietrec H in e £ letrec H” in e P; = letrec {} in (Az. ifdead (weak z) 0
andletrec H” in e lweakgc letrec H' in e (ifdead (weak x) Q (Az. Ay. m; y)))

Intuitively the rule(garb) works by first collecting some bindings

to which there is no strong reference, then setting to dead all the whereQ = (Ay. y y)(Ay. y y).

weak references which refer to collected bindings. Notice that this I a program is completely evaluated without getting stuck, it
rewrite rule allows for the collection of cycles of garbdg®ften, will have to formletrec H in z. In order to be able to formally
in practice garbage collection will collect every location to which talk about the result of the evaluation, we defiaeult(H, e) as in
there is no strong reference, however we do not want the program-FigUI’e 3. We use this to talk about the final result since there may
mer to rely on this behavior, so the rule reflects this. In particular, be syntactically different values which have the same value.

it often makes sense for the garbage collector to try to not collect ~ An irreducible value is either an answéstrec H in z, or a
weakly reachable references if there is not a shortage of memory.stuck program which corresponds to an error.

By using this rule we allow the implementor of the garbage col-

lector complete freedom as to what garbage is collected as long asDefinition 2.2 (Stuck Programs). A Aweakprogram is stuck if it is
weak references to collected locations are all properly tombstoned of one of the following forms:

(which is reflected by th@eak-gc in the rule). In addition, using this
letrec H in E[m; z]

1 An easier-to-understand but more restrictive definitiofgaf) is (z & Dom(H) or H(x) # (x1,22))
letrec HW {z — hv} in e £5 letrec H in e letrec H in E[x y)
providedz ¢ F'V (letrec H® in e) (z ¢ Dom(H) or H(z) # Az.e)
This rule collects only one binding at a time and does not permit the
collection of cycles of garbage. Having thus redefirigd), “ 5" should letrec H in E[ifdead x e e2]
also be replaced by£5>* " in the definition of(garb). (z & Dom(H) or (H(z) # weak w andH (z) # d)) O
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EXAMPLE 2.1.
Py = letrec {} in (Az.ifdead (weak x) 0 (Ay.m1 y)) (5,6)

aloe, etrec {a — Az.ifdead (weak z) 0 (A\y.m1 y)} in a (5,6)
aloe, letrec {a — Az.ifdead (weak x) 0 (Ay.m1 y),b+> 5} in a (b,6)
aloc, letrec {a +— Az.ifdead (weak z) 0 (\y.71 y),b— 5,¢c— 6} ina (b,¢)
aloc, Jetrec {a +— Az.ifdead (weak z) 0 (A\y.71 y),b— 5,c+— 6,e — (b,c)}inae
2ee, letrec {a — Az.ifdead (weak x) 0 (Ay.m1 y),b+— 5,c+— 6,e — (b,c)} in ifdead (weak e¢) 0 (A\y.71 y)
aloe, Jetrec {a — Az.ifdead (weak z) 0 (A\y.m1 y),b+ 5,c+— 6,e — (b, c), f — weak e} in ifdead f 0 (A\y.m1 y)
then
Ifdead " letrec {a +— Az.ifdead (weak z) 0 (\y.71 y),b— 5,¢c— 6,e+— (b,c), f — weak e} in (A\y.7m1 y) e — --- B, etrec {b—5}inb
or
B etrec {f — d}inifdead f 0 (A\y.m y) — --- B jetrec {g—0}ing
wherea, b, ¢, e, f andg are fresh variables introduced in the process of program evaluation. O

Figure 2. Example of Non-confluent Reduction

x
result(H, H(z))

7

d

(result(H, e1), result(H,e2))
m; result(H,e)
Az.result(H, e)

result(H, e1) result(H, e2)
weak result(H,e’)

result(H,e) =

if e =z andz ¢ Dom(H)

if e=x andz € Dom(H)
ife=1

fe=d

if e=(e1,e2)

if e =m; ¢’ andi € {1,2}

if e = \z.e¢’ wherez ¢ Dom(H)
ife=-ey ea

if e = weak e’

ifdead result(H,e1) result(H, e2) result(H,e3) if e = ifdead e e2 e3

Figure 3. Definition of result(H, €)

Definition 2.3 (Evaluation Set). The evaluation set of a program
P relative to a set of rewrite rules:

{L|Pfc}U
{error| P |lc P’ and P’ is stuck U
{result(H,z) | P | letrec H in 2}

|

eval-set(P,G) =

In general,eval-set(P, G) is an undecidable set. I = R,
we write eval-set(P) instead ofeval-set(P, R). For the programs
in the previous examples, we haeeal-set(P;) = {0,5} and
eval-set(P2) = {0,5, L}.

Definition 2.4 (Program Equivalence). (P,G) = (P’,G") iff
eval-set(P,G) = eval-set(P',G). If G = G’ = R, we simply
write P = P’. O

Note that our program equivalence™ is more general than
Kleene equivalence~” used in [11]. However, ifP and P’ are
well-typed with return typént and do not use weak references,
thenP = P’ iff P ~ P’. Kleene equivalence is not sufficient to
formally describe “equivalent behavior” dfyeak programs which
can have more than one possible outcome.

We define garbage using program equivalence. Any binding

which does not contribute to the final result is garbage.

Definition 2.5 (Garbage). Let P = letrec H W {z — hv} in e
Then the binding & — hv” is garbage inP iff P = letrec H in e.
O

Proposition 2.6. It isundecidable whether abinding isgarbagein
an arbitrary program.

Proof sketch. Consider the program
P = letrec {x — 5} in (Ay. z) e,

where e is an arbitrary closed lambda-expression. The binding
“x +— 5" is garbage inP iff e diverges according to call-by-value
(B-reduction, which is undecidable. O

Definition 2.7 (Well-Behaved Programs). A program,P, is well-
behaved iffeval-set(P) is a singleton set — in words, iff either all
evaluations ofP diverge, or all evaluations aP get stuck, or all
evaluations ofP converge and return the same result. |

Proposition 2.8. It is undecidable whether an arbitrary program
is well-behaved.

Proof sketch. Let e be an arbitrary closed lambda-expressians-
ww andw = (Az. = z). Then

letrec {} in ifdead (weak 5) Q2 (A\z.e)

is well-behaved if and only i¢ diverges according to call-by-value
(B-reduction. O

The two preceding propositions, though not difficult to prove,
frame the rest of the discussion in the paper.

Proposition 2.6 shows it is impossible to compute an optimal
garbage collection strategy, i.e., one that removes all garbage from
the heap. Thus, any gc algorithm must conservatively approximate
bindings that are garbage.

Proposition 2.8 shows is is impossible to recognize exactly the
set of programs evaluating to unique results, so that any (decidable)
criterion for this property must conservatively approximate well-
behaved programs.
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3. Modeling Other Forms of Weak References We then define our new garbage collection rigerb’) by

Our formal setup is flexible enough to handle weak references in
other popular programming languages, including Haskell and Java.

arb’) letrec H ine g’ letrec H' ine
g

providedletrec H in e £ letrec H” in e
3.1 Haskell Key/Value Weak References andletrec H” in € |weak-gc letrec H' in e

In this section we formalize the key/value weak references found in The semantics given in Haskell causes a key/value weak pointer

Haskell (which are similar to ephemerons [6]). We call the garbage to be reachable if its key is reachable, even if the weak pointer

collection rule derived from the Haskell documentatigarb’) . object itself is unreachable. The reason for this is to maintain the

As an application in the absence of side-effects, we define a moreguarantee that finalizers are run exactly once. Because we do not

"aggressive” gc rule, calle@garb”), and prove its correctness in  have side-effects and finalizers in our language we can simplify the

Theorem 3.1. semantics by using the following definition of the one step closure
A keylvalue weak reference is a special type of weak reference of H with respect taH’.

which contains both a key and a value. To simplify things we do ’ _ /

not consider finalizers (which are included in Haskell). During Cu(H) = HU{z— H'(2)|3z,y € Dom(H).

garbage collection, the tracer does not trace the value of a weak H(x) = KVweak(y, z) }

pointer unless the key is otherwise reachable. Such references argye then define the reachable heap by

a generalization of ordinary weak references which are used in

creating weak mappings with complex collection behavior, like R'(H,e) = U C}Y”(H I FV(e))
memotables (as described in [8]). In the GHC documentation [7], neN
the semantics is specified as follows. which requires that both a weak pointer object and its key be

reachable for the value to be reachable. This definition allows for
the collection of more garbage. We can define garbage collection
rules which use this definition of reachability.

Informally, something is reachable if it can be reached by
following ordinary pointers from the root set, but not follow-
ing weak pointers. We define reachability more precisely as
follows A heap object is reachable if:

(gc”) letrec H1 W Ha in e =, Jetrec Hiine
e |tis directly pointed to by a reachable object, other than providedDom(Hz) N Dom(R/(H1 W Ha,e)) = ()
a weak pointer object. andH, #
e Itis a weak pointer object whose key is reachable. (garb”) letrec H ine B0 trec HY in e
e It is the value or finaliser of an object whose key is providedletrec H in e {4 letrec H" ine
reachable. andletrec H" in e {weakge letrec H' ine

Notice that a pointer to the key from its associated value Let
or finaliser does not make the key reachable. However, if R’ = {alloc, 71, 72, app, ifdead, garb’}
the key is reachable some other way, then the value and the  gnd
finaliser are reachable, and so, therefore, are any other keys

4 an R” = {alloc, 1, 72, app, ifdead, garb”}.
they refer to directly or indirectly. { L 72, 3PP & }

Then we have the following.

We replace the syntaseak e with KVweak(e1, e2) wheree, is Theorem 3.1. Let e be an arbitrary expression in the key/value
the key ance; is the value. In order to specify the reachable parts | eak calculus. Then

of the heap we define the one step closuréfofith respect taH’

(whereH C H') by: letrec H in e X" letrec H' in «
Cy/(H) = HU{zw— H'(z),z — KVweak(y, 2) | iff letrec H in e ~—" letrec H' in
3z € Dom(H").3y € Dom(H). with result(H', z) = result(H", z).
!

H (z) = Kweak(y, 2)} Proof sketch. The only difference betweegarb’) and (garb”) is

We define the reachable part of the heap, that(garb”’) may garbage collect more bindings that are not reach-

able according to the standard free-variable definition of reachabil-
R(H,e)= | C(H | FV(e)) ity (i.e. = reachable iftc € F'V (letrec H in ¢)). Since the transi-

neN tion rules (excluding gc rules) only branch on reachable variables

and the definition ofesult only depends on reachable variables,

wheref [ 5 means the restriction of to domainS 1 Dom(f) and these differences do not effect the result of the program. [

f(™ means composition of copies off. It is easy to see that this
definition of reachability meets the definition given in the Haskell 3.2 Java Soft and Weak References
documentation. We get rid of the reduction r¢garb) and use the

L Java provides several types of weak references with different in-
following instead.

teractions with the garbage collector [14]. Phantom references
(java.lang.ref .PhantomReference) cannot be dereferenced
and are merely a finalization mechanism, so we do not consider
them here. Soft referencegafva.lang.ref.SoftReference)

(gc') letrec Hy W Hy in e £ letrec H; in e
providedDom(H2) N Dom(R(H1 W Ha,e)) =0

andH> # 0 and Weak referenceg4va.lang.ref .WeakReference) are two
We still make use of (essentially) the origir(aleak-gc) rule forms of weak references with different garbage collection behav-
ior.
(weak-gc) letrec H & {x — KVweak(y,z)} in e weakge, Soft references are weak references which the garbage collector
letrec HW {z — d} ine tries to keep alive, even after the object is no longer strongly reach-
providedy ¢ Dom(H) able, as long as there is enough memory to do so. Soft references
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are intended to be used in implementing data caches in, for exam-

ple, memoized functions. The system makes no guarantee about

when soft references will be collected.

Weak references are weaker than soft references in that the
garbage collector will reclaim objects weakly referenced as soon
as there are no more strong references, even if memory is not low.

so we can safely collect the binding +— 2.
This is formalized by considering the base language, in our case
Aweak t0 be an implicitly typed language with type variables.

(types 7 € Type
The presence of type variables allows us to derivaoat general

tlint|m X 72| 71 — 72 | T weak

Weak references in Java are intended to be used for canonicalizingtyping for each well-typed program, i.e., a typing such that every

mappings such as hash-consing lists.
It it fairly straightforward to extend our calculus to formalize

other typing of the same program is a substitution instance of it.
We prove a slightly stronger version of preservation for this

Java’s weak references. We just need two types of weak referencesystem. We will use this preservation theorem to prove that if a

which are treated differently by the garbage collection rule.

4. Typesfor Garbage Collection

As in [11] we introduce a standard monomorphic type system, and
show how one can use type inference to collect additional garbage.
Additionally, we extend this result to allow for collecting additional
weakly-referenced garbage without incurring the overhead of re-
computing data cached in the weak references.

4.1 Monomorphic Type System

In this section we introduce a standard monomorphic type system
for Aweak. There are no surprises here. While we could formulate an
explicitly typed language allowing for tag-free garbage collection
[1, 15], this was already done in [11] and there are no additional
complications arising from weak references. Therefore we will
formulate an implicit type assignment system for the language
Aweak already defined.
The syntax of types is as follows.

Types:
(types) = € Type int| 71 X 72| 71— 72 | T weak
The typing rules are shown in Figure 4 and are (almost) com-

pletely standard. The one non-standard addition is that we assign to

d the typer weak for any7. This is necessary for type assignments
to be preserved by the ru(eveak-gc).

This type system is sound, it rules out stuck programs, which is
proven using the following progress and preservation lemmas [16],
whose proofs are standard.

Lemma 4.1 (Progress). For every Awea program P, if = P : 7
then either P is an answer or there exists P’ such that P =
P O
Lemma 4.2 (Preservation). For every Awea program P, if - P :
rand P & P’ thent P’ : 1. ]
Theorem 4.3 (Type Soundness). For every Aweak program P, if
F P : 7 then either P isan answer of else there is some P’ such
that P 5 P and+ P : 7. 0

Further discussion of the type system along with an efficient
type inference algorithm can be found in [5].

4.2 Collecting Reachable Garbage

As was pointed out in [2], and proven in [11], one can use type
inference to detect that the values of certain references will never be
used. Any binding that will never be used is semantically garbage

binding can be assigned a type variable then after a reduction step
that binding can still be assigned a type variable.

Lemma 4.4 (Preservation). If thereexistsatypingT' - e : 7 and
for some H : T, we have letrec H in e < letrec H' in ¢’ then
there exists IV with+ H’ : TV, and I” + ¢’ : 7 such that for all
x € (Dom(T') N Dom(I")) we haveI'(z) = I (x).

Proof. By induction on the derivation df - e : 7. |

We then use type inference to generate a most general typing
for a given program. If we are ever able to assign a type variable to
areference, then the value of this reference cannot affect the result
of the program. In order to prove this we will first define the active
positions of a term (which are the occurrences that constrain the
type of a reference).

Definition 4.5. We sayz occurs in aractive position of e if one of
the following occurs as a subterm af

1. z ¢ for somee’, or
2. m ¢, or

3. ifdead x e; ez for someey, es. O

In any typing derivation, no reference that is assigned a type

variable may appear in an active position.

Lemma4.6. IfT"w{x : t} - e : 7 then = does not occur in an

active position in e.

Proof. It is easy to see that each typing rule whose conclusion
creates a new active positioliptoj,), (app), and (ifdead))
constrains the type of the term appearing in the active position to
be something other than a type variable. a

The addition of the type weak only slightly affects this basic
result. Because garbage collection can affect the result of a program
we assume that we are working with a well-behaved program.
There is no problem with doing the extra inference-based collection
on non-well-behaved programs, but the collected program is not
equivalent to the original since its behaviors may be a proper subset
of the behaviors of the original program. The following proof
technique is due to MorriséfiL0].

Theorem 4.7 (Inference GC). Let

' = {z1:t1,.,Zn : tn},
H, = {z1+— hi,..,zn+— hy}, and
H = {z1—0,.. 2, 0}.

regardless of whether or not it is reachable. So reachable values thatf

will never be used can be changed to any value (we use 0) without
affecting the result of the program. This can allow for additional
garbage collection. For example the program

letrec {1 — 1,22 — 2,23 — (T2, X2), T4 — (T1,Z3)} in T1 T4
is equivalent to the program

letrec {z1 — 1,23 — 0,24 — (z1,23)} in T T4

1L Tiwlske:7 (7 ¢ Tvar),and
2.1+ Hy :Fg,a.nd
3. ElS@ = H1 : SFl,and

2As pointed out by Morrisett, the same proof technique can be used to
establish a similar result, Theorem 5.3 in [11], whose original proof was
a far more complicated argument using logical relations.
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Frv{z:7}kFa:7 (var)

T'kFq:int

(int) (dead)

I'Fd: 7T weak

I'Fes:mm T'hes:m . I'Fe:m X7 . .
_ ) (fori=1,2
Ik (e1,e2) : 71 X T2 (pair) 'kme:m (proj;) (fori 2)
Frw{z:m}thke:m (abs) F'Fei:mm—7m T'Fex:m (app)
I'Xze:m — 1 I'Feiex:m PP
Tke:r I'Fei:mmweak I'Fexs:m TI'bes:mp — 1 .
k fdead
I' - weak e : 7 weak (weak) I' ifdead ej es e3 : T2 (ifdead)
Vx € Dom(P’).FLﬂF’ I H(m) : Fl(r) O-H:T TFre:
T (heap) T (prog)

Fletrec Hine: T

Figure4. Typing

4. letrec H1 W Hs in e iswell behaved (i.e. the timing of garbage
collection cannot affect the final result)

then letrec Hy W Hs in e = letrec H] W H> in e.

Proof sketch. Since we are dealing with a well-behaved program,
we can ignore thégarb) rule for the purpose of showing equiva-
lence. Since, the other rules only add bindings, we have that if

R-{garb}

letrec Hq W Ho in e ——25" letrec Hq W Ho W Hs in €’

then foranyl’; W' - H3 : '3 we havel'; w 'y W'z ¢’ : 7 by
Theorem 4.4. By Lemma.6, none ofzy, ..., x, can appear in an
active position ire’. The reduction rules only depend on the value

of references in an active position, so we will never reduce to a state

whose next transition depends on the value of anyof.., z,,
thereforeletrec Hy W Ho in e = letrec H{ W H> in e. O

So type-inference based GC works in this language, however
we have introduced a new potential problem. The problem is that

often weak pointers are often used to cache data that was computays

tionally expensive to produce, so killing a weak pointer may cause
unnecessary recomputation. Consider the following program:

letrec {z1 — 1,22 — 2,23 — (w2, 22), T4 — (1, 23),
x5 — weak T2, f — Az.e} in (ifdead z5 (fe') f,m1 m4)

If z ¢ FV(e) then type-inference would allow us to collegt in

this case (because then we can assign ¢ weak andzz : t),
which would cause:s to be tombstoned. The problem is that the
ifdead expression will always reduce to the dead case, which cause
¢’ to be evaluated and then thrown away fiySince by doing the
type inference we already knew that the valuepfloes not matter,

we should be able to take the live branch and just pass a dummy

value tof, which will throw it away.

The solution we propose to this problem is to add a new distinct
tombstone market’. A weak reference that has been replaced with
d’ should be treated as alive for the purpose of ifdead reduction. A
weak reference must only be tombstonediai the value stored
in the memory it weakly references is never used in the rest of the
computation.

Formally, we extend the syntax #&ffval

(heap values) hv e d

and we change the ifdead reduction rule to be

(ifdead) letrec H in E[ifdead = e €3] [dead,
letrec H in Eles w] if H(z) = weak w
letrec H in Ele1] if H(z) =4

letrec HW {7z~ 0} in Ele2 2] if H(z) =d

rules for\weax

We also use an additional typing rule, which assignsito
the typet weak for a type variablet. We only need to allond’
to be typed byt weak because we will only introduceé’ when
tombstoning a weak reference to a binding that can be assigned a
type variable. Observe that Theorem 4.4 still holds with this new
rule for ifdead.

We can now prove the following theorem which states that
given a program and a typing derivation that assigns some heap
locations type variables, those locations can be rebound to 0 and
weak references to those locations can be tombstoned dhith
without affecting the result of the program.

Theorem 4.8 (Inference Weak GC). Let

Dy ={z1:t1, .., Zn : tn},

Hi ={z1+— hi,...;xn — hy},

HY’ = {y1 — weak x;,, ..., Ym — weak x;,, },
H? ={z1—0,...,z, — 0},

H" ={y1—d,..,ym —d'},

H, = H{ W H", and

H{ = H® & H™.

1L T1wlyke:7 (7 ¢ Tvar), and
2.1+ Hs : I's, and

3.3S.0+ Hy : STy, and

4. letrec Hy W H> in e iswell behaved

then letrec H1 & Hs in e = letrec H; & Hs in e.

groof sketch. Observe that any ifdead reduction step on same

which takes the live branch has the following form
letrec H W {y; — weak x1} in E[ifdead y; e1 e2] Retearb},
letrec H W {y; — weak x1} in ez T
If y; had been tombstoned & we would have
letrec H W {y; — d'} in E[ifdead y; e1 2] Fodert},
letrec HW {y; — d'}W{z— 0} ines 2

Sincezy, is assigned a type variable iy, by Theorem 4.4 we
can still assign it a type variable when typitegrec H W {y; —
weak xr} in ez xk, SO we can replace the binding af;
with 0 without affecting the reduction of the program. Therefore
letrec Hy W Hs in e = letrec H] W H> in e. O

5. Recovering Uniqueness of Program Result

In general, when a programmer uses weak references he or she does
so in a way that guarantees that garbage collection cannot change
the result of evaluation. Examples such as memoizing functions
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and hash-consing lists certainly fit into this category. We refer to
programs which always evaluate to the same resuwieHsbehaved

(note this is weaker than the usual notion of confluence). While the
evaluation of these programs may not be deterministic, the final

result is. An example of a program which we know will always
have the same final result is

letrec {} in ifdead (weak e) (¢’ ¢) €

We can see that any end result will be the same as a result of the

programletrec H in e’ e. Assuming there are no occurrences of
weak €” in e or ¢ for anye”, all reductions of this program must
end with the same result.

5.1 A Syntactic Restriction for Well-Behavedness

We defineConf, a generalization dExpPair, as follows:

Definition 5.5 (Relation Conf). Forei, e2 € Exp, We defineConf
by: (e1,e2) € Conf iff:

(The reduction ofletrec {} in e; gets stuck if and only if the
reduction ofletrec {} in e2 gets stuck) and the following hold for
all reduction contexté’; , Fo:

1. letrec {} in E1eq] % Jetrec H' W {z — weak y} in E1[z]
iff letrec {} in Eafea] —* letrec H' in Esy].
2. letrec {} in Eyfe1] =" letrec H' & {z — Ay. ¢} } in B[]

iff letrec {} in Esea] =" letrec H'W{z — \y. €5} in Ealz]
such that for ale € Expcons We have(e; e, ez €) € Conf. O

Note that this definition naturally generalizes when we expand

Given that it is impossib_le to syntac_tically characterize the well- the set of gc-oblivious programs. For example, if we added pairing
behaved programs we_W|II_ characterlzeaproper subset of_th_e well-and projection using the parameterized relat®tpPair(p) for
behaved programs which is big enough to cover some realistic uses, ¢ {1,2}*, we could parameteriz€onf as Conf(p). Conf(e)

of weak references. The syntactically restrictec™ is defined
in Figure 5. The restriction comes from [5], also in that paper is

would be defined by the above two clauses &waf(ip) would
be defined by the above two clauses in addition to the following

an example implementation of (an approximation to) hash-consing clause:

meeting the restriction. This class is extremely restrictive as we

essetially pair weak e” with e at each ifdead statement. While

this hinders the usefulness of weak references, it does not destory
it. Weak references in this case are useful if the space required to

storee is smaller than the data produced &yThis proper subset
of well-behaved programs is referred to as the set of “gc-oblivious”
programs.

Definition 5.1 (Companion Expressions). Let e; andes be ar-
bitrary expressions. We say that is the companion of e; if
(e1,e2) € ExpPair. (We do not use the relation “companion-of”
symmetrically, i.e.e; is not the companion oé,.) |

Definition 5.2 (GC-ObliviousPrograms). A programletrec {} in e
is gc-obliviousiff e € Exp™. O
Proposition 5.3. Membership in Exp* is recognizable in linear
time.

Proof. The rules forExpPair (andExpPair(p)) are syntax directed
by the first term of the pair and just walk down the terms comparing

top-level constructors, except the weak case which uses syntactic

equality. a

Theorem 5.4. If P isgc-obliviousthen it iswell-behaved. O
The proof of this theorem can be found at the end of this section.

Enlarging the Set of GC-Oblivious Programs

We can enlarge the set of gc-oblivious programs if we wish. For ex-

ample, we can parameterize thepPair relation withp € {1,2}*

to obtain a larger set of gc-oblivious programs. The parameter

p € {1,2}" represents the sequence of projections that will yield
an appropriate companion patixpPair(p) is defined as in Figure
6. We would then change the definition®fp* to useExpPair(e)
in place ofExpPair.

We now give a proof of Theorem 5.4. We will begin by gener-
alizing the notion of gc-obliviousness. This generalization of gc-

obliviousness is used to show correctness of a semantics-preserving
transformation which removes all occurrences of ifdead-expressions.

3. letrec {} in Ei[e1] B letrec H {z — (y,2)} in Ey[z]

iff letrec {} in Ex[e2] B.* letrec H' W{z — (y,2)} in Ea[z]
such that(m;(e1), mi(ez2)) € Conf(p).

In the following proof we will only use the first two clauses,
but it is straightforward to extend the proof to encompass pairs and
projections.

Lemmab.6. If (e1, e2) € Conf then (e1{z :=e},e2{z :=¢}) €
Conf

Proof. Since no reduction rules branch on variables not in the heap,
we can safely do the substitution on a reduction sequence and still
have a valid reduction sequence. |

= = € Conf then

Lemma 5.7. If (exi{=x e}, ea{x
((Az. e1)e, (Az. e2)e) € Conf

e})

Proof. If letrec {} in e diverges or gets stuck then
((A\z. e1)e, (Az. e2)e) € Conf
vacuously. The only other possibility is that

letrec {} ine B letrec H iny
(pick H' such thatF'V (e1) N FV (H') = () in which case we can
use a redex labeling argument to show
letrec {} in e1{z 1= e} =" letrec H" in z

iff letrec H' in ex{x :=y} =" letrec H" in z

such thatesult(H” | z) = result(H"", ).
Lemmab.8. (e1,e2) € ExpPair implies (e1,e2) € Conf

Proof. By induction on the derivation dfe1, e2) € ExpPair
e € Exp*
(weak e,e) € ExpPair
It is clear both cases of the definition @bnf hold (the second

case :

Once ifdead-expressions are eliminated, well-behavedness of thecase holds vacuously) and thagets stuck iffveak e gets stuck.

calculus is easily proven using a “postponement” lemma along the

lines of the proof given in [11].

Generalization of GC-Obliviousness

We will generalize the notion of gc-obliviousness by defining a set
Expcont O Exp* as in Figure 7.

(e1,e2) € ExpPair

(Az.e1, Ax.e2) € ExpPair
Neither side of the pair can get stuck because they both step to
a value immediately. The first case @bnf is vacuous. By IH and
Lemma 5.6 we havéei{z := e},e2{x := e}) € Conf, so by

case :
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e1,e2 € Exp* e € Exp* i€ {1,2} e € Exp* e1,ea € Exp*
i € Exp* x € Exp* (e1,e2) € Exp* m; e € Exp* Az.e € Exp* el e2 € Exp*
e € Exp* (e1,e2) € ExpPair es3 € Exp* e € Exp* (e1, e2) € ExpPair

weak e € Exp* ifdead e; (e3 e2) e3 € Exp*

(e1,e2) € ExpPair e3 € Exp*

(weak e,e) € ExpPair
(e1,e2) € ExpPair

Azx.e1, A\x.eg) € ExpPair
( k)

es,eq) € ExpPair

( ) )

(e1 e3, ez e3) € ExpPair

(ifdead e1 (e3 e2) ez, ifdead e1 (eq €2) e4) € ExpPair

Figure5. Definition of Exp™*

e € Exp*
(weak e, e) € ExpPair(e)

(e1,e2) € ExpPair(p) ez € Exp*

(e1,e2) € ExpPair(ip) i€ {1,2}

(mi e1,m; e2) € ExpPair(p)

(e1,e2) € ExpPair(p) ez € Exp*

({e1, e3), (e2,e3)) € ExpPair(1p)

(e1, e2) € ExpPair(p)
(Az.e1, Az.e2) € ExpPair(p)

(e1,e2) € ExpPair(e)

((es,e1), (e3,e1)) € ExpPair(2p)

(e1,e2) € ExpPair(p) ez € Exp*

(e1re3,e2e3) € ExpPair(p)

(e3,e4) € ExpPair(p)

(ifdead e1 (e3 e2) e, ifdead e1 (eq e2) es) € ExpPair(p)

Figure 6. ExtendedExpPair(p) Definition

e1,ea € Expconf

e € Expcont @€ {1,2}

i € Expconf z € Expconf

e € Expcont e1,ea € Expconf

(e1,e2) € EXpcont

e < EXpConf

m; e € Expconf

(e1,e2) € Conf e3 € Expcont

Ax.e € Expconf e1 ea € Expconf

weak e € EXpconf

ifdead e; (e3 e2) es € Expconf

Figure 7. Definition of Expconf

Lemma 5.7 we havé(\z.e1)e, (Az.e2)e) € Conf, so the second
case ofConf holds
(e1, e2) € ExpPair

(e1 es, ez e3) € ExpPair
By IH we have

Exp*
case : cs € Exp

letrec {} in E}[e1] = letrec H” & {z — \y. €, } in E}[z]

iff letrec {} in Ej[ea] =5 letrec H & {z — \y. €3} in Eb[z]

such that for alle : Expconr We have(e: e, ez e) € Conf, soin
particular(e; es, ez e3) € Conf.

(e1,e2) € ExpPair (es,es) € ExpPair

case :

(ifdead e1 (e3 e2) e3,ifdead e1 (e €2) €s) € ExpPair
Supposéetrec {} in ifdead e; (es e2) es B letrec H W
{z — hv} in z. Since reduction did not get stuck it must be that
letrec H in e; —* letrec Hy W {z1 — weak y} in x1

andletrec H in e3 —* letrec Ha & {zs — Ay.e} in za
andletrec Hy W Hy in z2 y R letrec H W {z — hv}inz.

By IH we haveletrec {} in e2 R Jetrec H; in y and

letrec {} in es =" letrec Hy W {2 — Ay.ei} in x» and
for e : Exp* we have(es ez, e4 e2) € Conf. Putting this together
we have

ifdead e (e4 €2) €4 R letrec H W {z — hv}inz.

The reverse direction is similar.

Supposdetrec {} in ifdead e1 (es e2) es gets stuck. If it
gets stuck during evaluation ef thenifdead e1 (es €2) es gets
stuck there also. If it gets stuck during evaluatiori@f ez ) then by
IH ifdead e; (es €2) es also gets stuck there. Similarly if it gets
stuck during evaluation dfes y) (after reducing:: to y), then by
IH ifdead e; (es4 e2) e4 gets stuck in the same place. The reverse
direction is similar. |

We define the transformatia? as follows:

o

° = z
o .
i° = i
(e1,€2)° = (e,e3)
(mi(e1))® = mi(er)
(61 62)0 = E(f 65
(weak €1)° = weak (e7)
(ifdead e1 (ee2)e)® = (e°e3)

Lemmab.9. Supposeeo € Expconf then one of the following holds
with regards to the reduction of letrec {} in eo.

1. letrec {} in eo always gets stuck.

2. letrec {} in eq =" letrec H” in z if and only if

letrec {} in 5 —>* letrec H" in x
with result(H”, ) = result(H"”,x) and letrec {} in ey gets
stuck if and only if letrec {} in eg gets stuck.
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Proof. By structural induction. The only interesting casesis=
ifdead e; (e e2) e because the IH carries through immediately in
all other cases.

The first thing to be evaluated is, and one of the following
must hold of this evaluation by IH.

1. letrec {} in e; always gets stuck
2. letrec {} inex R.% letrec H in x if and only if

letrec {} in €5 =" letrec H' in @
with result(H,z) = result(H',x) andletrec {} in e1 gets
stuck if and only ifletrec {} in e7 gets stuck.

In the first casdetrec {} in ifdead e1 (e e2) e always gets
stuck.

In the second case, sineg has no occurrences of ifdead-
expressions, its evaluation is deterministic (modulo garbage col-
lection) and one of the following hold.

1. There is no reduction sequeretrec {} in e: B letrec H'W
{z — weak y} in x SO consequently

letrec {} in ifdead e; (e e2) e
always gets stuck or else reduces to
letrec H' & {x — weak y} in (e e2).
Since(e e2) is unevaluated

letrec H' W {x — weak y} in (e e2) B letrec H” in ¢”

iff
with result(H"”,e"”) = result(H",e""), therefore we can use
the IH onletrec {} in e e3 to finish.
. Sinceletrec {} in ifdead e1 (e e2) e € Prog®, we have
letrec {} in e; —* letrec H' W {x — weak y} in  if and

only if letrec {} in ez —>* letrec H' in z by Lemma 5.8.
From here it is clear that we have

letrec {} in (e e2) =" letrec H" in ¢’”

letrec {} in ifdead e; (e €3) e —>" letrec H” in @

if and only if letrec {} in e ex —>* letrec H" in z with
result(H"” ) = result(H", z) by using the IH after reducing
the outermost ifdead as in the previous case. a

Proof of Theorem 5.4. From Lemma 5.9 we know thédtrec {} in e

that we do not have to worry about stuck programs and to provide a
free variable context for ifdead expressions under lambda binders.

L ocal Well-behavedness

We say a progranetrec H in eis locally well-behaved if it is well-
behaved at each ifdead. In order to define this we use the following
relation.

Definition 5.11 (Locr). (e1,e2,e3) € Locr iff for all H such that
FH:T,if

letrec H in e; —* letrec H' W {z — weak y,y — hv}inz
then we have
(letrec H' W {z +— weak y,y — hv} in e3 y —" letrec H” in z
iff
letrec H' W {x s weak y,y +— hv} in e2 B letrec H' in 2)
with result(H", z) = result(H"", z). O

Definition 5.12. A closed programetrec H in e is locally well-
behaved iff it has a typing derivatiort- letrec H in e : 7 and for
all ifdead occurrences in the derivatidn}- ifdead e; ez e3 : 7/,
we have(el, ea, 63) € Locr. O

This notion of local well-behavedness is decidable, though in
an unfeasably long time, but only because our core language is es-
sentially simply-typed lambda calculus. The addition of a fixpoint
operator would make this undecidable. However this is still a natu-
ral criterion to use when programming with weak references.

Theorem 5.13. If aprogram P isgc-obliviousand well-typed, then
itislocally well-behaved.

Proof sketch. Every occurrence of an ifdead in a gc-oblivious pro-
gram obviously satisfies the second part of the property (same re-
sults of reducing each branch) all that is missing is well-typedness.

Theorem 5.14. If a program P is locally well-behaved then it is
well-behaved.

Proof sketch. Since the program is well-behaved around each of its
top-level ifdead occurrences and ifdead reduction is the only source
non-well-behavedness, it is well-behaved. O

always gets stuck, or it yields the same result as the evaluation of EXAMPLE 5.15 (MEMOIZING FUNCTIONS). Assume we have a

letrec {} in e°. Sincee® contains no ifdead-expressions, the eval-
uation ofletrec {} in e° is deterministic, therefore the evaluation
of letrec {} in e is deterministic. |

Corollary 5.10. For any well-typed, gc-oblivious program P =
letrec H in e, wehave P = letrec H in e°.

Proof. No well-typed program can evaluate to a stuck term, so
Theorem 5.4 gives us the result. O

5.2 A General Semantic Criterion for Well-Behavedness
The syntactic restriction given previously is arguably too restric-

tive and does not allow natural expression of many realistic uses of
weak references. In particular memoized functions do not seem to

fall into this restricted category. In order to remedy this situation we

give a natural semantic criterion for well-behavedness and use this

criterion to informally argue for the correctness of an implementa-
tion of memoized function application. This semantic criterion is

intended to be used by programmers to assure their programs writ-
ten using weak references are well-behaved (which is generally de-

sirable). We assume that we are working within a typed setting so

10

type memofun(ri, 72) of memoized functions fromy to 2 with
the following functions:

(memofun(r1,72) * 1) — T2 weak option
(memofun(ri,72) * 1) —
(72 * memofun(1,72))

Lookupmemo
Addmemo

Lookupmemo and Addmemo do not need to use ifdead so
they are locally well-behaved. We try to verify the following (in
ML-like notation) is locally well-behaved:

fun appmemo (f:memofun(T1,T2),0:T1)
: (T2 * memofun(T1,T2)) =
case Lookupmemo(f,o) of
None => Addmemo(f,o0)
| Some(ref) =>
(ifdead (ref) (Addmemo(f,o0)) (fn x => (x,f)))

Intuitively this should fit our definition of locally well-behaved.
Formally we need to prove something about the semantics of the
ifdead expression for alH such thatref, Lookupmemo and
Addmemo have the appropriate types. This is not possible because
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we rely on the dynamic semantics 4tldmemo to make the argu-
ment, not merely its type. So we assume thdtimemo is inlined.

Then we needetrec H in ((Az.(xz, f)) v) B letrec H' in 2

iff letrec H in Addmemo(f,0) —>* letrec H” in z with
result(H', 2) = result(H", z). If ref is dead then

letrec H in Addmemo(f, o)

re-adds the corresponding dead entryrdff is still alive then
letrec H in ((Ax.{(z, f)) y) still has the corresponding entry and
returns the same pair thittrec H in Addmemo(f, o) does. So
this example is locally well-behaved, so it is well-behaved. O

6. Related Work

Morrisett, Felleisen and Harper’s [11] was the first work to fully
specify the static and dynamic semantics of a language with
garbage collection and was followed up by [12], which further
develops the theory in the context of a polymorphic language.

Most of the work specifically related to weak references is in
actual implementations of programming languages and in their in-
formal descriptions. Aside from that, Peyton Jones, Marlow, and
Elliot use weak references (and some other Haskell features) to im-
plement memoized functions in [8]. Marizen, Zendra and Colnet
discuss the addition of weak and soft references to the Eiffel lan-
guage and the advantages parametric polymorphism in this context
[9]. Neither of these papers contain formal semantics and we are
aware of no other attempt to formalize the semantics of weak ref-
erences.

7. Conclusion and Future Work

In this paper we introduce and investigate a formal semantics of
a functional language with weak references. We show the flexi-
bility of the semantic framework by extending it to the case of
the key/value weak references found in Haskell. We extend type-
inference based reachable garbage collection to allow collection
of additional weak references without incurring computational
overhead to recompute data stored in them. We address the well-
behaved usage of weak references by proving that a syntactically

restricted set of programs has a unique program result, regardless
[13] THE SMLOFNJ TEAM. SML of NJ Structure Documentation: The

of garbage collection.
The method of proof is of independent interest. We use a rela-
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In the future we hope to be able to use this formal semantics
for weak references to investigate more complex languages which
combine weak references with other programming features, such as
reference mutation and finalization. It may also be fruitful to inves-
tigate denotational semantics for a language with weak references.
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