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Abstract

Weak referencesare referencesthat do not prevent the object they point to from being garbage
collected. Most realistic languages, including Java, SML/NJ, and OCaml to name a few, have some
facility for programming with weak references. Weak referencesare used in implementing idioms like
memoizing functions and hash-consingin order to avoid potential memory leaks.

However, the semartics of weak referencesin many languagesare not clearly specied. Without a
formal semartics for weak referencesit becomesimp ossibleto prove the correctnessof implementations
making useof this feature. Previous work by Hallett and Kfoury [HKO5] extends ¢ [MFH95], alanguage
for modeling garbage collection, to weak, @ Similar language with weak references.

Using this previously formalized semartics for weak references, we consider two issuesrelated to
well-behavednessof programs. Firstly , we provide a new, simpler proof of the well-behavednessof the
syntactically restricted fragment of yeak de ned in [HKO5]. Secondly, we give a natural semartic cri-
terion for well-behavednessmuch broader than the syntactic restriction, which is useful as principle for
programming with weak references.

Furthermore we extend the result, proved in [MFH95], which allows one to use type-inference to
collect somereachable objects that are never used. We prove that this result holds of our language, and
we extend this result to allow the collection of weakly-referencedreachable garbagewithout incurring the
computation overhead sometimes assciated with collecting weak bindings (e.g. the needto recompute
a memoized function).

Lastly we useextend the semartic framework to model the key/v alue weak referencesfound in Haskell
and we prove the Haskell is semartics equivalent to a simpler semartics due to the lack of side-e ects in
our language.

1 Intro duction

The ability to concisely specify and formally prove the correctnessof garbage collection strategies was an
important cortribution of Morrisett, Felleisenand Harper's 4. By modeling the heap as a set of mutually
recursive de nitions, the semartics of a garbagecollection strategy can be speci ed as a rewrite rule which
removesbindings from the mutually recursive set without altering program behavior.

The addition of weak referenceschangesthis situation in that program behavior can depend on how
garbagecollection is employed. However, this doesnot negate the usefulnessof having a high-level formal
model which speci es how garbagecollection and weak referencesnteract. In fact, some(perhapsinformal)
model is critical to writing correct implementations using weak references.

A formal model, which extends g with the meansto introduce and conditionally dereferenceweak
references,is introduced in [HKO5]. In this language,asin g, all values are allocated to, and stay on
the heap during evaluation (unless garbage collected). For this reasonit makes senseto create a weak
referenceto any program value. The semartics given essetially matchesthe semartics for weak references



in SML/NJ [SML]. Becauseof compiler optimizations like common subexpressionelimination, the actual
identit y of immutable objects is not statically known, and as such the documerntation claims the semartics
is \am biguous." However, this is a bit misleading. The semariics usedin this paper is not ambiguous and
if an SML programmer usesthis sematrtics his programs will behave correctly as long as their correctness
doesnot depend on weak referenceshaving beencollected. This is a natural restriction asthe programmer
(usually) has no cortrol over if or when garbage collection occurs. Any usageof weak referencesto avoid
memory leaksshould t this criterion.

The cortributions of this paper are seweral. Firstly, we provide a much simpler and complete proof of the
well-beharednessof a syntactically restricted classof programs. The original proof wasquite complicated and
only proved a part of the theorem. Secondly we provide a natural semartic criterion for well-behasedness
which is much broader than the syntactic restriction. This criterion is a useful principle for programming
with weak reference,and we useit to argue for the correctnessof an implementation of memoizing function
application. Thirdly , we extend the result from [MFH95] which allows the use of type-inferenceto collect
someobjects which are reachable but never used. The extended result additionally allows tombstoning of
weak referencedo this reachable garbage,without incurring the runtime overheadsometimesassaiated with
tombstoning a weak reference. Lastly, we show the exibilit y of the framework by extending it to formalize
a model of the key/value weak referencesfound in Haskell.

The paper is organizedasfollows. In Section2 we intro ducethe syntax and semartics of yeak. In Section
3 we explain the syntactic restriction that we imposeto assureuniquenessof program result. In Section 4
we prove that restricted programs have a unique result. In Section 5 we give a natural semartic criterion
for well-behavedness.In Section 6 we prove the correctnessof a transformation that usestype inferenceto
both do extra garbagecollection, and tombstone weak referenceswithout requiring the extra computation
that might normally be necessary In Section 7 we formalize the semartics of the key/value weak references
found in Haskell and prove it equivalert to a simpler semariics in the absenseof side-e ects.

2 Mo deling weak references: eak

In this section we give the formal syntax and semariics of \yeak-

Syntax of eak

The syntax of yeak (givenin Figure 1) is that of a standard programming languagebasedon the -calculus
along with additional primitiv esfor introducing weak referencesand doing conditional weak dereferencing.
A weak €Xpressionis either a variable (x), aninteger (i), a pair (hey; exi), a projection ( ; €), an abstraction
(x: e), an application (e; &), a weak expression(weake) or an ifdead expression(ifdead e; e, €3).

Heap values, hv, are values which may be allocated to the heap during reduction. Heap values are a
subset of expressionsin addition to the special value d. During execution, a weak pointer weaky on the
heap may be replacedwith d if the only remaining referencesto y are weak.

A weak program, letrec H in e consists of a set of mutually recursive de nitions (given by a nite
map H : Var | Hval) which models the heap, and an expressione. We write H ] H°to be the union
of two heap functions de ned on disjoint domains and Dom(H) to be the domain of H and we de ne

S=f(x;H(x)) j H(x) 6 weaky for any yg to be the strong part of the heap. The set of free variables of
an expression,F V (e) and capture-avoiding substitution ef x := €% are de ned asusual. Free variables for a



Programs:

(variables) w;X;y;z 2 Var
(integers) i 2 Int = i) 2) 1j0j1lj2j:::
(expressions) e 2 Exp = Xjijhe;eij 1e] 2ejxe jere]
weakej ifdead e; e e3
(heap values) hv 2 Hval = iy xoij xe jweakx jd
(heaps) H 2 Va ' Hval
(programs) P 2 Prog = letrecH ine
(answers) A 2 Ans = letrecH inx
Evaluation Contexts and Instruction Expressions:
(contexts) E 2 Ctxt == []jhE;eijiEij i EJE ejxE jweakE jifdead E e; e
(instruction) I 2 Instr == hvj ixjxyjifdead x e; &

Rewrite Rules:
(alloc) letrecH in E[hv] letrecH ] fx 7! hvgin E[X]
where x is a fresh variable
) letrecH inE[ ; x] ' letrecH in E[xi]
provided H (x) = hx1;x2i andi 2 f1;2g
(app)  letrecH inE[x y] P letrecH in E[efz := yg]
provided H (x) = z :e

all(?c

ifdeqd letrecH in E[e; w] if H(x) = weakw

ifdea letrecH in E[ifdead x e
(ifdead) [ €] letrecH inE[e1]  if H(x) = d

Figure 1: Syntax and Operational Semartics of eax

heapH and a program letrecH in e are de ned by:

FV(H) = ( [ FV(H(x))) Dom(H)
x2Dom(H)

FV(letrecH ine) = (FV(H)[ FV(e)) Dom(H)

Expressionsareidentied up to -cornversionand programsare identied up to renaming of variables bound
in the heap ,e.g.,letrecH ] fx 7! hginx = letrecH ] fy 7! hginy assumingx Z2FV(H) andy 2FV(H).

Semantics of eak

The reduction semartics of ek are given by the evaluation contexts (which apply left-to-right, call-by-
value reduction) and rewrite rules in Figure 1. We usethe following notation for rewrite rules. Let G be a
set of rules and P and P° be programs:

P € PmeansP rewrites to P° by somerule in G and P is the re exiv e, transitiv e closure
of £ .

P +c POmeansP ¥ PCand PCis irreducible with respect to the rulesin G.

P * s meansthere exists an in nite reduction using rulesin G starting from program P.

The evaluation rules are chosento extend normal evaluation with referencevaluesand weak references.The
rule (alloc) allocatesa value on the heap and replacesit with a reference.The rule (app) evaluatesfunction
calls by referencepassing. In this language,all values are \reference values" in that they are allocated to
the heap and passedby reference. The projection rules ( ;) extract the appropriate componert from a pair
pointed to by a reference. Rule (ifdead applied to P = letrecH in E[ifdead x e, e3] doesa conditional



Example 2.1
letrecfg in ( x: ifdead (weakx) O(y : 1Y)) hb;6i

A% letrecfa7! x: ifdead (weakx) O(y : 1y)gin ab;6i

29 letrecfa7! x: ifdead (weakx) O(y: 1y);b7! 5gin a hb;6i

A letrecfa7! x: ifdead (weakx) 0(y: 1y);b7! 5c7! 6gin a hb;ci
29 letrecfa7! x: ifdead (weakx)O(y: 1y);b7! 5c7! 6;e7! b;cig

inae
P letrecfa 7! x: ifdead (weakx)O(y: 1Yy);b7! 5c7! 6;e7! hb;cig
in ifdead (weake) 0(y: 1Y)

A9 Jerecfa 7! x: ifdead (weakx) O(y: 1y);b7! 5c7! 6;e7! hoci:f 7! weakeg
inifdead f 0(y: 1Y)
"e3d Jetrecfa 7! x: ifdead (weakx) 0(y : 1y);b7! 5;c7! 6;e7! hb;ci;f 7! weakeg
in(y: 1y)e
! 9 Jetrecfb7! 5ginb
or

H°  letrecff 7! dginifdead f O(y : 1Y)

! A Jetrecfg 7! Oging
where a, b, ¢, e, f and g are fresh variables introduced in the processof program evaluation. O

Figure 2: Example of Non-con uent Reduction

deallocation of weak referencex. If H(x) = weaky (the weak referenceis not dead) then P reducesto
letrecH in E[e3 y]. If H(x) = d then P reducesto letrecH in €.
There is an additional rewrite rule (garb) not listed in Figure 1 which usesthe following asauxiliary rules.

(9o letrecH1] Hzine % letrecHy ine
provided Dom(H;)\ FV (letrecH®ine)=;; andH; 6 ;

(weakgc) letrecH ] fx 7! weakygine 24 JetrecH ] fx 7' dgine
provided y 2 Dom(H)

Using theserules we de ne the garbagecollection rule (garb) as follows:

ab) letrecH ine gafb letrecH%in e
g
provided letrecH ine 1° letrecH ®in e and letrecH %in e +weakgc letrecH%in e

Intuitiv ely the rule (garb) works by rst collecting somebindings to which there is no strong reference,then
setting to deadall the weak referenceswhich refer to collected bindings. Notice that this rewrite rule allows
for the collection of cyclesof garbage. Often, in practice garbagecollection will collect all locations to which
there is no reference,however we do not want the programmer to rely on this behavior, sothe rule re ects
this. In particular, it often makes sensefor the garbage collector to try to not collect weakly reachable
referencedf there is not a shortage of memory. By using this rule we allow the implementor of the garbage
collector complete freedomas to what garbageis collected as long as weak referencesto collected locations
are all properly tombstoned (which is re ected by the +yeakgc in the rule).

We denote the set of rewrite rules by R = falloc; 1; »;app ifdead garbg.

Given the rewrite rule (garb), the reduction is no longer con uent becausethe initiation of garbage
collection can e ect the reduction of ifdead expressions.The exampleshown in Figure 2, taken from [HKO5],
shows the non-con uence of eax.



Bx if e= x and x 62Dom(H )
result(H; H (x)) if e= x and x 2 Dom(H)
i ife=i
d ife=d
resuli(H: €) = hresult(H ; e1); result(H ; e;)i if e= her; el .
i result(H; e ife= ;ebandi2f1;2g
x: result(H ; €%) if e= x:e ®where x 62Dom(H )
result(H; e1) result(H ; e2) fe=e &
weakresult(H ; €9 if e = weake®
" ifdead result(H;e1) result(H;e;) result(H;e3) if e= ifdead e1 e e
Figure 3: De nition of resul{H;e)
e;e 2 Exp e2Exp i2fl;2g e 2 Exp e; e 2 Exp
i 2 Exp X 2 Exp he;;exi 2 Exp ie 2Exp x:e 2 Exp e1 e 2 Exp
e 2 Exp (e1;€) 2 ExpPair e3 2 Exp e2 Exp (e1;€2) 2 ExpPair
weake 2 Exp ifdead e; (es &) es 2 Exp (weake;e) 2 ExpPair (x:e 1; x:e 2) 2 ExpPair
(e1;e2) 2 ExpPair e3 2 Exp (e1;e2) 2 ExpPair (es;es) 2 ExpPair
(e1 e3; €2 €3) 2 ExpPair (ifdead e; (e3 €2) e3;ifdead e; (es €2) €4) 2 ExpPair

Figure 4: De nition of Exp

3 Restoring Con uence

In general,when a programmer usesweak referenceshe or shedoessoin a way that guaranteesthat garbage
collection cannot changethe result of evaluation. Examples such as memoizing functions and hash-consing
lists certainly t into this category. We refer to programs which always evaluate to the sameresult as well-
behave (note this is weaker than the usual notion of con uence). While the evaluation of these programs
may not be deterministic, the nal result is. An example of a program which we know will always have the
same nal result is

letrecfg inifdead (weake) (e°¢) €°

We can seethat any end result will be the sameas a result of the program letrecH in e®e. Assuming
there are no occurrencesof weake®in e or €° for any €% all reductions of this program must end with the
sameresult. In order to formally state what we mean by the sameresult, we de ne resul{H; E) asin Figure
3.

The following de nitions capture the notion of a program having a unique result.

De nition 3.1 (Ev al-Set). The evaluation set of a program P relative to rewrite rules G:
eval-set(P;G) = f? jP *gg]

ferrorj P +g P%and PCis stuckg [

fresul{H;x) j P +¢ letrecH in xg

We write eval-set(P) for eval-set(P; R) O



De nition 3.2 (Program Equiv alence). (P;G) (P%G9% i eval-set(P;G) = eval-set(P%G9. If G =
G%= R, we simply write P P°. O

De nition 3.3 (W ell-Beha ved Programs). A program P is well-behavedi eval-set(P) is a singleton.
O

A program is well-behaved if it has a unique result of evaluation. In generalit is undecidable whether a
given program is well-behaved becausewe can reducenon-termination in untyped lambda calculus (which is
undecidable) to this property.

Prop osition 3.4. For an arbitrary program P it is undecidableif P is wel-behavel.
Proof. Let e be an untyped lambda term with x 2FV(e), =! 1! and! = (x: x x). Then
letrecfg inifdead (weak5) (x:ie)
is well-behaved if and only if e divergesaccordingto call-by-value -reduction. O

Given that it is impossibleto syntactically characterize the well-behaved programs we will characterize
a proper subset of the well-behaved programs which is big enoughto cover many realistic usesof weak
references.The syntactically restricted Exp is de ned in Figure 4. The restriction comesfrom [HKO05], also
in that paper is an exampleimplemertation of hash-consingmeeting the restriction. This proper subsetof
well-behaved programsiis referred to asthe set of \gc-oblivious" programs.

De nition 3.5 (Companion Expressions). Let e; and e, be arbitrary expressions. We say that e, is
the companion of e; if (e1;€) 2 ExpPRair. (We do not use the relation \companion-of" symmetrically, i.e.,
e, is not the companion of e,.) O

De nition 3.6 (GC-Oblivious Programs). A program letrecfg in e is gc-obliviousi e 2 Exp . O

Theorem 3.7 (GC-Oblivious Programs Are Well-Beha ved). If P is gc-oblivious then it is well-
behavel. O

The proof of this theorem can be found in Section 4.

Enlarging the Set of GC-Oblivious Programs

We can enlargethe set of gc-oblivious programs if we wish. For example, we can parameterizethe ExpPair
relation with p 2 f1;2g to obtain a larger setof gc-oblivious programs. The parameterp 2 f1;2g represens
the sequenceof projections that will yield an appropriate companion pair. ExpPair(p) is de ned asin Figure
5. We would then changethe de nition of Exp to useExpPair(") in place of ExpPair.

4 Pro of of GC-Oblivious Well-Beha vedness

In this sectionwe give an alternativ e proof of Theorem 3.7, the third part of which is provedin [HKO5] in aless
straightforward manner. We will begin by generalizingthe notion of GC-obliviousness. This generalization
of GC-obliviousnessis usedto show correctnessof a semartics-preserving transformation which removesall
occurrencesof ifdead-expressions.Once ifdead-expressionsare eliminated, well-behavednessof the calculus
is easily proven using a \p ostponemernt" lemma along the lines of the proof givenin [MFH95].



e2 Exp (e1;€2) 2 ExpPair(ip) i2f1;2g
(weake;e) 2 ExpPair(") (ie1; i€e) 2 ExpPair(p)

(e1;€2) 2 ExpPair(p) es 2 Exp (e1;€2) 2 ExpPair(p) es 2 Exp
(heq; esi; hey; esi) 2 ExpPair(1p) (hes; e1i; hes; eri) 2 ExpPair(2p)

(€1, €2) 2 ExpPair(p) (e1;€2) 2 ExpPair(p) es 2 Exp
(x:e 1; x:e 2) 2 ExpPair(p) (e1€3; e263) 2 ExpPair(p)

(e1;€2) 2 ExpPair(") (es3;es) 2 ExpPair(p)
(ifdead e (e3 €2) es;ifdead e; (es €) €1) 2 ExpPair(p)

Figure 5: Extended ExpPair(p) De nition

Generalization of GC-Obliviousness

We will generalizethe notion of GC-Obliviousnessby de ning a set Expcont EXp .

;€ 2 EXpeont e 2 Expeont 121,29
i 2 EXpeont X 2 EXpcont he1; exi 2 Expeont i € 2 EXpcont
e 2 ExXpcont e1; e 2 EXpcont e 2 ExXpcont (e1;e) 2 Conf e32 EXpeont

x:e 2 Expcon €1 & 2 EXpcont weake 2 EXpcont ifdead e; (e3 €) €3 2 EXpeont

We de ne Conf, a generalization of ExpPair, as follows:

De nition 4.1 (Relation Conf). For e;;e; 2 Exp, We de ne Conf by: (e;;e) 2 Confi the reduction of
letrecfg in e; gets stuck if and only if the reduction of letrecfg in e, gets stuck and the following hold for
all reduction contexts Eq; E»:

1. letrecfg in Eq[e1] R letrecH°] fx 7! weakygin E1[x]
i letrecfg in Ex[e;] R letrecHin E-[y].

2. letrecfg inEqfer] ¥ letrecH] fx 7! y : €9gin Eq[X]
i letrecfg in Eplez] ¥ letrecHO] fx 7! v : dgin Ex[x]
such that for all e 2 Expcons We have (e1 e;e; €) 2 Conf. O

Note that this de nition naturally generalizeswhen we expand the set of gc-oblivious programs. For
example, if we added pairing and projection using the parameterizedrelation ExpPair(p) for p 2 f1;2g , we
could parameterize Conf as Conf(p). Conf(") would be de ned by the above two clausesand Conf(ip) would
be de ned by the above two clausesin addition to the following clause:

3. letrecfg in E1[e;] F letrecH ] x 7! hy;zig in E1[X]
i letrecfg in Ex[es] R letrecH O] fx 7! hy;zig in E[X]
sudh that ( i(e1); i(e2)) 2 Conf(p).

In the following proof we will only usethe rst two clauses,but it is straightforward to extend the proof
to encompassairs and projections.

Lemma 4.2. If (e;;ep) 2 ExpPair and letrecfg in E[e;] R letrecH®in E[x] then either H9Yx) = weaky
or H{x) = y:e.



Proof. By straightforward induction on the derivation of (e;; ;) 2 ExpPair. O
Lemma 4.3. If (e1;e) 2 Confthen (eifx ;= eg; exfx := eg) 2 Conf

Proof. Sinceno reduction rules branch on variables not in the heap, we can safely do the substitution on a
reduction sequenceand still have a valid reduction sequence. O

Lemma 4.4. If (eifx := eg;exfx := eg) 2 Confthen (( x: ej)e;(x: ep)e) 2 Conf

Proof. If letrec fg in e divergesor gets stuck then (( x: e1)e;(X: e)e) 2 Conf vacuously The only
other possibility is that letrec fg in e § letrec H% in y (pick HO sudh that FV(e;)\ FV(HY = ;) in
which casewe can use a redex labeling argumert to show letrec fg in e;fx = eg R letrec H%in z i

letrecH inerfx ;= yg ¥ letrecH °n z such that resul{H ®z) = resul{H °z). O

Lemma 4.5. (e1;e2) 2 ExpPair implies (e1; ;) 2 Conf

Proof. By induction on the derivation of (e;; e;) 2 ExpPair
e2 Exp

" (weake;e) 2 ExpPair
It is clear both casesof the de nition of Conf hold (the secondcaseholds vacuously) and that e gets
stuck i weake gets stuck.

case

(e1; €2) 2 ExpPair
(x:e1; x:e2) 2 ExpPair
Neither side of the pair can get stuck becausethey both step to a value immediately. The rst caseof
Confis vacuous. By IH and Lemma 4.3 we have (e1f x := eg; exf x := eg) 2 Conf, soby Lemma 4.4 we have
(( x:e 1)e;( x:e 2)e) 2 Conf, sothe secondcaseof Conf holds

case:

(e1;€2) 2 ExpPair e3 2 Exp
(e1 €3; € €3) 2 ExpPair
By IH we have

case:

letrecfg in EYe;] T letrecH®] fx 7! y : elgin E9[x]
i letrecfg inE%e] T letrecH fx 7! y : e9gin E9[x]
such that for all e : Expcons We have (e e;e; €) 2 Conf, soin particular (e; es; e; e3) 2 Conf.

(e1;€2) 2 ExpPRair (e3;e4) 2 ExpPair
' (ifdead e; (e3 &) e3;ifdead e; (e4 €2) €1) 2 ExpPair
Supposeletrecfg inifdead e; (e; &) €3 R letrecH ] fx 7! hvgin x. Sincereduction did not get stuck
it must be that

case

letrecH ine; R letrecH1 ] fx1 7! weakygin x;
and letrecH in e3 R letrecH, ] fx2 7' y :egg in X»
and letrecH;] Hzoinx,y R letrecH ] fx 7! hvginx:

By IH we have letrecfg in e, X letrecH; iny and letrecfg in ey R letrecH,] fx, 7! vy :elgin x, and
for e: Exp we have (e3 ;€4 €) 2 Conf. Putting this together we have

ifdead e; (&4 €2) €4 F letrecH ] fx 7! hvginx:

The reversedirection is similar.



Suppose letrec fg in ifdead e; (e3 e) e3 gets stuck. If it gets stuck during evaluation of e; then
ifdead e (e; &) e4 gets stuck there also. If it gets stuck during evaluation of (e3 e;) then by IH
ifdead e; (e;s ) e4 also gets stuck there. Similarly if it gets stuck during evaluation of (e3 y) (after
reducing e; to y), then by IH ifdead e; (&4 €) €4 gets stuck in the sameplace. The reversedirection is
similar. O

We de ne the transformation e asfollows:

X = X
o= i
hei;ei = hepsei
(i(e)) = i(e)
(e1&€) = €&
(weake;) = weak(e;)
(ifdead e (ee)e) = (e e)

Lemma 4.6. Suppseey 2 Expcont then one of the following holdswith regardsto the reduction of letrecfg in ep.

1. letrecfg in ey always gets stuck.

2. letrecfg ine; ¥ letrecHin x if and only if letrecfg ine, ¥ letrecH%%n x with resul(H % x) =
resulH %%?x) and letrecfg in ey getsstuck if and only if letrecfg in e, getsstuck.

Proof. By structural induction. The only interesting caseis ey = ifdead e; (e e;) e becausethe IH carries
through immediately in all other cases.
The rst thing to be evaluated is e;, and one of the following must hold of this evaluation by IH.

1. letrecfg in e; always gets stuck

2. letrecfg in e R letrecH in x if and only if letrecfg in e B letrecH%in x with resulf{H;x) =
resul{H % x) and letrecfg in e; getsstuck if and only if letrecfg in e; gets stuck.

In the rst caseletrecfg inifdead e; (eey) e always gets stuck.
In the secondcase, since e; has no occurrencesof ifdead-expressions,its evaluation is deterministic
(modulo garbagecollection) and one of the following hold.

1. There is no reduction sequenceletrec fg in e; R letrec H?] fx 7! weakyg in x so consequetly
letrecfg in ifdead e; (e e;) e always gets stuck or elsereducesto letrecH®] fx 7! weakyg in (e ey).
Since (e &) is unevaluated

letrecH®] fx 7! weakygin (ee;) ¥ letrecH ®ine®i letrecfg in(ee) §  letrecH °4n e°®
with resul{H % e” = resuli(H °%9e°%; therefore we can usethe IH on letrecfg inee, to nish.

2. Sinceletrecfg in ifdead e; (eey) e2 Prog , we have letrecfg in e; F letrecH 0] fx 7! weakygin x
if and only if letrecfg in e; B letrecHOin x by Lemma 4.5. From here it is clear that we have
letrecfg inifdead e; (ee) e §  letrecH ®in x if and only if letrecfg inee, ¥  letrecH%4n x with
resuli(H %0 x) = resuli(H °°®x) by using the IH after reducing the outermost ifdead as in the previous
case. (|



Proof of Theorem 3.7. From Lemma 4.6 we know that letrec fg in e always gets stuck, or it yields the
sameresult as the ewvaluation of letrecfg in e . Sincee contains no ifdead-expressionsthe ewaluation of
letrecfg in e is deterministic, therefore the evaluation of letrecfg in e is deterministic. O

Furthermore, since no well-typed program can ewaluate to a stuck term [HKO5], this result shows that
any well typed program expressione has the samesemariics ase .

5 A Natural Semantic Criterion for Well-b ehavedness

The syntactic restriction given previously is arguably too restrictive and does not allow natural expression
of many realistic usesof weak references. In particular memoizedfunctions do not seemto fall into this
restricted category. In order to remedy this situation we try to give a natural sematrtic criterion for well-
beharednessand usethis criterion to informally arguefor the correctnessof am implementation of memoized
function application. We assumewe are working within a typed setting, so that we do not have to worry
about stuck programs. For easeof referencethe typing rules for eax are givenin Figure 6 and the syntax
of typesis as follows:

(types 2 Type == intj 1 2j 1! 2j weak

5.1 Local Well-b ehavedness

We say a program letrecH in e is locally well-behaved if it is well-behaved at eadh ifdead. In order to de ne
this we usethe following relation.

Denition 5.1 (Loc ). (e1;ex;e3)2 Loc i forH suchthat * H :
If letrecH in ey R letrecH 0] fx 7! weaky;y 7! hvgin x then we have

letrecH®] fx 7! weaky;y 7! hvginesy § letrecH %in z
i letrecH®] fx 7! weaky;y 7! hvgine, ¥ letrecH%4n z

with resul{H % z) = resul{H °%%z). O

De nition  5.2. A closed program letrec H in e is locally well-behavel i it has a typing derivation °
letrec H in e : and for all ifdead occurrencesin the derivation, > ifdead e; & e : % we have
(e1;e2;€3) 2 Loc . O

This notion of local well-behavednesss decidable,though in an unfeasablylong time, but only becauseour
core languageis essetially simply-typed lambda calculus. The addition of a xp oint operator would make
this undecidable. Howevwer this is still a natural criterion to usewhen programming with weak references.

Theorem 5.3. If a program P is gc-obliviousand well-typed, then it is locally well-behavel.

Proof. Every occurrenceof an ifdead in a gc-oblivious program obviously satis es the secondpart of the
property (sameresults of reducing eac branch) all that is missing is well-typedness. O

Theorem 5.4. If a program P is locally well-behavel then it is well-behavel.
Proof. Sincethe program is well-behaved around ead of its top-level ifdead occurrencesand ifdead reduction

is the only sourcenon-determinism, it is well-behaved. O
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Example 5.5 (Memoizing Functions). Assumewe have a type memofun ( 1; 2) of memoizedfunctions
from ; to , with the following functions:

Lookupmemo : (memofun ( 1; 2) 1)! 2 weak option
Addmemo : (memofun ( 1; 2) 1)! (2 memofun ( 1; 2))

Lookupmemo and Addmemo do not needto useifdead sothey are locally well-behaved. We try to verify
the following (in ML-lik e notation) is locally well-behaved:

fun appmemdf:memofun(T1,T2 ), 0: T1):( T2 * memofun(T1,T2)) =
case Lookupmemo(f,0) of
None => Addmemo(f,0)
| Some(ref) =>
(ifdead (ref) (Addmemo(f,0)) (fn x => (x,)))

Intuitiv ely this should t our de nition of locally well-behaved. Formally we need to prove something
about the semartics of the ifdead expressionfor all H such that ref;Lookupmemo and Addmemo have
the appropriate types. This is not possible becausewe rely on the dynamic semarics of Addmemo
to make the argument, not merely its type. So we assumethat Addmemo is inlined. Then we need
letrec H in ((x: b fi) y) T letrec H?in z i letrec H in Addmemo(f;0) ¥ letrec H®in z with
resul{H®z) = resulf{H % z). If ref is deadthen letrecH in Addmemo(f ; 0) re-addsthe corresponding dead
entry, if ref is still alivethen letrecH in (( x: hx; f i) y) still hasthe corresponding entry and returns the same
pair that letrecH in Addmemo(f ; 0) does. Sothis exampleis locally well-behaved, soit is well-behaved. O

6 Collecting Reachable Weakly-Referenced Garbage

As was proven in [MFH95], one can usetype inferenceto detect that the values of certain referenceswill
never be used. Any binding that will never be usedis sematrtically garbageregardlessof whether or not
it is reachable. So reacable values that will never be used can be safely collected. For example the
program letrec fx; 7! 1;xp 7! 2;x3 7! hXg;X2i;X4 7! hXq;X3ig in 1 X4 IS equivalent to the program
letrecfxy 7! 1;x3 7! 0;X4 7! hXq;X3ig in 1 X4 SOwe can safely collect the binding x, 7! 2.

This is formalized by consideringthe baselanguage,in our case eak, t0 be animplicitly typedlanguage
with type variables.

(types 2 Type == tjintj 1 2] 1! 2] weak

We prove a slightly stronger version of presenation for this system. We will usethis presenation theorem
to prove that if a binding can be assigneda type variable then after a reduction step that binding can still
be assigneda type variable.

Theorem 6.1 (Preserv ation).
If there existsa typing ~ e: andfor some™ H : , wehaveletrecH ine R letrecH%in €° then there
exists Owith * H?: 9 and © €°: suchthat for all x 2 (Dom() \ Dom( 9) we have ( x) = 9x).

Proof. By induction on the derivation of "~ e: . O

11



(var) W (|nt) m (dead)

] fx: g x
R &2 i el 2 . i
) i ar —————— (proj;) (fori= 1,2
hey; e : 5 (pair) e (proj;i) ( )
1 1x: 19" €: > el o el
s abs 3 a
xe: 11 5 () e e 2 (app)
N . N . < i N . |
N (weak) i aweak " @:p eial 2 geng)

© weake: weak

8x 2D : 0 H(x) : :
x 2 Dom( 9 ‘ ]H — (x): Ax) (heap) ;

" ifdead e; ey e3: -

T H: Te:
* letrecH ine:

(prog )

Figure 6: Typing rules for eax

Wethen usetype inferenceto generatea most generaltyping for a given program, accordingto the typing
rulesin Figure 6. If we are ever able to assigna type variable to a reference,then the value of this reference
cannot a ect the result of the program. In order to prove this we will rst de ne the active positions of a
term (which are the occurrenceswhich constrain the type of a reference).

De nition  6.2. We say x occursin an active position of e if one of the following occurs as a subterm of e
1. x e” for somee®, or
2. i X, or
3. ifdead x e; e, for someey; ;. O
In any typing derivation, no referencethat is assigneda type variable may appear in an active position.
Lemma 6.3. If ] fx:tg  e: thenx doesnot occur in an active position in e.

Proof. It is easyto seethat ead typing rule whoseconclusioncreatesa new active position ((pro j;), (app),
and (ifdead )) constrainsthe type of the term appearing in the active position. O

The addition of the type weak only slightly a ects this basic result. Becausegarbage collection can
a ect the result of a program we assumethat we are working with a well-behaved program. There is no
problem with doing the extra inference-basedcollection on non-well-behaved programs, but the collected
program is not equivalent to the original sinceits behaviors are a proper subset of the behaviors of the
original program. The following proof is due to Morrisett [Mor05].

Theorem 6.4 (Inference GC).
Let 1 =fxg:ty;unxn ithgand Hy = fx5 70 hy;iixp 7V hpgand HY = fxg 7! 025, 7! Og. If

1. 1] 2 e: ( ZTvar), and

2. 1\ H,: 5, and

1As pointed out by Morrisett, the same proof technique can be used to establish a similar result, Theorem 5.3 in [MFH95],
whose original proof was a far more complicated argument using logical relations.
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3.9S; "H;:S 4, and
4. letrecH; ] H; ineis well behave (i.e. the timing of garbage collection cannot a ect the nal result)
then letrecH; ] Hyine letrecH?] Hyine.

Proof sketch. Sincewe are dealing with a well-behaved program, we canignore the (garb) rule for the purpose
of showing equivalence. Since, the other rules only add bindings, we have that if

R-f garqg

letrecH,] Hyine letrecH1] Ho] Hsin€®

then forany ;] 2  Hz: szwehave 1] ] 3  €: by Theorem6.1. By Lemma 6:3, none of
X1;::; Xn can appear in an active position in €’ The reduction rules only depend on the value of references
in an active position, sowe will never reduceto a state whosenext transition dependson the value of any
of Xq; 15, Xy, therefore letrecH; ] Hz ine Ietrech] H, ine. O

Sotype-inferencebasedGC works in this language,however we have intro duceda new potential problem.
The problem is that often weak pointers are often usedto cache data that was computationally expensiwe to
produce, so killing a weak pointer may causeunnecessaryrecomputation. Consider the following program:

letrecfxy 7! 1; X2 7! 2;X3 7! TXo; X0 Xq 7V hXq; X315 X5 7! weakx,;f 7! x:e gin hifdead xs (f e‘ﬁ fi 1 Xal

If x 2 FV(e) then type-inferencewould allow us to collect x, in this case,which would causexs to be
tombstoned. The problem is that the ifdead expressionwill always reduceto the dead case,which causese®
to be ewaluated and then thrown away by f. Since by doing the type inference we already knew that the
value of x, doesnot matter, we should be able to take the live branch and just passa dummy value to f,
which will throw it away.

The solution we proposeto this problem is to add a new distinct tombstone marker d° A weak reference
that has been replaced with d° should be treated as alive for the purpose of ifdead reduction. A weak
referencemust only be tombstonedas dif the value stored in the memory it weakly referencess never used
in the rest of the computation.

Formally, we extend the syntax of Hval

(heapvalues) hv = ::jd°

and we changethe ifdead reduction rule to beg
2 letrecH in E[e; w] if H(x) = weakw
S letrecH in E[e1] if H(x) = d
" letrecH ] fz7! OginEfe; z] if H(x) = d°

We also use an additional typing rule, which assignsto d° the type t weak for a type variable t. We
require that d° be typed by a variable in order for Theorem 6.1 to still be true with the new reduction rule
for ifdead.

We can then prove the following theorem which statesthat givena program and a typing derivation that
assignssomeheap locations type variables, those locations can be rebound to 0 and weak referencedo those
locations can be tombstoned with d® without a ecting the result of the program.

(ifdead letrecH in Efifdead x e; e,] "%
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Theorem 6.5 (Inference Weak GC).
Let 1= fXg ity X fthg;

H$ = fx1 7! hy;ixe 70 hpg;

HY = fy, 7! weakxi,;::;; Ym 7! weakx;,, 0;
HE = fx; 7! 0;::5; %, 7! Og;

H® = fy, 70 d% 5 ym 7! d%;

Hy=H7] HY; and

HO= HE]

If

1. 1] 2 e: ( ZTvar), and
2. 1 Hy: 5, and

3.9S; " H;:S 4, and

4. letrecH; ] H; ineis wel behave

then letrecH;] Hoine Ietrech] H,ine.

Proof sketch. Obserwethat any ifdead reduction step on somey; which takesthe live branch hasthe following
form

letrecH ] fy; 7! weakxxgin E[ifdead y; e; €] R garq.g letrecH ] fy; 7! weakxkgin e Xi

If y; had beentombstonedto d°we would have

letrecH | fy; 7! d%in E[ifdead vi e; es] X %™ letrecH | fy; 7! d%] fz 7! Ogine; z

Sincex is assigneda type variable in 1, by Theorem 6.1 we can still assignit a type variable when typing
letrecH ] fy; 7! weakxygin e; Xk, sowe canreplacethe binding of xx with 0 without a ecting the reduction
of the program. Therefore letrecH;] Hyine letrecH?] Hyine. O

7 Key/V alue Weak References

In this section we formalize the key/value weak referencesfound in Haskell. To simplify things we do not
consider nalizers. A key/value weak referenceis a special type of weak referencewhich contains both a key
and a value. During pointer garbagecollection, the tracer doesnot trace the value of a weak pointer unless
the key is otherwise reachable. In the GHC documertation [GHC], the semariics is speci ed as follows:

The behaviour is simply this:

If a weak pointer (object) refersto an unreachable key, it may be nalised.

Finalisation means(a) arrangethat subsequen callsto deRefWeak return Nothing; and (b)
run the naliser.

This behaviour dependson what it meansfor a key to be reachable. Informally, something is
reachable if it can be reached by following ordinary pointers from the root set, but not following
weak pointers. We de ne reachability more precisely as follows A heap object is reachable if:
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It is directly pointed to by a reachable object, other than a weak pointer object.
It is a weak pointer object whosekey is reachable.

It is the value or naliser of an object whosekey is reachable.

Notice that a pointer to the key from its assaiated value or naliser does not make the key
reachable. However, if the key is reachable someother way, then the value and the naliser are
reachable, and so, therefore, are any other keysthey refer to directly or indirectly.

We replace the syntax weak e with KVweake;; e;) where e; is the key and e, is the value. In order
to specify the reachable parts of the heap we de ne the one step closure of H with respect to H° (where
H HY by:

Cho(H) = H[ fz 7! HY2);x 7! KVweaky;z) j 9x 2 Dom(H %:9y 2 Dom(H): HY{x) = KVweaky; z)g
We de ne the readhable part of the heap,

[
RH;e= C”(H FV(e)

n2N
Where f S meansthe restriction of f to domain S\ Dom(f). This de nition of reachability meetsthe
de nition givenin the Haskell documertation. We get rid of the reduction rule (garb) and usethe following
instead. ,

(g letrecH.] Hoine % letrecH ine
provided Dom(H2)\ Dom(R(H;] H2;€)) = ; andH, 6 ;

We still make use of (essetially) the original (weakgc) rule

weak—qc

(weakgc) letrecH ] fx 7! KVweaky;z)gine
provided y 2 Dom(H)

letrecH ] fx 7! dgine

We then de ne our new garbagecolletion rule (gab® by

0
(gab® letrecH ine ¥ letrecH %in e
provided letrecH ine % letrecH %in e and letrecH %%in e +weakgc letrecH %in e

The sematrtics givenin Haskell causesa key/value weak pointer to be reachable if its key is reachable, even if
the weak pointer object itself is unreachable. The reasonfor this is to maintain the guarertee that nalizers
are run exactly once. Becausewe do not have side-e ects and nalizers in our languagewe can simplify the
semarics by using the following de nition of the one step closure of H with respectto H°

CRo(H)=H [ fz7! HY2) j 9%;y 2 Dom(H): H (x) = KVweaky; z)g
We then de ne the reachable heap by

RYHIg = | CIH FV(e)
n2N

which requiresthat both a weak pointer object and its key be reachable for the value to be reachable. This
de nition allows for the collection of more garbage. We can de ne garbagecollection rules which use this
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de nition of reachability.

(oc®y  letrecH;] Hyine 99" letrecH ine
provided Dom(H;)\ Dom(Rq(H1] H,;e)) = ; andH, 6 ;

0
(gab% letrecH ine garp letrecH %ine
provided letrecH ine %1 letrecH %in e and letrecH ©in e +weakgc letrecH %in e

Say R = falloc; 1; »;app ifdead gab% and R®= falloc; 1; »;app;ifdead gab®y. Then we have the fol-
lowing.

Theorem 7.1. For all expressions,e, in the key/value weak calculus we have

0 00
letrecH ine T letrecH%inx i letrecH ine T letrecH %in x
with resulf{H % x) = resul{H ©x).

Proof. The only dierence between (garb® and (garb® is that (garb®y may garbage collect more bindings
that are not reachable according to the standard free-variable de nition of reachbility (i.e. x reachable i

x 2 FV(letrecH in €)). Sincethe transition rules (excluding gc rules) only branch on reachable variables,
thesedi erences do not e ect the result of the program. O

8 Conclusion
Related W ork

Most of the work related to weak referenceds in actual implementations of programming languages. Almost
every programming languagethat has garbagecollection has somefacility for weak references.Aside from
the paper on weak referencesin Haskell [JMEQO], which contains no formal semarics, the other work on
weak referencesseemsto be only of the languagereferencemanual variety.

Summary and Future Work

In this paper we addressthe correct usageof weak referencesby proving that a syntactically restricted set of
programs has a unique program result, regardlessof garbagecollection. The method of proof is interesting,
asit is much simpler than the previous proof givenin [HKO5]. We usea relation to prove the correctnessof a
transformation which removesall ifdead expressions.Such a transformation is fairly easyfor a programmer
to do in his headin order to seewhat the nal outcome of his program will be.

We alsoextendtype-inferencebasedGC to allow collection of additional weakreferenceswithout incurring
computational overheadto recomputedata stored in them. We have alsoshown the exibilit y of the semartic
framework by extending it to the caseof the key/value weak referencesfound in Haskell.

In the future we hope to be able to use this formal semartics for weak referencesto investigate more
complex languageswhich combine weak referenceswith other programming features lik e referencemutation
and nalization.
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