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Abstract

A program analysis is compositional when the analysis result for a particular
program fragmert is obtained solely from the results for its immediate subfragmerts
via some composition operator. This meansthe subfragmeris can be analyzed
independenly in any order. Many commonly usedprogram analysis techniques (in
particular, most abstract interpretations and most usesof the Hindley/Milner type
system) are not compositional and require the ertire text of a program for sound
and complete analysis.

System| is a recen type systemfor the pure -calculuswith intersection types
and the new technology of expansionvariables. System | supports compositional
analysis becauseit has the principal typings property and an algorithm basedon
the new technology of -unication has beendeweloped that nds these principal
typings. In addition, for ead natural number k, typability in the rank-k restriction
of System| is decidable, so a complete and terminating analysis algorithm exists
for the rank-k restriction.

This paper presers new understanding that has beengained from working with
multiple implemertations of System| and -uni cation-based analysis algorithms.
The previousliterature on System| presened the type systemin a way that helped
in proving its more important theoretical properties, but was not as easyfor im-
plemerters to follow asit could be. This paper provides a presenation of many
aspects of System | that should be clearer as well as a discussion of important
implementation issues.

C 2003 Published by Elsevier ScienceB. V.
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1 Intro duction

Program analysisis useful for many di erent purposes,e.g., verifying that a
program adheresto a speci cation, detecting error conditions statically, or
generatinginformation to be usedby a compiler in optimization. Although
the bene ts of modularity in software engineeringare well known, many com-
monly used program analysistechniques (in particular, most abstract inter-
pretations [H and most usesof the Hindley/Milner type system[L3]) require
the completetext of a program for sound and complete analysis. This is at
odds with the desire(and, increasingly the need) to design,implemen, and
asserble software in a modular, bottom-up manner. More and more often,
large software systemsare asserbled from componerts that are designedsep-
arately and updated at di erent times. As most of the common program
analysistechniquesare not linear in time or spacecomplexity, requiring the
reanalysisof an ertire program due to a singleline change can becomevery
costly as project sizeincreases.

Ideally, program analysiswould be donein a compositional way, wherethe
analysisresult for a particular program fragmert is obtained solely from the
resultsfor its immediate subfragmeits via somecomposition (i.e., conmbining)
operator. This meansthe subfragmens can be analyzedindependerly of
eat other and in any order. When a system changes,unchangedfragmerts
neednot be reanalyzed. If a systemis viewed as a tree where ead internal
node is the useof a composition operator, then only the changedsubtreeand
eadt of its ancestornodeswould needto be reanalyzed,and in this casethe
program analysisis alsoincremental The advantage of this kind of analysisis
that local changesin the program require minimal global reanalysis. A fully
compositional analysisis also much more easyto carry out in a parallel and
distributed manner.

Systeml is a recen type systemfor the pure -calculuswith intersection
typesand the new technology of expansionvariables[fL]]. System| supports
compositional analysisbecauseit hasthe principal typings property and an
algorithm basedon the new technology of -uni cation has beendewloped
that nds theseprincipal typings. (It is important not to confuseprincipal
typings [L88] with the much wealer property of the Hindley/Milner type
systemoften referredto (erroneously)as\principal types".) Thus, if a term
can be assigneda typing in System|, then it can be assigneda principal
typing and in the caseof Systeml this meansthat every other possibletyping
for that term can be obtained via substitution. Therefore, once a principal
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typing has beeninferred for a term, it is not necessaryto ewer analyzethat
particular term again. An important expectedfuture benet (work still to be
done) of Systemi-style type inferenceis the real-time incremenal analysisof
programsasthey are edited and changed.

Unfortunately the existing literature [LJI08] on System| presets the
type systemin a way that helpsin proving its more important theoretical
properties, but is not aseasyfor implemerters to follow asit could be. Because
the algorithms behind Systeml have now beenimplemerted seeral times [[[H],
we cannow better explain Systeml given the insights obtain from deweloping
and using theseimplemertations. In addition, we also provide advicein how
oneshould proceedin implemening Systeml.

2 Understanding Type Inference in System |

2.1 Bare Minimum of Systeml De nitions for Examples

This subsectionpreserts the bare minimum of the de nitions of System |
necessanyto follow the following examples. The de nition of Systeml starts
from 3 syntactic categories. First, the languageis the terms of the pure -
calculus,denotedby Termand speci ed by the following pseudo-grammar:

M;N 2 Term = xj xXM jMN

wherex is a variable x:M is an abstraction, and M N is an application.
Secondthe typesare from the set Type speci ed by the pseudo-grammar:

2 Type == |
2Type == | 1" 2jF
where is atype variable, ! is a function type, 1 » is an intersection

type, and F is the application of an exmnsion variable F to atype . Types
involve two kinds of variables: type variablesand expansionvariables. Types
are strati ed into two levels, Typeé and Type, in order to force usesof the
intersectiontype constructor and expansionvariable applicationsto only ap-
pear in the domain of function types. An intersectiontype ;”~ , abstractly
indicates that a value of that type is usedin two di erent cortexts within a
term, onerequiring type ; and the other type ,. Expansionvariables pro-
vide ameansto delay \expanding" the type of aterm into an intersectiontype
until more is known about whether it will be usedin more than one cortext.

The third syrtactic categoryof Systeml is the setof expansionsExpansion
which is speci ed by the pseudo-grammar

e2 Expansion::= 2 je " e jFe

wherethe symbol 2 standsfor a hole into which a type canbe inserted. The
expressiong| 1;:::; ] denotesthe result of lling the n 1 holes of the
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expansione with n types 4, :::, ,, from left to right respectively. When an
expansione with n 1 holesis substituted for the expansionvariable F in
the type F , weinsert n copiesof into the n holesof e, whereead copy of

hasall of its type and expansionvariablesrenamedfresh. Discussionof the
precisedetails of how this variable renamingis carried out is postponed until
sectionf§.

2.2 Examplesof Inference

A good way of understandinghow a complexsystemsud as System| works
is to seeit in operation. In the following text we considertype inferencefor
the very simple term (( x:xx )y), and the di erent approahesone may take
within the framework provided by Systeml.

Although quite simple,the term (( x:xx )y) hastwo featuresthat illustrate
important di erences with type-inferencen the style of the algorithm W [[L3]
(or oneof its variants) for the Hindley/Milner type system. First, (( X:xx )y)
is an open term, i.e., it has a free variable. Second,algorithm W can not
infer a typing for (( x:xx )y). Although algorithm W can infer a typing for
the obsenationally equivalert term (let x = y in xx), the resulting analysisis
not compositional | algorithm W must analyzethe de nition (hereit isy)
of the let-bound variable x beforethe body (xx) can be analyzed. System|
has no sud limitation, asshowvn below using this example.

2.2.1 Bottom-Up Constraint Collection

One approad to inferencein System| consistsin recursiwely processingthe
term from the leavesat the bottom (i.e., variable occurrences)}o the root at
the top (the full term), collecting constrairts betweentypesalongthe way, and
then solving the constrairts afterward. This approad is su cient for some
purposesand simpleto de ne, but resultsin a non-compsitional algorithm.

Below we step through the processof constructing a typing derivation tree
for our chosenterm. Rather than immediately building a typing derivation, we
build instead an analysistree, which represeis a potertial typing derivation,
provided the ass@iated typing constraints canbe solved. Becausdhe analysis
treeisbuilt from the leavesup to the root, in intermediate stepswe are actually
operating on an analysisforest i.e., a collection of analysistrees.

Eadh node in an example analysistree is a pair n :: r of a typing rule
name n and an analysisresult r. An analysisresult r is in turn a pair t=
of a typing t and a typing constraint set . The intended meaningis that a
solution for the constrairt set will also make the typing valid for the -term
being analyzed. A typing t is a pair PA; 1 of a type environment A (formally
de ned later) and aresulttype . A typing constrairt set is a setof typing
constrairts, eah constrairt being of the form = ©° A constrairt of the
form = with both sidesequalis solval. The examplesbelown follow the
convertion that solved constrairts arenot showvn. Furthermore, constrairt sets
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corntaining only solved constraints are sometimesomitted completelytogether
with the preceding\ =".

The typing rulesusedare sud that in the examplesbelow, ewvery leaf node
is labeled with a typed term variable x , ewery application node is labeled
with @, and ewery -abstraction node (corresponding to the -binding of a
variablex) with x (or x if the bound variable doesnot occurin the function
body). In addition, accourtiing for the possibility that an argumert may be
usedat di erent types(not yet determined) in the body of a function, every
subterm occurrencein argumen position givesrise to a node labeledwith a
fresh expansionvariable F .

The processstarts by building the analysisforest from the leaves of the
term (new nodesbeing addedto the analysisforest are indicated by enclosing
them in a solid box):

X tuhfx 71 q0; 1i:?| |x2::hfx7! 20; zi:?| |y3::hfy7! 30; 3i =?

The environment in the typing for an occurrenceof variable x cortains a single
mapping from x to a fresh type variable ;, which is also the type derived
for this occurrenceof x. There is a di erent typing for every occurrenceof
the samevariable x. No constrairt is generatedby the typing for a variable
occurrence.

The next node we add to the analysisforestis an expansionvariable:

x tohfx 70 10, 11=? |[Fp o hfx 7V Fy 20;F1 2i=? | y 2y 7! 30, 31i=?

|
X 2 hfx 70 o0; i =2

In preparation for a term to be an argumert of an application, we wrap that
term with an expansionvariable F;; substituting an expansione for F; later
allowsthe argumernt to be usedin multiple cortexts in the body of the function
that consumesit. Wrapping the argumert with an expansionvariable, we
are able to analyzethe argumen independerily of the function. Expansion
variablesare important for implemenrting the compositionality of the analysis.
As bindingsin the ervironmen of the argumert may be usedby the consuming
function, all typesin the argumert ervironment are also wrapped with the
expansionvariable.
The next node is an application node:
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@ :hfx7! 1MFq 20; i =f ]_:: Fi 5! 190 y 3 I'fy?' 30; 3l =?
— ~
x tuhfx 70 10; 10 =? Fi:ohfx 7V F1 20;F1 2 =2

X 2 hfx 71 og; o =2

As an application node has two children, the samevariable x may have a
type binding in the ervironmernts of both children. As a result, when the two
ervironmerts are merged,the newernvironment assigngo x the intersectionof
its typesin the two branches. Every application node introducesa constrairt,
written 1= 5! , indicating that the type ; of the function branch must
be a function type, whosedomain must be madeequalto the result type , of
the argumert and whoserangemust be madeequalto the freshtype variable

Next, there are two new nodes,onefor the -abstraction ( x:xx ) and one
correspnding to wrapping the typing of y with a fresh expansionvariable F»:

X::h?; 1MFL 2! 1i=f 1= F1 2! 1g| |F2|’fy7| Fz 3g;F2 3i:?|
| . |
@ hx7! 1 MFp oo ai=f 1= F1 2! g y 2 by 7l 59 5 =?
— ~—

X tuhfx 7l 10 10 =? Fiohfx 7V Fp 20, Fp 21 =2

x 2 hfx 71 ,0; i =?

The typeinferred for a -abstraction x:M isthe function type ;! , whose
domain is the type ; of x in the environment (beforeit is discharged) and
whoserangeis the result type , inferred for M. If in a -abstraction z :M
there are no free occurrencesof z in M (not in this example), the inferred
typefor z:M is ;! ,for somefreshtypevariable ;, andthe ervironment
remainsunchanged.

The last node is an application node, which introducesa new constrairt,
asshawn:

@z :hfy 7V Fy 30, 2i=f 1~ F1 2! 1=F> 3! 2 1=F1 2! 10
— ~
X::h?; 1/\':1 2! 1i=f 1iF1 2! 10 Fz"fy7| Fz 3g;F2 3i:?
| . |
@ ::hfx 7! 1~ Fq 20; 1i=f 1=2F1 5! 10 y3::|'fy7! 30; 3l =?
— ~—
X tuhfx 7l 10 10 =? Fiiohfx 7V F1 20;F1 20 =2
|

X 2 hfx 71 ,0; i =?
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We then proceedto solwe the collectedconstraints by -uni cation, producing
the substitution chain

* +
f[ 1.= Fl 2! 1D,f[F2 =2 N F12b,f[j 3j1 = Fl 2! 2b,

fi sl2:= 20:f[ 1:= 2D

and by applying it to the analysistree, we generatethe following analysis
tree which alsoquali es asa typing derivation, becauseall constrairt setsare
solved (solved constrairt setsare omitted):

@2 :Hy7! (FL 2! 2)"NF1 20 oi

T

X ::h?;(Fl 2! z)AFl 2! 2i n hfy?' (Fl 2! 2)AF1 zg;(Fl 2! 2)AF1 2i

* | + * - +\ * +
fx7V(F1 2! 2)"F1 20; fy7lF1 2! 20; fy7'F1 2g;
@2 y(Fu 2t 2) o Fp:
2 Fi 2! 2 Fi 2
* 7
+
. FXTIFL 2! o0; N . | .
x(F1 2t 2) Fi:Hx 7! F1 »g F1 o y 2 :hfy 70 g i
F1 2! 2

X 22X 7 L0 i

2.2.2 Compositional Analysis with Eager Substitutions
As Systeml has principal typings, we can chooseinsteadto completely solve
type constrains as socon asthey arise in the processof building the analysis
tree. Furthermore, we can apply the substitutions solving the constrains to
the analysistrees. This meansthat at every point, an analysistree generated
so far will also be a valid typing derivation. This strategy can also be used
in inferring types for terms in the simply-typed -calculus, but cannot be
adapted (or easily so) to the Hindley/Milner type system,becauseypings of
that systemare insu cient for represeting intermediate inferenceresults for
bottom-up inference[1d.

Inferencewill proceedasbeforeuntil we read the point wherea constrairt
is rst produced:

@' :hfx 7! 1~AFy o0 1i=f 1= Fp 2! qg| youhfy 7l sg; s

~ ~
X tuhx7 o109, 1 Friahfx 7V Fp 20;Fp ol

|
x 2 hfx 70 20; ol
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As before,we remove solved constrairts from constraint setsand omit empty
constraint sets. We canimmediately solwe the constrairt, generatingthe sub-

stitution chain hf ;:= F; ,!

1pi. By applying it to the analysistree, we

obtain the following typing derivations (modi ed nodesare enclosedn dashed

boxes):

1) N F1 20 1 l y 2 hfy 70 30; i

Fq:: Hx 7! F1 20; F1 2i

X 2:hx7l o0 ol

Similarly, we can repeat the reasoningin sectionp.Z.]1to read the next step

wherea constrairt arises:

@2 hfy 7' F ag; 2i=f 1°F1 2! 1=Fy 3! g

X i (Fr 2!
I
1 == ' '
@* o hfx 7! (I;f.

fx7'F ! ;
x(F1 2! 1) - XCF2n 1

Fi1 2! 1

_— ~
)NFL 2! qi Fouhfy 7V Fy 30, Fo si
|
l)A F1 -0 1 y 3 hfy 7 30; 3

Fq hfx 7! F1 20; F1 2i

|
2 hfx 71 ,0; i

When the constrairt is solved and the resulting substitution applied to the
analysistree, we obtain the following typing derivation, idertical to the one
obtained at the end of the previous subsection:

| fX7[(F1 2! Z)AFl 20;
2 ..

X 2 hfx 71 20; ol

This approad is compositional.

It may not be optimal for some applica-
8
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tions. In this approad, constrairts are immediately solved and the resulting
substitutions are immediately applied to the ertirety of both subtreesof the
application. In an implemertation, this may involve destructively modifying

the subtreesor creating new subtreesand discarding the old ones. Suppose
we wish to edit the program by changing somenode, e.g.,changinga x to a
y . This may potentially require reanalyzingthe ertire program. The change
from x to y may imply a changein the solution of someconstrairt gener-
ated closerto the root of the program, perhapsat the very root. This may
in turn imply a changein a substitution applied to the erirety of the sub-
trees of the node generatingthe constrairt. At this point, all of the analysis
data in the analysistree may be invalid and may needto be thrown out and
regeneratedfrom scratch. Sothis approad has problemsdoing incremenal

reanalysisafter changes.

2.2.3 Compositional and Incremental Analysis with Lazy Substitutions
The alternative is to solve constrairts asthey arise, just asin the eagercom-
positional analysisof the previoussubsection,but instead of immediately ap-
plying the resulting substitutions, we collect and remenber them, e ectively
composingthem incremertally.

The analysis forest at the point where a rst constrairt is introduced,
namely:

@:hfx7! 1MFq 20, 1 =f 1 : Fi 2! 19 y 3 hfy 7! 30; 3i
~ ~
X tuohx 7 10, 10 Frohfx 7V Fp o 20;Fp ol

|
X 2 hfx 71 20; ol

is changedto

|h1[ 1= Fp ol qBishfix 70 (Fy 2! 1)AFp 20, 10| y 2 uhfy 70 3g; i
I .
@ :hfx 7! 17MFp o0 1i=f 12 F1 2! 19
— ~~
X tuhfx 7l 10, 1 Friahfx 7V Fp 20;Fp ol

|
X 2 hfx 70 o0; ol

where a new node using the substitution rule with the substitution chain
hf ,:=F, ,! 1D is addedto the forest, and again all empty constrairt
sets are omitted throughout the analysisforest. Although the substitution
rule is admissibleusing the other typing rules, it is corveniert to have it as
an explicit rule in order to put suspendedsubstitutions into analysistrees. At
the point wherea secondconstrairt is introduced, namely:
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@2 :hfy7! Fo 30, 2i=f(F1 2! 1)"F1 2! 1=Fs 3! o9
— ~—
x ot (F 2! 1))MFp 2! i Fo iy 71 F2 3giF2 sl
| |
hf[ 1:=Fp 2! 1b| 2 hfx 7! (Fl 2 ! 1)/\ Fi 20; 1 y?® Hy7| 30 3
I .
@r:hfx 7! (MFy o0 1i=f 1= F1 2! g
/ \
x tuhfx 7V q0; 10 F1 o hfX 71 Fp 20 Fp ol

|
X 2:hfx 71 o0; ol

solving the constrairt yields the substitution chain
C:hf[Fz =2AF12b,f[j 3j1:: F]_ 2! zp,f[j 3j2:: 2b,f[ 1.= zbl

and thus the resulting analysistree:

[Cunfy 7! (Fi 2! 2)"F1 20 2]
[ .
@2z :hfy 7' Fp 3g; 2i=f(Fp 2! 1)2F1 2! 1=2Fy 3! g
/ \
X i (Fy 2! 1)MF1 2! i Foihfy 7' F2 sgF2 sl
| |
h{ 1:=F1 2! 1P ohfx 70 (Fr 2! 1)"NF1 20 10y 2 uhfy7! 30 s
| .
@ :hfx 7! 1~AFp 20 1i=f 12 F1 2! 19
— ~~
X tuhfx 7! 19, 11 Fi o HX7VFp 20 F1 2l

|
X 2oHxX7! L0 i

2.2.4 Exampleof Incremental Reanalysis
As discussecearlier, the obsenationally equivalert term (let x = y in xx) can
be typedin the Hindley/Milner type systemby algorithm W, but this is done
in a non-compositional way. We can imagine trying to createa variant of W
for incremenal reanalysis,but it would still needto reanalyzethe body €°
in (let x = ein €) when the de nition e changes. To illustrate that System
| does not have this problem, we shov how changing the argumen of the
application in our exampleterm doesnot require us to reanalyzethe function
which consumedt.

We start with the completedanalysistree of sectionp.2.3from just above.
Then we changethe argumert (i.e., the de nition of x) fromy to z:y, and
analyzethe new argumert
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X ::h?;(Fl 2! 1)/\':1 2! 1i Ing Hy?' Fz 3g;F2( 4! 3)|-:
| L _____ -
hf[ 1:=F 2! 1DI 2 hfx 71 (F]_ 2! 1)’\ F1 20; 1i 1z ¢ ::Hy 7! 30, 4! 3i|
| . ttoIIIIoITIITIT
@r:hfx 71 1 MFyp 20 1i=fF 1= F1 2! 10 1y 3 hfy 70 30; sil
- ~ @ tTmTmmmmmmTmT T
X tuhfx 7l 10; 11 Fp o Hx 7V Fp 20;F1 2l

|
X 2:hHx7l o0 ol

and nally conbine the two analysesunder the application

@2 . hfy 7! F2 30, 2|:f(F]_ 2 ! 1) A Fl 2 ! 1 : Fz( 4 ! 3) ! 20
/ ] \ )
X M i(Fr 2! 1)MFr 2! i Fouly 7' Fa 3g;F2( 4! 3)i
| |
hf[ 1= F1 2! 1b| 2 hfx 7! (F]_ 2! 1) NEq 20; 1i zZ 4 Hy 7! 30; 4 ! 3i
| _ |
@*:hfx 7' 1 MFp o200 1i=f 1= F1 2! 1gQ y2uhy 7! sg; s
— ~~
X tuhfx 70 10, 4l Fi:hfx 7V F1 20, F1 2i

|
X 2:hx7l o0 ol

And solve the constraint as before. The important thing to obsene is that
the ertire analysissubtreefor ( x:xx ) is reusedwithout any change.

2.3 Remarks

Onemay fall into the trap of believingthat we advocate oneof thesestrategies
as being the \b est". The approad that is best is highly dependen on the
application for which it is intended. The lazy incremeral analysisis proba-
bly the bestfor real-time analysisin an integrated dewvelopmen environment,

whereasone could potentially imagine using the eagercompositional analysis
on binary objects that will only later be later composedto form a complete
program. The traditional bottom-up analysiscan always be usedfor batch
program analysisas appropriate. We beliewe the strength lies not in any one
of these strategies, but the fact that a single framework supports the ertire

gamut of possibilities.

3 Implemen ting System |

Here is preseted a new, more streamlined de nition of System| and the
nite rank -unication algorithm intended to be usedas a guide towards
implemertation. The de nitions of terms, types,and expansionswere covered
earlierin sectionZ.]}.
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3.1 Variables

Term variablesare menbers of the courtably in nite set -Var. Let x, y, and
z rangeover -Var. Let FV(M) be the free term variablesof the -term M.
Type variables, also called T-variables,are menbers of the courtably in nite

setTVar. Let , ,and rangeover TVar. Expansion variables, also called
E-variables,are menbers of the courtably in nite setEVar. Let F, G, and H
rangeover EVar. Let Var = TVar[ EVar (all the variableswhich can occur in
types). Let var(X) be the set of all type or expansionvariableswhich occur
in X, whatewer X is.

3.2 Renamingof Variablesin Types

In previous descriptions of System |, suc asin [g and [fLJ], the variable-
renaming medanism required as part of substituting into expansionswas a
very complexprocess.While there is preserly active researt into deweloping
an equivalert form of substitution which is independert of variable-renaming,
we presemn here a simpler form which only dependson variable-renamingin
a genericway, i.e., it doesnot require a commitmert to a speci ¢ variable-
renaming medanism. This is partially basedon unpublishedwork joint with
Yates [L9).

A variable-renamingfunction is denotedj j; wherei is a positive integer,
and the result of applying it to v 2 Var is denotedjvj;. We usem and f to
denote sequencespossibly empty, of positive integers. If A is the sequence

forj jjivii.ji, Ji.- If B is the empty sequenceof positive integers, then
jVig = V.

We assumehe existenceof a courtably in nite family of variable-renaming
functionsj ji, onefor every i 1, satisfying the properties:

() Forall v;w 2 Var andall sequencem; 1 of positive integers,if jVjm = jWjs
thenv=wand m = n.

(i) There are courtably in nite subsetsTVar, TVar and EVar, EVar
sud that for every v 2 TVar,[ EVarp andeweryi 11t is the casethat
vV 6 jvjj.

There are in nitely many ways of de ning variable-renamingfunctions that

satisfy thesetwo properties.

For later referencewe call the setsTVar, and EVary, in the secondproperty
above the sets of basic T-variables and basic E-variables respectively. Let
Var, = TVar,[ EVar,. We call variable w a desendant of variable v if jvj, = w
for somesequence of positive integers;becausen canbethe empty sequence,
v is a descendan of itself as a special case. If X is an object containing T-
variablesand E-variables,we de ne var,(X) asfollows:

vap(X) = fv 2 Var,| thereisw 2 var(X) sud that w is a descendahofv g:
12
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For theoretical purposes,n order to make the application of substitutions to
types(de ned below) a function, we assumethe variable-renamingfunctions
to be predeterminedand xed. This is consisten with an implemertation
which doesnot x them in advance but which remenbers all of its choices.
In practice this proves much easierto implemern than the approat (based
on o sets) usedin previouspresemations. One method of implemening sud
a family of variable-renamingfunctions is to represeh the functions as nite
maps, allocating them as necessary When a renaming function is applied to
avariablev 2 Var, it looksup v in the map: If v already hasa mapping that
mapping is used;if v doesnot already have a mapping, simply generateand
return a freshvariable, storing it in the map for future reference.

A variable-renamingfunction j j; : Var | Var is lifted to a function

j j,:Type! Typein the obvious way:
0 i Gi=ii
it =ikt i

(i) j2™ 2 =] i "] 2
(v) jF Ji = JFji] |-

3.3 Substitutionson Types

A substitution is atotal function S : Var ! (Expansiop Type ) which respects
sorts, i.e., S(F) 2 Expansiorfor every F 2 EVar and S( ) 2 Type for ewvery
2 TVar. A substitution S acts trivial ly on a type variable 1 S( ) =
and on a expansionvariable F i S(F) = F . A smal substitution is a
substitution that acts non-trivially on at most one variable. The notation
fl[v := X P denotesthe small substitution which mapsv to X and is trivial

elsewhere. A substitution S is lifted to a function § from Type to Type as
follows:

(i) S )=S().
(i) §C ! )=8()! S().
(i) S( 1™ 2)=8(1)" S( 2).

to X, written C(X), isdened as$§,( $(Si(X)) ).

3.4 Type Constraint Sets

A type constraint is a pair of typeswritten in the form ( = 9. The order
of the pairs is signi cant and the two types must not be switched. The left
side of the constraint is consideredto be a positive position while the right

13
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sideis negatiwve; this fact is not neededto understandthis paper. A constrairt
( = 9issolvali = 0 Given a substitution chain C and a constrairt
(= 9, letC( = 9= (C()=C(9). Givenan expansionvariable F and
aconstrait ( = 9, letF( = 9=(F =F 9.

A type constraint set is asetof constrairts. Let rangeover constraint
sets. A constrairt setis solvedi all of its constrairts are solved. Givena sub-
stitution chain C andaconstrairt set, letC() =fC( = 9[( = 92 g
Given an expansionvariable F and a constrairt set , make the de nition
that F() =fF( = 9|( = 92 g A substitution chain C is a solution
of aconstraint set i C() issolwed.

3.5 Beta-Uni c ation

The set  of constraints constructedin the courseof generatingthe skeleton
of a term M is an instance of -unic ation. It is undecidablewhether an
arbitrary instanceof -unication hasasolution. The constrairt set induced
by a term M satis es se\eral restrictions that makesit better behaved than
arbitrary instancesof -unication. Theserestrictions and the reasonswhy
they are important are not discussedhere. If an implemerter follows the
de nitions in this paper, then the restrictions will hold.

We designa non-deterministic rewrite algorithm to nd solutionsto ap-
propriately restricted constrairt sets,in particular, thoseinduced by terms of
the pure -calculus. This algorithm cannot be applied to arbitrary constrairt
sets.

The operation of our algorithm is basedon the rewrite rules shown in
gure fl. The presemation is self-cortained. A rewrite step is in one of 4
possibleforms, for someconstraint sets o and ;:

o T 1, application of simplify( ) to o to obtain ;.

1, elimination of a T-variable which hasa positive occurrence

o
el

0 = 1, elimination of a T-variable which hasa negative occurrence
0

0 =E 1, elimination of an E-variable which hasa positive occurrence
0

In fact, eat of the last 3 stepsabove alsoincludesan application of simplify ).
Thusarewrite stepofthe form ﬁt 1 needsto be usedonly onceinitially ,
in case o 6 simplify o).

Let the partial function -unify from constraint setsto substitution chains
be de ned asfollows. If there is at least one sequenceof rewrite stepssud

that

r 2

14
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Mo de of operation:
Initial step: i:n?t simplify().

0 5 1, provided:
o= [Ff = 4,

= 0) S isaninstanceof (rule r)forr2f +T; T;Eg,
1= simplif(S o) .

Rewrite rules:

: Yy f[ = D (rule +T)
= ) fl. = Db (rule T)
F 2¢ 1500 0] ) f[F := e wheree6 F (rule E)

Simplifying constrain t sets:

simplify(? ) =

simpliff = Q[ ) = simpliff = Y[ simplify().
%Fsmphfy{ 1= 9 if =F 1

and °=F 9,
S|mpI|fy(l— 1) [ simplify( » = g) if = 11
and °= 91 9
simplify( 1 = f)[ simplify( , = g) if = 17 5
and °= 9~ 9
if = O

simplify( =

otherwise.

Fig. 1. Constraint setrewriting algorithm (a modi cation of algorithm Unify in [[LT]).

and sud that , = ?,thenlet -unif() = hS;;S,;:::;S,i for exactly one
sud sequence(chosenarbitrarily). Otherwise, let -unify() be unde ned.
An instance of -unication suxeedsi -unify() = C for somechain C,
and in this case,C is a solution for . As a function from typesto types,C
behavese ectively as § for somelarge substitution S, but this fact is neither
straightforward to establishnor is it necessary

3.6 Type Environments

Type environmerts were introducedinformally in sectionfl. Formally, a type
ervironmert A is a partial function from -Var to the set Type of types,with
nite domain. Functions are viewed as sets of pairs, so if the domain of
de nition of A is dom(A) = fxy;:::;Xng, A can be written in the form A =

15
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fxg 70 q;000xn 70 hg for some q;:::; , 2 Type. This meansA(xj) = ;
foreveryl i nandA(y) isunde ned fory 62X x,;:::;X,g. We needthe
following operationson type environmens, whereF 2 EVar and A and B are
arbitrary type ervironmerts:

FA = fx7IF |[AX)= g

ANB = fxT7 1" L]AX) = 15 B(X)= 20]
fx7! |A(x)= ; x 62domB)g]|
fx7! |B(x)= ; x62omA)g;

Ay = fy7 |A(y)= ; x6Yyg

S(A) = fx 7! $A(X)]|x 2 domA)g:

Note that the intersection type constructor (\ ") is neither assaiative nor
commutativ e in types.
3.7 Skeletonsand Typing Rules

A skeletonis a term represeting in a compactway all of the essetial infor-
mation in a derivation using the typing rules. They are given by the following
pseudo-grammar:

Qi=x jQi@Q2jFQj xxQj x :QjQ1” Q2jhC;Qi

M) Q:h; i=
X) x :hfx7 g i=? () M) FQ:HFAF i=F (F)

M) Q:PA[ fx7! g; i= M) Q:M; G§=; x2domA)
XM ) xxQ:hAy; ! i= (x) xM ) x Q:bA; 1 §= (x)
M) Qi:hA; =41, N) Q2:MB; i= @)

MN) Qu@Q2:MANB; i= [ [f0%= 1 ¢

M) Qi:bA; 4i=1; M) Qu:hB; 2i= >
M) Q1" Q2:PANB; 1M 2i= 1[ 2

N

M) Q:hA; i=
M) hC;Qi :hC(A);C( )i=C()

C

Fig. 2. Typing rules.

The typing rulesgivenin gure B derive judgemerts of the formM ) Q:
hA; i = which shouldbereadasstating that \the term M hasa correspnd-
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ing skeleton Q which determinesthe nal typing MA; i and the constrairts

For eat skeleton Q, there is at most onesud -term M, which is called
the term of the skeleton Note that it is always possibleto nd a skeleton,
nal typing, and constrairt setfor a -term, although the constrairt set may
not be sohable. A skeletonQ isvalidi ajudgemen M ) Q:bA; i= can
be derived. Henceforth, only valid skeletonsare considered.

Ead skeleton and its correspnding -term implicitly and automatically
determinesvia the typing rulesa nal typing and a constrairt set. If ead con-
straint in the setis already solved (i.e., the constrainedpair is already equal),
then the skeleton is also called a typing derivation for its term and the nal
typing is valid for the skeletofs term. By convertion, solved constrairts are
omitted when constrairnt setsare written. Furthermore, solved constrairt sets
may be optionally omitted together with the preceding\=". The constrairts
of a given skeleton Q may or may not be sohable. If they are sohable, the
solution may be applied to the skeleton Q to produce another skeleton that
is alsoa typing derivation.

Applying a lifted renamingto a skeletonis de ned asfollows:

() jx j, = xi i

(i) JQ1@ Qzj; = jQ1j;@ "] Qa;-

(i) jFQj; = iFjiiQj;.

(iv) jx: Qj, = x:jQj,.

(V) W. = Xﬁi:@i-

(Vi) jQ1” Qal; = jQuj; ™ Q)
(vii) JhC; Qij; is unde ned.

The operation of lling the holesof an expansionwith skeletonsis de ned in
the obvious way, forming a new skeleton. The application of a substitution

chain to a skeleton works asfor types,i.e., ead lifted substitution is applied

in turn. The application of a lifted substitution to a skeleton is de ned as
follows:

(i) 8(x )= xS0,
(i) $(Q:@ Q2) = $(Q1)@'8(Qy).
(i) S(FQ) = €[S(jQj,);:::;8(jQj,)] wheree= S(F) hasn 1 holes.
(iv) §(x: Q)= x: §(Q).
(v) 8(x Q)= x30):8(Q).
(vi) $(Q1" Q2) = $(Q1) " $(Q2).
(vii) §(hC; Qi) is unde ned.
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3.8 Type Inference Algorithms

While we informally describedin sectionf the processhy which oneconstructs
a skeleton during type inference,we now make it precise.

3.8.1 Bottom-Up Constraint Collection

To de ne this form of inference,we rst de ne a judgemen M ) Q which
means\from the term M can be constructed the initial skeleton Q". The
rules are as follows:

Vary, f
7)() X Infer-VAR
M) Q; x2FV(M)
XM ) X O Infer-ABS-I
M) Q, 2Vayp 2Zvay(Q), xZFV(M)
xM ) x 0 Infer-ABS-K
M) Qi; N) Qi :F2Vay, vay(Qy), vay(Q,), andf ;Fg are disjoint e APP
MN) Q:@FQ, mer

The overall algorithm is then given asthe following procedure:

infefM) =letM ) Q;'
inletM ) Q:hA; i=
inletC = -unify()

in C(Q)

The infer procedureis non-deterministicin the choice of namesof T-variables
and E-variablesand also can divergeduring uni cation.

3.8.2 Compositional Analysis with Eager Substitutions

This form of inferenceis slightly more complicated, becauseskeleton building
is interleaved with  -uni cation and applying substitutions to skeletons. We
replacethe Infer-APP rule by the following inferencerule:

M) Qi; N) Qz ;F 2 Var, vap(Qq), vap(Qz), andf ;Fg aredisjoint;
M) Qi:bA; 1i=2; N) Qz:bAy »i=?; C= -unify(f ;= !

)
MN) C(Q,@FQ,) Infer-APP-Eager

The overall algorithm is then given asthe following procedure:

infefrM) = Q whereM ) Q
18
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3.8.3 Compositional and Incremental Analysis with Lazy Substitutions
This form of inferenceis a slight variation on the previous one, which di ers
only by constructing a skeleton with suspended substitutions instead of ap-
plying the substitutions to the skeleton. The new Infer-APP-Lazy rule is used
instead of the Infer-APP or Infer-APP-Eager rules. Infer-APP-Lazy is the
sameas Infer-APP-Eager, exceptthat instead of applying the substitution as
in C(Q:@ FQ,), it constructsa skeletonwith a suspendedsubstitution asin
hC; Q:@ F Q,i. The samede nition of inferis reused.

3.9 Finite Ranks

Up until now we have ignored the fact that in general -unication is non-
terminating. In particular, -termsthat are not strongly normalizable gener-
ate constrairnt setsthat causeany algorithm for -uni cation to run forewer.
Soin practice we set a bound on how long we allow -uni cation to proceed
by restricting the maximum \rank" which a type may possessn a derivation.
Informally, the rank of atype is a measureon how deep\”~" occursin

; more precisely it courts the maximum number of times (plus one) which a
path from the root of visits the left ofa\! " to read an occurrenceof \".
A formal de nition is by induction in types:

(i) Rnk )= 0. (

(i) RN | )= 0 if Rnk(.) = Rnk )= 0;
maxf 1+ Rnk );Rnk )g otherwise

i) ROk 1~ )= TRK 1) = RiC2) = 0
maxf Rnk ;); Rnk ,)g otherwise

(iv) RnKF )= Rnk ).

Givenaset of n constrairts f 1:: 2111 o 1:: on0, We de ne

Rnk() = maxfRnl 1);:::;Rnk 2n)0:

This is a straightforward easy-to-implemen de nition of Rnk ). Howewer,
the test to forcibly terminate -uni cation, oncea given maximum rank K
is exceeded,is not to test whether Rnk) K after ewery step of the
algorithm.@ Rather, if o istheinitial constrairt setand C is the chain of
small substitutions constructedafter n 1 rewrite stepsby the algorithm, it is
necessaryto test whether RnKC( o)) K. Call RnKC( o)) the glotal rank
of the initial constrairt set  after n rewrite steps,which is non-decreasing
asa function of n.

There are di erent ways of calculating the global rank. One way is pro-
posedin [7], which is good enoughfor proving the theoremsin that report,

?qr??act, there are rewriting strategiesfor the algorithm of gure sum that Rnk() never
exceeds3.
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but which is also cumbersometo implemert. An alternate way of calculating
the global rank is to keep markers for the \order" of typesoccurring in con-
straints and to keepa minimum-rank courter for occurrencesof ~ that have
beendiscardedby simpli cation of the constrairt set. This is explainednext.

3.10 Keeping Track of The Glokal Rank

In order to keeptrack of the global rank, we extend typeswith markers for
the order of positions in the types and we pair ead constraint set with a
minimum rank. Keepingtrack of thesevaluesis necessarpecauseof the way
the simplify function breaksapart constrairts with matching outermost type
constructorsand discardssolved constrairts.

We implemen order-marked typesby using an additional unary type con-
structor which causests type argumern to be viewed asoccurring at a higher
order. We forbid from occurring inside the type argumerts of * and! , be-
causewe do not needthis. In the following preseration, we will allow the
metavariable F to range over usesof in addition to expansionvariables. A
constraint-with-order is a pair of two typesF ; and F ,, written F ; = F ,,
where ; and , do not mertion . Let orde(F; F,) court the number of
itemsin the sequencé-,, :::, F, that are . Let aconstraint setwith ordersand
minimum rank be a set  of constrains-with-order paired with a minimum
rank k (a natural number), written (k; ). The function init is now de ned to
convert a constrairt setinto a constrairt set with ordersand minimum rank.
Let init() = (0; ). The operations of substitution and expansionvariable
application are extendedto constraint setswith ordersand minimum rank by
componert-wise distribution to the typesinside the constrairts. The simplify
function getsa new de nition as follows:

simplifk; fE( 1! )= F( 2 9g[ )
= simplifk;fF 9= F ;F ,=F %[ ) :

simplifyk; FF( 1~ 2) = F( 2% 9g[ )
= simplifymax(k; order(F) + 1);fF 1 = F &F ,= F Q[ ) ;

simplify(k; )
= (k; ) otherwise.

Notice that solved constrairts are no longer discarded. Solved constrairts
must be kept becausehe typesin a solved constrairt will cortain normal type
variables and possibly also expansionvariables, and substitutions generated
later for thesevariablesmay resultin occurrenceof” beinginsertedat higher-
rank positions. In an implemenation, solved constraints should be marked
so that they can be e ciently skipped over by the part of the uni cation
algorithm that picks the constrairt to reduce.
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The rest of the -uni cation algorithm de nitions in gure [ are lifted to
constrain setswith ordersand minimum rank in the obvious straightforward
way.

Finally, the de nition of successneedssome changes. The rank of a
constraint-with-order (F = F 9 whereboth and ©°are -free, written
RnKF = F 9, is0if RnK ) = Rnk 9 = 0 and otherwiseis order(F) +
max(Rnk );RnkK 9). The rank of a constrairt setwith ordersand minimum
rank (k; ) isgivenby Rnkk; ) = max fkg[ fRnK = 9|( = 92 g.
The de nition of succesdor the rank-k restriction of -uni cation is as fol-
lows. An instance of -unication suweedsat rankk i thereis a sequence
of n + 1 rewrite stepssud that

init() =2, (ko; o)=f)l1 (ka; 1)=f)j F (kni n);

sudithat = Oforeweryconstraint ( = 92 ,,andsudthat Rnkk,; n)
K.

Because(k; ) :f (k% 9 impliesRnkKk® 9  Rnkk; ), therank-k -
uni cation algorithm can stop and report failure wheneer it reathesa state
(k%) sudrthat Rnkk® ) > k. It ismoredicult to shaw that the algorithm
can only iterate for a bounded number of stepsbefore the rank increasesor
all constrairts becomesoled; see[lL]] for someinformation about this for
another de nition of -uni cation.

4 An Aside: Using XML Technologies in Type-Based
Analysis

Our implemerntations of Systeml have madeheavy useof XML (the Extensible
Mark-up Language[d]) as a framework for manipulating and communicating
structured data. The input (currently just -termsand option settings)to and
all of the output (skeletons,types, constraint sets, substitutions, etc.) from
our analysisimplemenations are represeted as XML.

The XML standard is far from ideal in many respects,and o ers insigni -
cant technical advantagesover the S-expressiortechnology which has existed
for decades[f[2]. In many respects, it suers from being a descendan of
SGML [f], which has led to the inclusion of many featuresinterfering with
extensibility and many arbitrary restrictions. Despite these shortcomings,
XML doeshave the advantage of being the rst structured data format that
academiaand industry are willing to agreeupon. Having this consensusal-
lows usto nally move the lingua franca of data storageand communication
beyond bit vectors.

XML is highly promising for thoseworking in programminglanguagesand
program analysisas well as many other closelyaligned areas. One potertial
benet is that it can provide a way to standardizeon a concrete\univ ersal”
abstract syntax for many languages.Having a standardizedencaling of the
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abstract syntax of numerouslanguageswithin XML would allow for the dewel-
opmen of tools and analysistechniquesthat could be applied independerily
of the actual languagesused.

Howe\er, there are still many problemswith XML that must be overcome
which we have encourtered in our work. One problem is the dicult y in
represeting types compactly This is actually two subproblems. The rst
subproblemis that there is no standard way of represeting DAGs (directed
acyclicgraphs)with sharingin XML. This is a problem becauseoften the sizes
of typesbecomeexponertially larger when expressedas trees rather than as
DAGs. Although we could deviseour own way of represeting DAGs within
XML (encading DAGs astrees), this interfereswith our goal of conveniert use
of standard XML tools sudh as XSLT processorsso we have not done this.
We may end up doing this, but we are hoping someoneelsewill standardizea
solution for this rst and adapt technologieslike XSLT. The secondsubprob-
lem is that the presem way the XML standard encalestrees as bit vectors
is extremely spaceine cient. There is already work on multiple standards
for improving the e ciency of XML at represeting trees, but no standard
has beenacceptedand none is widely implemenied. The combined e ect of
thesesubproblemsis that for certain terms our Systeml analysisenginescan
successfullyinfer a principal typing, but will be unableto construct the XML
output becausdt would exceedthe available memory

Another problem is the lack of a reasonablestandard for imposing types
on the structure of data represeted in XML. When XML was originally pro-
posed,Documert Type De nitions (DTDs) (another legacy of SGML) were
the recommendedmedanism for describingdocumert structure. DTDs are
problematic becausehey do not o er avery rich languageand are di cult to
manipulate as they not stored as XML documerts themseles. Recettly the
W3C XML Scema[f] languagewas deweloped, but it is extremely complex
and lacks useful speci cation and extensibility features sud as parametric
polymorphism. Other competing standardsexist, like Relax NG [d], but they
are not yet widely implemerted or acceptedand we have not yet had time to
ewvaluate them for our purposes.What this meansfor usis that currertly the
typeswe useto constrain our XML data are overly liberal and permit many
possibilitiesthat we would like them to exclude.

Finally, support for manipulating XML documens within common pro-
gramming languagesis inadequate. In particular, for our purposesthere is
e ectively no XML support available for Standard ML, so we have had to
\roll our own" for the oneimplemenation we did in SML. Somelanguages
(e.g., Java) do have reasonablelibraries for working with XML documerts,
but we have found they are still cumbersometo use. Researb into extend-
ing languageswith rst classfacilities for more easily manipulating XML is
ongoing[/A@4 but sud facilities are still far from commonplace.
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5 Future Directions

While the promiseof Systeml is great, there still remainsa signi cant amourt
of work to be done towards allowing existing languagesto bene t from this
kind of compositional analysis. It is particularly important that the analysis
be extended beyond the pure -calculusto support common languagefea-
tures. Presenly Wastburn and Wells are investigating a new, unpublished
extensionto System| which adds pattern matching, tuples, and unit values.
Researb still needsto be doneon integrating recursive de nitions and impera-
tive features(e.g., assignmets, exceptions,input/output). Primitiv e support
for recursionmust be addedbecausehe Y conbinator is untypablein System
| (becausat is not strongly normalizing (SN) for -reduction).

Additionally, becausethe intersectiontype constructor is not idempotent
in Systeml and becausehe typing rules do not allow sharing of assumptions
betweenmultiple premises,a Systeml typing derivation for a -term in e ect
encales an exact analysis of the term. This analysisis exact in the sense
that the principal typing obtained contains information su cient to answer
every possiblequestionabout the obsenable behavior of the term. The nite-
rank restriction of System| merely decideswhen to give up on nding an
analysis,and doesnot a ect the precisionof the analysiswhen oneis found.
For practical use,Systeml| needsto be extendedwith the ability to represen
cruder analyses,becausethe exact analysisis far too expensiwe in both time
and space. One possibleapproad would be to make the intersection type
constructor ass@iative, comrmutativ e, and idempotent (ACI) beyond rank k
when usedwith the rank-k restriction. We are currently exploring the issues
involved in this.

Thereis presenlly ongoingreseart into attempting to mergethe strengths
of Systeml, the branching type systemof Wells and Haad [ 7], and the sys-
tem of Amtoft and Turbak|[2] and its support for taggedintersectionand union
typesaswell as subtyping. This could allow for principal typing derivations
with lessredundancy and could make it easierto implemert local transfor-
mations on terms while preservingthe correctnessof the derivations. Also,
as mertioned previously there is also active researt into a version of -
uni cation that doesnot require renaming. An overriding goal in researt
directions will beto try to adcieve greater simplicity in designand presena-
tion than Systeml.
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