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Abstract

Two notions of reduction for terms of the A-calculus
are introduced and the question of whether a A-term 1is
B-strongly normalizing 1s reduced to the question of
whether a A-term is merely normalizing under one of
the notions of reduction. This gives a method to prove
strong B-normalization for typed A-calculi. Instead of
the usual semantic proof style based on Tait’s realiz-
ability or Girard’s “candidats de réductibilité”, terma-
nation can be proved using a decreasing metric over
a well-founded ordering. This proof method is applied
to the simply-typed A-calculus and the system of inter-
section types, qiving the first non-semantic proof for a
polymorphic extension of the A-calculus.

1 Introduction
Background and Motivation.

The problem of strong normalization of f-reduction
(B-SN) has been actively considered for various typed
A-calculi for over 25 years. Tait first proved that all
A-terms typable in the simply-typed A-calculus (ac-
tually, Godel’s system T) are -SN using a semantic
method called “realizability” or “solvability” [Tai67].
Extending Tait’s method, Girard devised the powerful
semantic method of “reducibility candidates” (“can-
didats de réductibilité”) to prove 3-SN for systems F
and F,, [Gir7l, Gir72]. All later 8-SN proofs for sys-
tem F have relied on reducibility candidates, being
essentially variations on Girard’s original proof, sim-
plifying or reformulating or cleaning up many of the
concepts. (Gallier’s paper [Gal90] is a useful compar-
ative study of all proofs for system F published until
1990.) All of these proofs share a certain element of
non-obviousness. As Gallier writes [Gal94]:
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Reducibility proofs are seductive and
thrilling, but also elusive. Following these
proofs step-by-step, we see that they “work”
(when they are not wrong!), but T claim that
most of us would still admit that they are

not sure why these proofs work!

The proofs of the B-SN property for other poly-
morphic type systems have also relied on the seman-
tic methods of either Tait or Girard. Although, as
originally formulated, both the system of recursive
types and the system of intersection types admit non-
G-SN A-terms, both of these systems have useful re-
strictions which satisfy the S-SN property. Using the
method of reducibility candidates, Mendler showed
that the system of positive-recursive types has the
B-SN property [Men91]. The system of intersection
types was introduced by Coppo and Dezani [CDC80,
CDCV81] with two important variants, one of which
is an extension of the other. Pottinger [Pot80] and
Leivant [Lei86] used reducibility candidates to show
the simpler system of intersection types without the
special w type constant has the 3-SN property (in fact
it turns out to type exactly the 3-SN A-terms). A more
recent F-SN result by van Bakel uses Tait’s method
without requiring the reducibility candidates [vB92].
Until now, all 3-SN proofs for these polymorphic type
systems have used semantic methods.

In addition to the Tait/Girard paradigm, other
methods have been used to show the 3-SN property
for the simply-typed A-calculus. One style, first used
by Gandy and later refined by de Vrijer and by van
de Pol and Schwichtenberg, involves associating func-
tionals with each subterm [Gan80b, dV87, vdPS95].
Although these proofs are presented in a somewhat
semantic style, 1t appears that they can be reformu-
lated in a more syntactic “symbol-pushing” style.

Another style of proof involves converting the 3-SN
question into a question of weak normalization, which
merely asks whether some reduction sequence termi-



nates, not whether all of them do. This 1s the style
used in this paper. The first proof in this style was
by Nederpelt for a system equivalent to the simply-
typed A-calculus [Ned73]. Klop devised a variant
of this proof for the simply-typed A-calculus [Klo80,
Chap. 1, § 8] and then created a more general method
which works for many “combinatory reduction sys-
tems” (sometimes called “higher-order rewrite sys-
tems”, unrelated to the polymorphic extensions of the
A-calculus) [Klo80, Chap. 2]. More recently, de Groote
devised another variant of this method, which is very
close to the method we use [dG93]. The S-SN proofs
for the simply-typed A-calculus yielded by this style
have been very non-semantic. In de Groote’s paper, he
describes a way to use Scedrov’s simplification of the
conditions on reducibility candidates, which were de-
signed for a weak normalization proof, to prove strong
normalization for system F [dG93, Sce87]. In addition
to those we have mentioned, other methods have been
used to prove F-SN for the simply-typed A-calculus.

Contributions of This Paper.

We present a strictly proof-theoretic method for
proving the B-SN property which works for the
simply-typed A-calculus and the system of intersection
types, relying on simple combinatorial properties of
[F-reduction and type-inference systems. The method
consists of two parts:

1. The question of whether a A-term is [F-strongly
normalizing is converted to the question of
whether the A-term is normalizing under a new
notion of reduction, %-reduction.

2. The *x-normalization of all A-terms typable in cer-
tain typed A-calculi is established using a decreas-
ing metric. For didactic reasons, we first apply
our method to the simply-typed A-calculus. The
proof for simple types then extends in a simple
way to the system of intersection types.

The first half of our proof is in the style initiated
by Nederpelt for converting an SN problem into a
weak normalization problem. In Section 3, we define
x-reduction, mentioned above, which 1is itself based
on another recent notion called y-reduction. Essen-
tially, y-reduction is a simple size-preserving transfor-
mation that reorganizes A-bindings in a A-term with-
out changing the “meaning” of the A-term. The notion
of y-reduction can be seen as “raising” a A-abstraction
outside of an enclosing B-redex. *reduction combines
a f-reduction step of an I-redex followed by reduction
to y-normal form to bypass K-redexes. This behavior
leads to the results that %reduction preserves the -
SN property and every %-normal form is 8-SN. From

this, it can be seen that x-normalization implies (-
strong normalization. Thus, to prove the 8-SN prop-
erty, that every possible f-reduction sequence must
terminate, 1t is sufficient to show the x-normalization
property, that there is some x-reduction sequence that
terminates.

For the second part, in Section 4, we show that if a
A-term M 1is typable in the simply-typed A-calculus
(or in the intersection-type discipline in Section 5)
then we can devise a *-reduction strategy from M
and attach a particular well-founded partial ordering
to it that guarantees the reduction strategy must ter-
minate (normalize)—thus implying 5-SN by the first
part. This is done in the style of decreasing-metric
termination proofs often found in the term rewriting
literature and is very similar to the original weak nor-
malization proof for the simply-typed A-calculus by
Turing [Gan80a]. The required reduction strategy is
very simple: just reduce innermost I-redexes.

The new proof method for proving 8-SN which we
present is important for more than one reason. Most
importantly, this is the first 3-SN proof for a polymor-
phic extension of the typed A-calculus which does not
depend on the methods of Tait or Girard. As a sec-
ondary reason, we feel the new method compares well
in understandability with previous proof methods.

Future Work.

The two typed A-calculi for which we have car-
ried our method all the way through give us reason
for optimism regarding applying the method to other
typed A-calculi. In a sense, simple types and intersec-
tion types correspond respectively to a minimal and a
maximal type discipline for which G-SN holds; every
type system in use includes the simple types, while
the intersection-type discipline can derive a type for
every (3-SN A-term. Hence, given any other higher-
order typed A-calculus for which we are interested in
proving (B-SN—such as System F or some of its re-
strictions or extensions—there are two ways of pro-
ceeding. The direct way is to attach a well-founded
partial ordering to a xreduction sequence, guaran-
teeing 1ts termination. The indirect way is to trans-
late an arbitrary derivation in the given type system
into a derivation in the intersection-type discipline for
the same untyped A-term, without making use of the
already-known fact that the type system types only
G-SN A-terms. We are particularly interested in sys-
tem F (and certain restrictions and extensions of F)
and in the positive-recursive-type discipline. Although
it 1s well-known that the 3-SN property of system F
can not be proven within second-order Peano Arith-



metic [GLT89, p. 114], thus casting doubts on whether
semantic notions can be avoided, it would be nice to
carry out a proof that does not rely on reducibility
candidates. In subsequent reports we wish to examine
the B-SN property for these systems.

Related Research.

P. de Groote’s 1993 paper [dG93] uses a method for
reducing the $-SN problem to a weak normalization
problem that is the same as ours in spirit but differs
in the details. Instead of y-reduction, de Groote uses
a reduction he calls Bg:

(A2 M)N)O) 5= (Az.MO)N) ifz ¢ M

Both our paper and de Groote’s paper achieve the
nearly identical result that the problem of F-strong
normalization is equivalent (respectively) to the prob-
lems of x-normalization and 3;f3s-normalization. The
most important difference is that de Groote uses gen-
eral frfFg-reduction while we take advantage of a spe-
cific reduction strategy of frvy-reduction which we call
*-reduction. First, de Groote shows that Sx-reduction
steps can be postponed in a sequence of g-reduction
and (g-reduction steps, yielding the fact that if a
O Bs-descendent is 8-SN, then the ancestor is G-SN as
well. Then de Groote defines a calculus with labels to
record the number of BrBg-reduction steps that have
occurred. A complex argument shows this calculus to
be confluent. Since the sum of the labels in a term is
a bound on the longest reduction sequence leading to
that term, and since all reduction paths from a term
with a normal form must eventually reach the normal
form, this yields the desired result.

For a further discussion of differences in how our
method’s are applied to various typed A-calculi, see
the addendum to our technical report [KW95]. This
addendum also contains a summary of other research
into the 7 and fs notions of reduction and a compar-
ison of both our and de Groote’s methods with the

earlier method of Klop.
Acknowledgements.

Pawel Urzyczyn spotted a wrong proof in the tech-
nical report and suggested many shorter proofs. Pawel
Urzyczyn, Femke van Raamsdonk, Vincent van QOost-
rom, Matthias Felleisen, and Philippe de Groote men-
tioned much of the related research to us.

2 The Untyped A-Calculus

In this section we present our definitions, nota-
tion, and nomenclature for standard concepts of the

untyped A-calculus. Our notation generally follows
Barendregt’s [Bar84].

2.1 X-Terms.

The set of all A-terms A is built from the countably
infinite set of A-term variables V using application and
A-abstraction as specified by the usual grammar A ::=
VI(AA) | (AV.A). We assume at all times that every
A-term M obeys the restriction that no variable is A-
bound more than once and no variable occurs both
A-bound and free in M. We assume a-conversion is
used when necessary to make this happen.

A context C[ ]is a A-term with one hole (some-
times more than one) and if M is a A-term then C[M]
denotes the result of inserting M into the hole in
C[ ], including the capture of free variables in M
by the A-bound variables of C[ ]. Unless specified
otherwise, a context has only one hole. If M and N
are A-terms, then M = N means that M and N are
identical after allowing a-conversion. N C M denotes
that N is a proper subterm of M and N C M includes
the possibility that N = M.

2.2 Reduction.

Our notation on reduction generally follows Baren-
dregt’s [Bar84, § 3.1, p. 50-59] with some minor dif-
ferences. A reduction relation R is a set of pairs of
A-terms. If (M,N) € R, then we say that M is
an R-redez and N is its contractum. If C[ ] is a
context and (M,N) € R, then (C[M],C[N]) is in
the contextual closure of R and we say that C[M]
R-reduces to C[N] via the redex M and we write
this as C[M] 2% C[N]. If M R-reduces to N by
some unspecified redex, we write this as M — N.
If M —~ N, we say that N is a R-reduct of M.
The transitive, reflexive closure of “—=” is written
as “—»".

An R-normal form is a A-term containing no R-
redexes which therefore does not R-reduce to any
other term. If M —= N and N is a R-normal form,
we say that M R-normalizes and that N is a R-normal
form of M. If M has only one R-normal form N,
this is denoted by R-nf(M) = N or by M oF N.
If there are no infinite R-reduction sequences start-
ing from M, then M is R-strongly normalizing, also
written as R-SN. A A-term M is R-infinite, denoted
R—oo(M), if and only if M is not R-SN.

The standard notion of reduction, G-reduction, is
of course the least relation such that:

(A2.P)Q) 5 Plz:=Q)]



Tt is well-known that g-reduction is confluent (Church-
Rosser) and that f-normal forms are unique.

3 [3-Strong Normalization and
*-Normalization

In this section, we introduce two new notions of
reduction, y-reduction and *-reduction (a combina-
tion of y-reduction and B-reduction), which are used
throughout the rest of the paper. These notions of
reduction transform A-terms in ways that are easier
to analyze than g-reduction. The main result of this
section is Theorem 3.11 which implies that the ques-
tion of f-strong normalization can be reduced to the
question of x-normalization. Subsequent sections will
then show for certain typed A-calculi that all typable
terms have x-normal forms, implying that all typable
terms are [(-strongly normalizing.

See the technical report version of the present paper
for full details if necessary [KW94].

3.1 ~-Reduction and +-Normal Forms.
Definition 3.1 5-reduction is the least reduction re-
lation such that:

(Az.(Ay.N))P) == (Ay.((Az.N)P))

We assume that 2 # y and y ¢ FV(P), using a-
conversion if necessary. In a pictorial format, this re-
duction looks like this:

A g
Az P
| —
/\ly v /\lm P
N N
Lemma 3.2 For every M € A:
1. M s ~-SN.

2. M has a unique y-normal form.
Proof: The claims are proved separately.

1. Count the number of pairs of subterm occurrences
P and @ in M such that P is an application, )
is an abstraction, P contains (), and there is no
subterm (RS) contained within P such that @
is contained within S. Every 5-reduction step
reduces this count.

2. First, we show that y-reduction is weakly conflu-

ent (weakly Church-Rosser):
A

M 5 ]‘\7
v|T v

|
P*Ty‘»Q

This is done by an analysis of the possible rela-
tionships between the vy-redexes A and I'. Since
v-reduction 1s both strongly normalizing and
weakly confluent, it is confluent, from which our
claim follows.

It is easy to give an inductive definition of those
A-terms which happen to be in y-normal form. The
set A7 of y-normal forms is defined inductively as the
least set satisfying these conditions:

l.zeA"ifzeV.

[\

.(MN) e A7 if M|N € A" and M is not a A-
abstraction.

3. (M M)eA"if M e AV andz € V.

e

. ((Az.M)N) € AV if M,N € A7, M is not a A-

abstraction, and z € V.

Lemma 3.3 A A-term M is in v-nf if and only of
MeA.

We will use notions of residuals relative to both
F-reduction and ~y-reduction of three different kinds
of subterm: arbitrary subterms, [-redexes, and 7-
redexes. We will use natural numbers as indexes
to mark these subterms. The notation we use is in
the style of Barendregt [Bar84, § 11.1.2, p. 279 and
§ 11.2.4, p. 284]. These three types of subterms may
be marked with an index 7 € N as follows:

1. An arbitrary subterm N C M is marked as N*.

2. For a f-redex ((Az.P)QR), we mark its leading A

with the index in subscript position, for example

((Xiz.P)Q).

3. For a y-redex ((Az.Ay.N)P) we also mark the
leading A of the 7-redex with an index, but
this time in superscript position, for example

(MzAy.N)P).

It will be possible for the same A to be marked as part
of both a (-redex and a 7-redex, in which case it will
have both a subscript and a superscript.

The notions of reduction § and v are extended to
marked terms in the following manner. The notation
[7] means the index ¢ may or may not be present, but
if it is present in one occurrence of [i] it is present in



all others.

( Ag]]z. MU NI g = N

(. (g MOl Do)l

~
()\y.(()\[i]m.M[k])[m]N[”])[O] )[1]

It 1s important to notice that f-reduction of a redex
that is both a marked f-redex and a marked 7y-redex
will erase both markings, while y-reduction will erase
only the marking of the y-redex, preserving the mark-
ing of the f-redex. At this point, the notion of residual
is defined from the marking with indices in the stan-
dard way.

A subterm occurrence N in M is passive if N = M
or N occurs as (PN) C M for some P or N occurs
as (Az.N) where (Az.N) is passive, otherwise N is ac-
tive. (Note that this definition is different from [Bar84,
§ 2.1.8 (iv), p. 25].)

Lemma 3.4 ~v-reduction has the following properties.
Let M — N.

1. Every A-abstraction in M has exactly one residual
in N and every A-abstraction in N is the residual
of a A-abstraction in M.

2. If a A-abstraction in M s the function of a -
redex, then its residual in N s also the function

of a B-redez.

3. If a A-abstraction in M is passive, then ils resid-
ual in N is also passive.

4. If a A-abstraction in N is the function of B-reder,
then 1t is the residual of an active A-abstraction
i M.

5. If a A-term s in y-normal form, then all of its
active A-abstractions are functions of B3-redexes.

3.2 ~-Reduction and (3-Strong Normal-
ization.

In this subsection, we show that if the result of ~-
reduction is G-SN, then the input must also have been
B-SN. (We could show that y-reduction preserves the
(-SN property, but we will not need such a general
result later.)

Lemma 3.5 For every M € A it is the case that:

5 5l
|

Proof: Analyzing the different possible relationships
between a y-redex and a [-redex yields:

|
B B
|
7jyﬁ>.

Diagram chasing then produces the desired conclusion:

M

_

v v

6 14 14 14

I I I
I I I
I I I
| | |
57 T

Lemma 3.6 For every M € A, if y-nf (M) is 5-SN
then M s 3-SN.

(We claim that the converse of Lemma 3.6 is also
true. However, it requires a more subtle argument and
it is not needed in this paper.)

Proof: Let M’ = y-nf(M). We now prove that if
B-0o(M) then B-oo(M'), which is logically equivalent
to the claim of the lemma. Suppose ¢ were an infinite
G-reduction from M. Using Lemma 3.5 allows the
erection of an infinite B-reduction ¢’ from M’:

7 M—F—= =5~ "5
v-nf v} v} "v}

, o ¢ ¢ ¢

o I R T REE SR

3.3 Preservation of 3-Strong Normaliza-
tion by 3;-Reduction.

Let A be the p-redex ((Az.P)Q). If z € FV(P)
then A is an I-redez. Otherwise, if 2 ¢ FV(P) then
A'is a K-redez. (Following [Bar84, § 11.3.6, p. 296].)
When S-reduction is restricted to I-redexes (respec-
tively K-redexes), we call it r-reduction (respectively
Br-reduction).

Lemma 3.7 Let M % N where A is an I-redex.
Then M s 3-SN if and only if N s 3-SN.

Proof: This is a consequence of the Conservation

Theorem [Bar84, § 13.4.12, p. 343]. W



3.4 -Reduction.

In this subsection, we define *reduction, a combi-
nation of y-reduction and f-reduction. We then prove
the major result of Theorem 3.11, showing that the
question of f-strong normalization can be reduced to
the question of x-normalization. The importance of
this result is the fact that it is easier to prove a nor-
malization result than a strong normalization result,
because the reduction strategy can be chosen.

Definition 3.8 For two terms M, N € A7, we define
M —— N to hold if there is an I-redex I' in M and a
term M’ € A such that:

T ’
Lemma 3.9 For all M,N € AV, iof M — N and N
1s 3-SN, then M s also 3-SN.

Proof: It is sufficient to show the claim for a single
*-reduction step: if M — N and N is $-SN, then M
is also #-SN. This is a consequence of Lemma 3.7 (for
the reduction M % M’ where A is an I-redex) and

Lemma 3.6 (for the reduction M’ s N). 1

Lemma 3.10 Let M € A be a term containing no
I-redexes. Then M 1is 3-SN.

Proof: Reducing a K-redex in a term that is in -
normal form and @r-normal form cannot produce I-
redexes or vy-redexes. Thus, any f-reduction sequence
from M reduces only K-redexes. Reducing K-redexes
is strictly size-decreasing, so any -reduction sequence
from M must terminate. W

Theorem 3.11 For any term M € A, if y-nf (M) is
*-normalizing (there is at least one x-reduction from
y-nf (M) which terminates) then M is 3-SN.

(We claim the converse of Theorem 3.11 is also true,
but do not prove it and do not need it.)

Proof: If ~-nf(M) 1is snormalizing, then by
Lemma 3.9 and Lemma 3.10 (since a *-normal form
belongs to AY and has no I-redexes) it holds that
y-nf(M) is $-SN. By Lemma 3.6 we conclude that
M is B-SN. 1

4 The x-Normalization of the Simply-
Typed A-Calculus

In this section, we prove that every simply-typed
A-term is G-SN. This is a new proof for a well-known
result and it is probably not any simpler than many of
the other proofs in the literature already. This proof
is presented to allow the reader to understand our

method in the simpler context of the simply-typed A-
calculus. In Section 5, we will generalize this proof to
the more complicated intersection-type discipline.

4.1 The Simply-Typed A-Calculus.

In this paper, it is convenient to define the simply-
typed A-calculus in an explicitly-typed manner, where
every subterm and bound variable of a typed A-term is
annotated with an explicit type, written in superscript
position for convenience. (This can be called “Church”
style.)

The set of simple types T is built from the countably
infinite set of type variables ¥V using the “—” type
constructor as specified by the grammar T ::=V | (T —
T). A type is therefore either a type variable or a —-
type. Small Greek letters from the beginning of the
alphabet (e.g. a, B, v, §) are metavariables over V and
small Greek letters towards the end of the alphabet
(e.g. o and 7) are metavariables over T. When writing
types, the arrows associate to the right so that o —
T—=p=0—(T—p).

The A-term variables are pairs of untyped variables
and types, written as 7%, y”, z”, and so on. Instead
of using type assignments (sometimes called contexts
or environments), we require every typed A-terms M
to satisfy the property that:

() Forallz?,y" in M, ifz=ytheno =1

The set A~ of simply-typed A-terms and a type-
erasing function | | from A~ to A are defined induc-
tively as follows:

l.z€¢ A7 and |2°|=zifz €V and c € T.

9. (MU—>TNO)T c A~ and |(Mo—>TN0)T| —_
(|JM°=T||N?|)if M°~7 € A~ and N° € A—.

3. Az M™)~" € A7 and |z MT)T7| =
Az |MT)if M e A~ and o € T.

Provided all of the free and bound variables in a A-
term are annotated with types, the types annotating
applications and A-abstractions may be omitted with
no loss of information.

We choose to present the simply-typed A-terms in
a “Church” style rather than a “Curry” style partly
because this gives a natural interpretation for g-
reduction and y-reduction. In the Church style, using
the natural extension of @-reduction to the simply-
typed A-calculus, a B-reduct or a y-reduct of M auto-
matically inherits a simple-typing from M. This will
prove to be vital for our purposes. In the Curry style,
if M is typable and M - N, then N is also typable,

but a mechanism must be defined to construct the typ-
ing for N from the typing for M. Also, if M - N,



the reduct N may have typings that are not necessar-
ily derived from the typing for M.

We now define explicitly how f-reduction and ~-
reduction work on simply-typed A-terms. If M € A™
and A is a f-redex occurrence in M such that

A = ((}\IU.PT)U—W'QO)T
and M = C[A] where C[ ]is a context with exactly
one hole, then:
M % C[P"[z7 := Q7]
If T is a y-redex occurrence in M such that
F = ((}\ro'.(Ayp.NT)p—»T)U—»p—»TPO')p—»T
and M = D[T] where D[ ]is a context with exactly
one hole, then:

T o T\NO—T DONT\p—T
M —= D[(Ay" ((Ax”.NT)"77P7)7)" 7]
4.2 A Metric on Simply-Typed A-Terms.

The proof for x-normalization later in this section
uses a metric order® on A-terms that decreases after
each reduction step. This metric is defined on the
types involved in the I-redexes in the A-term.

For simple types, define the function order induc-
tively as follows:

1. order(a) = 0 where o € V is a type variable.
2. order(oc — 1) = max{1 + order(o), order(7)}.
Let A be a simply-typed B-redex so that:
A = (A2 P77 Q)

Define order(A) = order(c). Let M be a simply-
typed A-term. Let the set of all I-redex occurrences
in M be {Ay,...,A,}. Define the function order®
from A-terms to multisets over N so that:

order*(M) = {order(Ay), ..., order(Ay)}

Thus, for any A-term M, order® (M) is a finite multiset
of natural numbers. Observe that K-redexes do not
contribute to the value of order®(M).

4.3 A Well-Founded Multiset Ordering.

Since the metric order® computes multisets of natu-
ral numbers instead of just single natural numbers, we
can not use the simple, numeric “<” ordering. How-
ever, there 1s a standard multiset ordering which is
suitable.

For S a multiset over N and n € N, let #(S,n)
denote the number of occurrences of n in S. For S
and T finite multisets over N, define S > T if and
only if:

There is some m € N such that #(S,m) >
#(T,m) and for all & > m it holds that

#(S¢ m) = #(Ta m)

In plain English, if one starts with a finite multiset,
removes some numbers from this multiset and replaces
each of them with any finite number of strictly smaller
numbers, then the result is defined to be smaller than
the starting point. Using this ordering is equivalent
to an induction of type w®.

Lemma 4.1 The ordering “>" is well-founded,
1.e. there cannot be an infinite descending chain S >
Sp>Sa =Sy,

Proof: See [DM79]. R
4.4 A Normalizing *-Reduction Strategy.

We now prove that a particular x-reduction strategy
terminates for all simply-typable A-terms, implying all
such terms are 3-SN. For a A-term M, the I-redex A
is innermost if 1t does not properly contain another
I-redex (but A may contain K-redexes). Every A-
term with one or more I-redexes contains at least one
innermost /-redex.

The notion of x-reduction is defined so far only for
untyped A-terms in y-normal form (members of A7).
Denote the set of all simply-typed A-terms M such
that |M| € AY by (A7)7. Since x-reduction is stated
in terms of F-reduction and 7-reduction, it is obvious
how to extend it to any simply-typed A-term M such
that | M| € A7.

Lemma 4.2 If M|N € (A™) and M % N
where A is an innermost I-redez, then order*(M) »

order*(N).

Proof: Note that this proof follows ideas first pre-
sented in Turing’s weak normalization proof for the
simply-typed A-calculus [Gan80a]. We give here only
the barest sketch of the proof. See the full technical
report for details [KW94].

The residuals of any pre-existing (-redexes (other
than the one being reduced) retain the same order
value, so for them we need only show they are not
duplicated. The initial B-reduction step (of the *-
reduction step) does not duplicate f-redexes because
A is innermost. Also, any new (-redexes it creates
have a lower order value than order(A). The sub-
sequent ~v-reduction steps can create new [-redexes.
In every case, the A-abstraction forming the func-
tion of the new [-redex was one of the outermost A-
abstractions of the argument in A, and thus the value
of order of the new f-redex is lower than order(A).



Lemma 4.3 If M € (A™)" then M is x-normalizing.

Proof: Suppose there is no *-reduction sequence from
M which reaches x-normal form. Then there is an
infinite 4-reduction of the form:

M 2o My 8L M, 82 ..

where each redex Ay, Ay, Ay, ..., is an innermost
I-redex. By Lemma 4.2, there must be this infinite
sequence:

order* (M) = order® (M) > order®*(Mz) = ---

This contradicts Lemma 4.1, so there must be a
reduction sequence from M which reaches *normal
form. W

We believe that Lemma 4.3 could be stated more
strongly: If M € (A7) then M is »SN. However,
we do not need such a strong result to prove the next
theorem.

Theorem 4.4 If M € A~ then M s 3-SN.

Proof: Let N = vy-nf(M). Since N isin (A7)7, N is
*-normalizing by Lemma 4.3. Thus, by Theorem 3.11,
M is g-SN. R

5 The *-Normalization of the
Intersection-Type Discipline

In this section, we prove that every A-term typable
in the system of intersection types x-normalizes and
is therefore [F-SN. The novelty of this proof is that
the argument does not depend on semantic notions
such as interpretations, proofs of soundness, etc. As
in Section 4, this is a new proof for a well-known result.
The format of this section closely follows the format
of Section 4.

5.1 The Intersection-Type Discipline.

The intersection-type discipline is defined as an ex-
tension of the simply-typed A-calculus. Cardone and
Coppo call the system presented here the system of
simple intersection types, reserving the unqualified
name for the system with the w type constant that
can be assigned to any A-term [CC90]. Sometimes, a
“<” rule i1s included with the system for type inclu-
sion, but this is not necessary here since this rule does
not change the set of typable A-terms.

The set of intersection types T” is built from the
countably infinite set of type variables V using the
“—” and “A” type constructor as specified by the
grammar T =V | (T" — T") | (T* A T"). A type

is therefore either a type variable, a —-type, or a A-
type. The same notation conventions are followed as
with the simply-typed A-calculus, except that “A” is
left-associative and has higher precedence than
sothat cAT—p=(c AT)—p.

The standard Curry-style presentation of the
intersection-type system makes it hard to define ex-
plicitly how g-reduction and ~-reduction work on typ-
ings. So instead we give an equivalent Church-style
presentation of the intersection-type discipline. (This
is done despite Barendregt’s fairly accurate observa-
tion that “for ... the system of intersection types ...
it is not clear how to define a Church version” [Bar92].)

As with the simply-typed A-calculus, A-term vari-
ables are pairs of untyped variables and types written
as ¢%, y7, z°, etc. The A-terms will be required to
satisfy the same property () as before, so that type
assignments can be avoided. The set A" of A-terms in
the intersection-type system and a type-erasing func-
tion | | from A" to A are defined inductively as fol-
lows:

”
—

1. 22 ¢ A" and |z°| =z ifz € V and ¢ € T".

2. (M°~7N°)" € A" and
(o= N7 Y| = (1Mo~ [IN°1) if Mo~ € A%
and N7 € A™.

3. Az M7)’~7 € A" and
[((Az.M™)~7| = (Az.|M7|) if M € A" and
o TN

4. (A=T M7 .. MZ#)71A A0 ¢ AN and
[(A=Z M{Y .. MZm)o A Aon | = | M if
|[M7'|=---=|M7?~| and for 1 <7 < n it holds
that o; is not a A-type.

5. (N=E M1~ Aon)i ¢ AN where 1 < i < n and

|(/\_/{/‘ A{zn/\w/\t/?\n)al — |M01A~~~Aan| if
MO1A Aoy EA .

This definition may seem quite unusual to some read-
ers, but the clever reader will see that this presentation
merely converts entire Curry-style derivations directly
into terms. The only difference is that multiple uses
of the A—Z and A—& rules are compressed into one
use and that no distinction is made between the type
o A(T Ap)and (o AT)Ap. Sometimes, we will be lazy
and omit some of the type annotations from A-terms
in A® when the types are not relevant.

Now it is necessary to give an interpretation for
what it means to perform f-reduction and y-reduction
on members of A*. Before doing that, a way to elim-
inate redundant pairs of A—Z and A—& must be pro-
vided. Although it can be assumed that the typing of
a A-term does not have redundant uses of A—Z and



A—E, the natural way to interpret (-reduction and 7-
reduction will introduce redundant pairs which must
be eliminated. The auxiliary notion of reduction r is
defined to handle this. Let r-reduction be the reduc-
tion relation such that:

(A=E (A=T M7Y .. MZn)7iNAon)oi o

We assume at all times that typed A-terms are in r-
normal form, if necessary reducing them to r-normal
form. It is obvious that r-reduction is strongly nor-
malizing, since it is strictly size-reducing.

In providing an interpretation for F-reduction on
members of A", some basic requirements should be
fulfilled. If M° - N7, then it should be the case

that o = 7 and [M?| —~ [N7[. This still leaves room

for many interpretations of G-reduction. For our pur-
poses, the typing of N7 should be essentially inherited
from the typing for M?. To achieve this, we define the
notion of the parallel occurrences of a subterm, define
the notion of singular F-reduction, and then define
reqular (-reduction as the simultaneous singular re-
duction of all of the parallel occurrences of a F-redex.

The notion of the parallel occurrences of a subterm
is defined as an equivalence relation on the subterm
occurrences of each typed A-term in A*. Let ~ be the
least equivalence relation such that:

L (A= MOt . MZ) N Ao o M7 for 1 < i <
n.

2. (A=E M RTn )T POA A0,

3. I (M7="N°) ~ (M7 =7 N'")7 then M—" ~
M’ 77 and N° ~ N7 .

4. T (A2” M7= ~ (Az'” M’ )= then M” ~
M

(Note that ~ is defined on subterm occurrences with
respect to a single, typed A-term.) If, with respect to
a typed A-term M7, for the subterms N7, NJ2 C M7
it holds that N{* ~ N2, then we say that N;? is a
parallel occurrence of Ny*.

A parallel set X of subterms is all the members
of an equivalence class under ~ that are not A—Z-
terms or A—E&-terms, for example all of the appli-
cation subterms in a ~-equivalence class. If X =
{N7*,..., N2~} is a parallel set in M”™ € A", then
there is some corresponding untyped subterm N C
|M7| such that |[N7*| = N for 1 < i < n. Similarly,
for every untyped subterm N C |M7|, there is a cor-
responding parallel set X in M7. When the context is
clear, N and X may be used interchangeably. The no-
tion of the residuals of a parallel set under reduction is
defined in terms of the residuals of the corresponding

untyped subterm. If C"[ ..., ]isa typed context
such that all of the holes (considered as ordinary sub-
terms) are parallel to each other and no variables or
A-abstractions or applications are parallel to the holes,
then C7[ ..., ]is a parallel context.

The notion of singular B-reduction, denoted F1-
reduction, is exactly the ordinary notion of (-
reduction from the simply-typed A-calculus. It is the
reduction relation such that:

((AJ;U.MT)U—»TNU)T W MT[$U = NU]

Unfortunately, f1-reduction does not stay within the
set AN TIf M7 T N7*, then this implies that

(A=T M7 Mj?)7 Ao - (A=T NJ*MJ?)71 72
However, since |N7'| # |MJ?|, the result of the 31-
reduction step is not even a valid member of A", Tt
is necessary to simultaneously 81-reduce a parallel set
of fl-redexes.

The groundwork has now been laid for defining reg-
ular f-reduction. Observe that if

((AIO.MT)O—H'NO')T ~ (Po'—wr'NlUI)T'

holds, then it must be the case that P =" isa A
abstraction and not a A—Z-term or a A—&-term, due
to our assumption that typed A-terms are kept in r-
normal form. This means that if one of the members
of a parallel set is a Fl-redex, then all of them are
Bl-redexes. Let X = {M{' ..., M2~} be a set of
B1l-redexes such that M.’ T N/ for 1 < i< nand
MY = = |M2|. Let MT = CT[M{*,...,M?"] €
A" where C7[ ..., ]is a parallel context with n
holes. In this case, the parallel set X in M7 is said to
be a B-redex and [-reduction is defined so that:

CT[M*, ... M?"] % CT[N{*, ... N2~

It M7 % N7 and |[M7| % [N7|, then we may also
say that M7 reduces to N7 by the redex A and we
may refer to the typed f-redex X and the untyped
(-redex A interchangeably.

It is also necessary to give a precise interpreta-
tion for 4-reduction on typed A-terms in A". Tt is
a bit more complicated than the interpretation for -
reduction, because a use of the A—Z constructor can
occur as part of the y-redex. As with fg-reduction, we
define a notion of singular y-reduction, denoted ~1.
There are two cases of yl-reduction, one simple and
one complex. The first, simpler case 1s exactly as in
the simply-typed A-calculus:

((/\Io.(/\yp.Pr)p—wr)a—»p—wrQo)p—vr
71

Ay (Az? . PTYTTTQ7)" )7



The more complicated case is like this, where 7 stands
for the type (p1 = 1) A~ A(pn — Tn):

(A" .(A=T (Ayr . PJrym=ms

(AyPm Bim)on =T )T 77T Q7)T

(/\—I ()\ypl .((/\IU.PlTl)o—n'l QO)Tl)p1—>Tl

()\ypn .(()\l,olpgn)o—wn QU)Tn)pn—n'n)ﬂ'

(We omit the mandatory a-conversion necessary to
rename separate bound variables distinctly that is
required by our convention (}). Assume it hap-
pens.) Given this definition of yl-reduction, regular
v-reduction is now defined in terms of y1-reduction in
the exact same way that regular g-reduction is defined
in terms of #l-reduction.

5.2 Extending the Metric to Intersection
Types.

The metric of Subsection 4.2 is now extended to
handle intersection types. For intersection types, de-
fine the function order inductively as follows:

1. order(a) = 0 where o € V is a type variable.
2. order(oc — 1) = max{1 + order(c), order(7)}.
3. order(o A7) = max{order(c), order(r)}.

For a singular fl-redex M7 = ((Az?.P7)7~7Q%)7,
define order(M7) = order(o), exactly as for the
simply-typed A-calculus. If X = {M7* ..., M~}
is a set of fl-redexes, then define order(X) =
max{order(M7"),..., order(M7~)}.  For a typed
Aterm M7, let Xy, ..., X, be all of the I-
redexes in M7. (Each X; is a parallel set of j1-
redexes.) Then define order®*(M7”) to be the multiset
{order(X1),...,order(X,)}.

5.3 Normalizing *-Reduction for Inter-
section Types.

We now prove that a particular x-reduction strategy
terminates for all A-terms typable in the intersection-
type discipline, implying all such terms are 3-SN. The
same reduction strategy is used that was presented in
Subsection 4.4.

Denote the set of all typed A-terms M™ € A” such
that |[M7| € A” by (A")?. Extend %-reduction to
terms in A” in the obvious manner.

Lemma 5.1 If M,N € (A") and M %
where A is an innermost I-redez, then order*(M) »

order*(N).

Proof: The structure of this proof is almost identical
to the proof for Lemma 4.2. The main differences are
the notation necessary to account for parallel sets and
the handling of r-reduction in between [-reduction
and v-reduction steps. We sketch here the differences
with Lemma 4.2. See the full technical report for de-
tails [KW94].

It is necessary to show that r-reduction does not
duplicate or remove 3-redexes, although it can remove
(Bl-redexes. It is somewhat tricky to show that r-
reduction does not change the value of order for one of
the pre-existing (-redexes. The notation for the sub-
structure of the argument of A is fairly complicated
to handle its parallel structure. There is also extra
complexity in analyzing where the types come from
that define the value of order for the fresh g-redexes.
Otherwise, the proof is essentially the same. W

Theorem 5.2 If M™ € A", then M7 is 3-SN.

Proof: The proof is a combination of the proofs for
Lemma 4.3 and Theorem 4.4 except that it depends
on Lemma 5.1 instead of Lemma 4.2. W
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