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Abstract

Principalit y of typings is the property that for ead typable term, there is a typing from which all
other typings are obtained via someset of operations. Type inference s the problem of nding a typing
for a given term, if possible. We de ne an intersection type system which has principal typings and
typesexactly the strongly normalizable -terms. More interestingly, every nite-rank restriction of this
system (using Leivant's rst notion of rank) has principal typings and also has decidable type inference.
This is in contrast to System F where the nite rank restriction for every nite rank at 3 and above has
neither principal typings nor decidable type inference. Furthermore, the notion of principal typings for
our systeminvolvesonly one operation, substitution, rather than seweral operations (not all substitution-
based) asin earlier presertations of principalit y for intersection types(without rank restrictions). In our
system the earlier notion of expansion is integrated in the form of expansion variables, which are subject
to substitution as are ordinary variables. A uni cation-based type inference algorithm is preserted using
a new form of uni cation, -uni cation.

This is an expanded version of a report that appearedin the Proceedingsof the 1999 ACM Symposium on Principles of Pro-
gramming Languages under the title \Principalit y and Decidable Type Inference for Finite-Rank Intersection Types" [KW99 ].
This work has been partly supported by EPSRC grants GR/L 36963 and GR/R 41545/01, by NATO grant CRG 971607,
by NSF grants 9417382 (CCR), 9806745 (EIA), 9988529 (CCR), 0113193 (ITR), and by Sun Microsystems equipment grant
EDUD-7826-990410-US.
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1 Intro duction

1.1 Background and Motiv ation

The Desire for Polymorphic Type Inference  Programming language designersnow generally rec-
ognize the bene ts (as well as the costs!) of strong static typing. Languagessud as Haskell [PJHH™* 93],
Java [GJS9q, and ML [MTHM97 ] wereall designedwith strong typing in mind. To avoid imposingan undue
burden on the programmer, the compiler is expectedto infer as much type information as possible. To avoid
rejecting perfectly safe programs, the type inference algorithm should support as much type polymorphism
as possible. The main options for polymorphism are universal types, written 8: , and intersection types,
written " . (Their duals are the existertial types,written 9: , and union types,written )

The most popular type inference algorithm is algorithm W by Damas and Milner [DM82] for the type
system commonly called Hindley/Milner which supports polymorphism with a restricted form of universal
types. In practice this type systemis somewhatin exible, sometimesforcing the programmer into contor-
tions to corvince the compiler that their code is well typed. This has motivated a long seart for more
expressie type systemswith decidabletypability. In this seard, there have beena great number of negative
results, e.g., undecidability of System F [Wel94], nite rank restrictions of F above 3 [KW94], F [Pie94],
Fy [Urz97], F+ [Wel9€], and unrestricted intersection types[Pot80]. Along the way, there have beena few
positive results, someextensionsof the Damas/Milner approad, but, perhapsmore interestingly, somewith
intersection types.

What are Principal Typings? Many systemswith intersectiontypeshave had a principal typings prop-
erty. Jim [Jim96] explains the di erence with the principal types property of the Hindley/Milner systemas
follows:

Principal Types
Given: aterm M typablein type ervironment A.
There exists: atype represering all possibletypesfor M in A.

Principal Typings
Given: atypableterm M.
There exists: ajudgemert A~ M : represeting all possibletypings for M.

Wells [Wel0Z gives a system-independert abstract de nition of principal typings. Speci cally, a typing
(A; ) for aprogram fragment M is principal for M exactly whenthat typing is at leastasstrong asall other
typings for M. A typing (A; ) is at least as strong as a typing (A% 9 if andonly A° M : being derivable
implies A°° M : Cis derivable for every M. Jim explains how principal typings support the possibility of
true separatecompilation and Wells discusseshow they help with compositional software analysis.

Principal Typings with Intersection Types Intersection typeswere rst introduced by Coppo and
Dezani [CDC80] and, independertly, by Pottinger [Pot80].> The rst system of intersection typesfor which
principal typings wasproved (asfar aswe are aware) waspreserted by Coppo, Dezani,and Venneri[CDCV80]
(a later versionis [CDCV81]). Like many systemsof intersection types,it is similar to oursin that \"" can
not appear to the right of \! " and ~ -elimination can only occur at -term variables. Like our system, this
systemis restricted sothat the binding type of the bound variable of an abstraction must be an intersection
of exactly the set of typesat which it is used. However, this systemdi ers from ours by allowing one of the
typesin the intersection type for a bound variable to be usedfor multiple occurrencesof the bound variable.
It alsohasa rule to assignthe specialtype! (represerning the intersection of 0 types)to any term.

There is a generalapproach for an algorithm for nding principal typings that was followed by Coppo,
Dezani, and Venneri for their type systemaswell as by Ronchi della Roccaand Venneri [RDRV84] and van
Bakel [vB93] for other systemsof intersection types. In this approacd, the principal typing algorithm rst
nds a normal form (or approximate normal form) and then createsa typing for the normal form. A separate
proof shownsthat any typing for the normal form is alsoa typing for the original term. The algorithms of this

1Despite appearing earlier, [Sal78] was preceded by the internal report version of [CDC80] and gives credit to Coppo and
Dezani for intro ducing intersection types.



approad are intrinsically impractical, not only due to the expenseof normalization but, more importantly,
becausethere is no possibility of a short cut to normalization. The principality of the principal typing is
shown using a technique of seweral di erent kinds of operations: expmnsion (sometimescalled duplication),
lifting (sometimescalled rise), and substitution. The biggestdi erence with the approac we presert in this
paper is that we useexpansion variablesto formalize expansionin a much simpler way aspart of substitution.
This allows our approach to be basedon both substitution and uni cation. This opensthe possibility of more
e cien t algorithms by adding additional (unnecessary)constraints to the uni cation problem to shortcut
the solution, an adaptation we leave to future work.

Sayag and Mauny [SM97, SM96] cortin ue the earlier work cited above, and succeedn de ning a simpler
notion of principal typings for a systemof intersectiontypes. An important di erence with our analysisis the
cortinued use of an expansionoperation, although considerably simpli ed from earlier formulations, in part
becausehey restrict attention to -termsin normal form. Moreover, their approad is not substitution-based
and it is not immediately clear how to extend it to arbitrary -terms not in normal form.

The rst unication-based approac to principal typing with intersection types is by Ronchi della
Rocca[RDR88]. Of course,the generalmethod here will divergefor someterms in the full type system, but
a decidablerestriction is preserted which bounds the height of types. Unfortunately, this approadc usesthe
old, complicated approach to expansionwhich makesit very di cult to understand. It alsoappearsto have
trouble with commutativit y and assaiativity of \*".

Subsequen uni cation-based approadcesto principal typing with intersection typeshave focusedon the
rank-2 restriction of intersection types, using Leivant's notion of rank [Lei83]. Van Bakel preserts a uni ca-
tion algorithm for principal typing for a rank-2 system [vB93]. Later independert work by Jim also attacks
the sameproblem, but with more emphasison handling practical programming languageissuessuch as re-
cursive de nitions, separatecompilation, and accurate error message$Jim96]. Successorgo Jim's method
include Banerjee's[Ban97], which integrates o w analysis, and Jensen's[Jen9§, which integrates strictness
analysis. Other approadesto principal typings and type inferencewith intersection typesinclude [CG92]
and [JMZ92].

1.2 Contributions of This Paper
The main contributions of this paper are the following:

A fully substitution-based notion of principality for a system of intersection types (with or without
a rank restriction on types). Expansion variables abstractly represen the possibility of multiple sub-
derivations for the sameterm, supporting a substitution-based approac in place of the old notion of
expansion.

This corntribution makes the technology of intersection types signi cantly more accessibleto non-
theorists. The notions of expansionin earlier literature are so complicated that few but the authors
could understand them.

A uni cation-based type inferencealgorithm for intersection typesusing a novel form of uni cation, -
uni cation. The algorithm always returns principal typings whenit halts. The algorithm is terminating
when restricted to nite-rank types.

This algorithm is the rst understandabletype inferencealgorithm for intersection typesbeyond the
rank-2 restriction which doesnot require that terms rst be -reducedto normal form. Although it
may seemthat there is quite a bit of material in this report, the vast majority of it exists only to prove
properties of the algorithm. The actual algorithm is largely contained in de nitions 2.12,2.14,2.15,
2.17,3.8,3.11,3.13,5.1, and 6.1, together with theorem 6.7. This algorithm hasbeenimplemented and
can currently be found at http://www.churc h- proje ct. org/modul ar/ compai ti onal- analy sis /.

Decidability of type inferenceand principal typings for the restrictions to every nite rank.

Ours is the rst system of intersection types for which this has beenshown. At rank 3, our system
already typesterms not typable in the very powerful systemF, , e.g.,the term

(x:z (x(f ufu))(x(v ggv))(y yyy) ;
which was shown untypable in F, by Urzyczyn [Urz97].



1.3 Future Work

Using Intersection Types in Practice  This work is carried out in the context of the Church Project
(http://iwww.church - proj ect.org/) an ongoingmulti-institutional e ort investigating the theory and prac-
tice of using advanced types and semartics in the design and implementation of programming language
systems. The Church Project is actively implemerting and evaluating intersection-type-basedtechnology
in an ML compiler. A number of practical concernsneedto be addressedto nish the task of making the
technology preseried in this report usablein the overall project e ort. In particular, the following tasks are
important:

1. Adapt the technology to type systemsin which \*" is assaiative, commutativ e, and idempotent. This
will be vital for reducing the spaceand time complexity of our algorithm, becauseit will enablethe
expressionof the rank restrictions without requiring an essetially linear o w analysis.

2. Add support for sum types, e.g., booleansand conditionals. This seemslikely to require the addition
of union typesor someform of conditional type.

3. Add support for recursive de nitions, e.g.,a x-p oint operator or letrec bindings. This will signi cantly
complicate the analysis, becauseit will interfere with the invariant that -compatible constraint sets
(de nition 4.8) have constraints neatly divided into positive and negative types (de nition 4.1). Also,
polymorphic/p olyvariant analysis of recursion is notoriously di cult.

4. Take advantage of the new notion of substitution developed in this report to devisee cien t represen-
tations of polyvariant program analyses. This is particularly promising.

Theoretical Concerns The work presenied here inspires the following possibletasks:

Investigate the relationship between -uni cation and other forms of uni cation { decidableand unde-
cidable. In particular, investigate the relationship with second-orderuni cation and semi-uni cation.

Further develop the meta-theory of -unication. In particular, investigate conditions under which
-uni cation (1) satis es a principalit y property and (2) is decidable. Usethis to develop more sophis-
ticated type inferencealgorithms.

Investigate the complexity of the decidable nite-rank restriction of -unication introducedin sec-
tion 7. Separately investigate the complexity of the set of programstypable in the various nite-rank
restrictions.

1.4 Acknowledgements

Torben Amtoft, Gang Chen, and Lyn Turbak carefully read drafts of this paper and found bugs. Gang
Chen wert further and suggestedspeci c bug xes. Bradley Alan implemerted the -uni cation constraint
solver given in the POPL '99 version of this paper [KW99] and pointed out someerrors in examplesin the
paper. Geo Washburn completedthe implementation by adding the generation of the constraint setsfrom

-terms, the useof the results of -uni cation to make principal typings and typing derivations, and a nice
web-baseduser interface. The web interface can currently be found at http://www.church - proj ect.o rg/
modular/composit ion al - anal ysi s/. Sebastien Carlier, Geo Washburn, and Bennett Yates have made
helpful commerts and have also helped to carry this researt forward by starting to addressvarious items of
future work mertioned in section 1.3. We are also indebted to the anonymous refereeswho made numerous
suggestionsto clarify our analysisand overall organization of the paper.

2 Intersection Typeswith Expansion Variables

This sectionde nes a systemof intersection typesfor the -calculuswith the additional feature of expansion
variables. The expansion variables do not a ect what is typable; instead they support reasoning about
principal typings via a notion of substitution.



Throughout the paper, the notation X" is meta-notation standing for the notation Xi;:::;X,. The
notation X stands for X" for somen 0 which either does not matter or is clear from the context. A
warning: Someauthors usethe notation X for similar purposes,but in this paper the bar mark on a symbol
is not usedto stand for a sequence.

2.1 The Type System
The set of natural numbersis denoted N throughout.

Denition 2.1 ( -Terms). Let x and y range over -Var, the set of -term variables. We use the usual
setof -terms

M;N2 :=xjxM jMN;
quotiented by -cornversionas usual, and the usual notion of reduction
(xM )N! M[x:=N]J:
As usual, FV (M) denotesthe set of free variables of M . O

The following de nition givesa structure to type variable namesthat will be helpful later when we need
to renamethem distinctly .

Denition 2.2 (Type Variables and Expansion Variables). The set of basic type variables or basic
T-variablesis TVar, = fa |i 2 N g. The set of hasic expmnsion variables or basic E-variablesis EVar, =
fF|i2N g WeassumeTVar, and EVary, are disjoint sets,and useVar, to denotethe union EVar, [ TVarp,.
Let b (possibly decorated) be a metavariable ranging over Vary,.

We use binary strings in f0; 1g , called o set lakels to name (and later to rename) variables. If s;t 2
f0;1g , we write s t for their concatenation. The statemert s t holdsi t=s s®for somes®2 f0;1g .
Let p;q;r;s;t (possibly decorated) be metavariables ranging over f0; 1g .

The set of type variablesor T-variablesand the set of expansion variablesor E-variablesare, respectively:

TVa=fa’|i2N;s2f0;1g g and EVa=fF|i2N; s2f0;1g g:

Let TVar and EVar properly extend TVar, and EVary, by taking a; to bea; and F; to be F;, where" denotesthe
empty string. Let (af)! denotea® ! and let (F?)! denoteF$!. Let and be metavariablesranging over TVar
and let F (in italics) be a metavariable ranging over EVar. For example,if ~denotesa$, then ' denotesa’!.
We usev (appropriately decorated)asa metavariable ranging over the disjoint union Var = EVar[ TVar. O

Denition 2.3 (Types). Let\! " and\”" be binary type constructors. The set T of typesand its subset
T' aswell as metavariables over these setsare given as follows:

2T ic! o)

2T iC™ 9 )
Note that is only a metavariable over T' . The letters and will be used Ilater to range over certain
other subsetsof T. Obserwein the tree represeniation ofany 2 T that no\~" and no E-variable can occur

asthe right child of \! ". We sometimesomit parenthesesaccordingto the rule that \! " and\”*" assaiate
to the right and the application of an expansionvariable (e.g., F ) has higher precedencethan \" which
has higher precedencethan \! ". For example,F 1" ! 3=(F )" 2)! 3. O

Denition 2.4 (T ype Environmen ts). A type environmentis a function A from -Var to T with a nite
domain of de nition. A type ervironment may be written asa nite list of pairs, asin

X10 1) 10Xkl ok

for somedistinct x1;:::; Xk 2 -Var, some 1;:::; x 2 T and somek 0. If A is atype environment, then
A[x 7! ]is the type ervironment sud that

(A(y) ify8 x,

(A 7! D)) = Y x



and Anx is the type environment such that

( A(y) if y6 X,

A =
(AmA(Y) unde ned if y= x.

If A and B are type environments, then A~ B is a new type ervironment given by:

gA(x) N B(x) if both A(x) and B(x) de ned,
A(x) if only A(x) de ned,

3 B(x) if only B(x) de ned,

" unde ned if both A(x) and B(x) unde ned.

(A" B)(x) =

If F 2 EVar is an E-variable and A is a type ervironment, then F A is the type environment suc that
(F A)(X) = F(A(x)). O

Inference Rules for both Skeletons and Deriv ations
AL oM 1 g A2 >M: 2

. N . N
VAR X X A A, oM 1ih
Ax7! 17 M : A" M: .
ABS-| AT (xM) (1T ) ABS-K AT (M ) (01 ) if X 62FV (M)
Inference Rule for Skeletons Only Inference Rule for Deriv ations Only
N . . ~ . N . I . N .
(S) APP AL M A >N : (D) APP A M | ; Az 2N :

AlAAzxMNZO AlAAzxMNZ

Inference Rule for both Skeletons and Deriv ations: Intro ducing Expansion Variable F

A\?M:

E .
FA cM:F

Figure 1: InferenceRules of System|.

De nition 2.5 (Judgemen ts, Rule Names, and Skeletons). The setsof judgements rule names and
pre-skeletonsare determined by the following grammar:

J2Judg:=A " M: jA <M
R 2 Rule ::= VAR j ABS-K j ABS-I jJAPP j" | F
Q 2 PSlel::= R;J; Qi

Judgemens formed with the ~ ¢ symbol will be usedto restrict the ~ and F rules so theserules are used
only for subterms which are the argumernts of an application. Obserwe that a pre-skeleton S is a rule name
R, a nal judgemert J, and zero or more subskeletons Q. The order of the subslkeletonsis signi cant. Note
that F is arule namefor every F 2 EVar.

A skeletonS of System| is a pre-skeleton Q such that, for every sub-pre-skeletonQ°= hR; J; Qi occurring
in Q, it holdsthat the judgemert J is obtained from the end judgemerts of the pre-skeletonsQ (whoseorder
is signi cant) by rule R and rule R is one of the rules for skeletonsof Systeml in gure 1. The order of the
pre-skeletons @ determinesthe order in which their end judgemerts must match the premisesof the rule R.
A skeleton hR; J; Q1 ::: Qni may be written instead as:

Q1 ::: Q
1 n R
J
There are two rules named APP in gure 1: Only rule \( S) APP" is usedin skeletons. In interpreting the
rulesin gure 1, the pattern A ">, M : canreferto either A° M : orA M : . Obsenethat the



rule ABS-K is not a special caseof the rule ABS-I. This is becausethere is no rule or other provision for
\w eakening" (adding redundant type assumptionsto a type environment) in our system and therefore, if
there is a proof for the judgemert A~ M : wherex 62FV (M), then A(x) is not de ned. O

De nition 2.6 (Deriv ations and Typings). A derivation D of System| is a skeleton S such that every
use of the rule named \( S) APP" also quali es as a use of the more restrictiv e rule named \( D) APP" in
gure 1. The set Deriv of derivations is therefore a proper subsetof the set Skel of skeletons. Henceforth, all
skeletonsand derivations belongto Systeml.

Let the statemert A " | M : hold i there exists a derivation D of System| whose nal judgemert is
A" M : . When this holds, we sgy that D is atyping for M. A term M istypablein Systemli A" | M :
holds for someA and . Note that every typing is a derivation, but not the other way around. O

The following result is merely what anyone would expect from a system of intersection typesformulated
without a rule for !.

Theorem 2.7 (Strong Normalization). A -term M is strongly normalizable (i.e., there is no in nite
-reduction sequene starting from M) if and only if M is typablein Systeml. O

Proof. A -term M is typable in System| i M is typable in System ' " of [Kfo99], which is shown
thereto holdi M is -SN.System ' " of [Kfo99] is in fact a non-essetial variation of earlier systemsof
intersection typeswhich were shown to type exactly the strongly normalizable -terms: The rst (correct)
proof of the \if " part in the theorem s due to Pottinger [Pot80], and the rst (correct) proof of the \only-if "

part, asfar aswe are aware, is due to Amadio and Curien [AC98]. O

Corollary 2.8 (Undecidabilit y of Typabilit y). It is undecidable whether an arbitrarily chosen -term

M is typablein Systeml. O
Later in the paper, we will show certain restrictions of System| to have decidabletypabilit y.

Remark 2.9. System| doesnot have the subject reduction property. For example,

z: 2! b w2 (x(yzyx)X)w o3
but

zZ: 5! 1! ZW: 1N 20 (xzxx)w: 3!
By theorem 2.7, typability is presened, so for example:

z: 5! 1! BW: 2™ T (xzZzxx)w:oz:

The reasonfor the lack of subject reduction is that (1) \*" is neither assaiative, commutativ e, nor idempo-
tent, (2) the implicit " -elimination doneby the VAR rule and the way type ervironments are built together
x the componert of an intersection type assaiated with a particular variable, and (3) there is no provision
for weakening (i.e., introducing unneededtype assumptions). If subject reduction is viewed as a meansto
achieve other goalsrather than asa goal by itself, then the lack of subject reduction is not a problem, because
derivations of System| can be easily translated into derivations of more permissive systemsof intersection
types (see[vB93] for a survey) for which numerous desirable properties have already beenveried. The
features of System | which prevent subject reduction make the later analysis of principal typings and type
inferencemuch easier. O

2.2 Substitution

The notion of substitution de ned herewill be usedlater in uni cation for typeinferenceand in establishing
a principal typing property for System|.



Denition 2.10 (Type Contexts). The symbol denotesa\hole". The setT, of type contexts and its
subsetT, aswell as metavariables over these setsare given as follows:

2T, n= g et

C2Tp u=t (N 9f(FY)
Note that ' is only a metavariable over T, . If ' hasn holes,we write #,(' ) = nanduse @, :::, (M
to denote these n holesin their order of occurrencein ' from left to right. Care must be applied when
inserting 1;:::; o 2 T in the holesof ' in order to obtain atype ="'[1;:::; n] whichis valid according
to De nition 2.3. Specically, if hole () in' is to the immediate right of \! ", then ; must be restricted

to the subsetT' .
If ' 2 T,, wewrite EVar(' ) for the set of E-variables occurring in ' , TVar(' ) for the set of T-variables

occurring in ' , and Var(' ) for the disjoint union EVar(' ) [ TVar(' ). O

Denition 2.11 (Expansions). The setE of expansionsis a proper subsetof T, , de ned by the following
grammar:

e2Ex= j(ere)j(Fe)
In words, an expansionis a type context which mertions no T-variable and no\! ". O
Denition  2.12 (Paths in Type Contexts). We de ne path asa partial function which determinesthe
position of () in' asastring in fL;R;0; 1g . The de nition goesasfollows, usinga \value" of ? to indicate
that the function is unde ned on that input:
Gy
ath( ©; = e
path( ) ? otherwise.
path( W; ) =3
2L p ifp=path( ©;')67?;
path( ;' 1 )= _R g if g= path( (i #200.yg92;
8 ? otherwise.
20 p ifp=path( ©;')67?;
path( ;' ~' 0 = o1 g if g= path( (i #200.10g7:
" ? otherwise.
path( “;F') = path( ;")
Let pathy' )= path( ;' );::::path( (M;') wheren= #,("). O
Remark 2.13. Becausean expansione 2 E is a type context that doesnot mertion \! ", a path in eis

a string in f0;1g rather than in fL;R;0;1g . We thus usebinary strings in f0;1g for a dual purpose: as
paths in expansionsand as o set labels to rename variables (seede nition 2.2). The coincidencebetween
the two is by design. O

De nition  2.14 (V ariable Renaming). For eweryt 2 f0;1g (we do not needto considerthe larger set
fL;R;0; 1g), we de ne a variable renaming hi' from T, to T, by induction:

1. hit=

2. fit = a’! foreverya’ 2 TVar.
3.0 tit=Hitr Hil

4.0 Nt =H it A H I

5. "it=F'Hi' for every F¥ 2 EVar.

In words, h it is obtained from ' by appendingt to every o set that is part of a variable namein ' . O



De nition  2.15 (Substitution on Types and Type Contexts). Becauseeverytypeis alsoatypecon-
text, it suces to give the de nition for the latter. A substitution is a total function S:Var! (E[ T')
which respects \sorts", i.e., SF 2 Eforevery F 2 EVarand S 2 T' for every 2 TVar. Note that S( )
can not have an E-variable or \*" in outermost position. We write SF instead of S(F) and S instead of
S( ), aslong as no ambiguity is introduced. We lift a substitution S to a function S from T, to T, by
induction:

0]
I

1.

wnl

2.
3.5C 1 ")=(3)! (5).

4.5( 17 2)= (8 )" (S 2).

5. S(F') = €e[S(h ist);:::;S(H i)], whereSF = e and pathge) = (S1;:::;Sn).

=S.

When no ambiguity is possible,we write S for S and S' for S(* ). O

De nition  2.16 (Supp ort of Substitutions). Let S:Var! (E[ T' ) bea substitution. The non-trivial
E-domain and non-trivial T-domain of S are

EDomS)=fF 2 EVar|SF 6 F gand TDom(S)=f 2 TVar|S 6 g;
respectively. The non-trivial domain of S (or the support of S) is

Dom(S) = EDom(S) [ TDom(S):
The notation

flF1 = e Fm = €n; 1:= 1;:11; ni= b

denotesa substitution S with the indicated mappings where EDom(S) = fFy;:::;Fmg and TDom(S) =
f 1;:::; ng. We usethe enclosingpair, \ f[* and \]g" instead of \f" and \g", asvisual help to distinguish

S from constraint setsto which it is applied. Consistert with the precedingnotation, f[ I is the substitution
sudh that:

v if v2 EVar,
if v2 TVar:

flb(v) = 0

De nition  2.17 (Op erations on Judgemen ts and Skeletons). The notion of renaming from de ni-
tion 2.14is lifted to type ervironments, judgemerts, rule names,and skeletonsin the obvious way.
The ~ operator and the operation of applying an E-variable are lifted to skeletonsas follows:

1. S~ S0= hA;AlAAZ\eM A Z;SSOi if S= rR]_;Al\?M : 1;Si and
SO= I’RZ;AQ‘?M . Z;Sq.

22 FS=HWHF,FA ' cM:F ;SiifS=R;A >»M : ;Si.
Using the preceding,the notation for \expansion lling" is lifted to skeletonsas follows:
1. (e” )[Sy;:i:;Sp]= SASOif#o(6) =, €[S1;::::S]=S, and €9Sj+1;::: ;8] = S°
2. (Fe)[Sy;:::;Sn]=F (efS1;::::SnD-
3. [S]=Ss.

The notion of substitution is lifted to type ervironments sothat SA is the function suc that (SA)(x) =
S(A(x)). Substitution is lifted to judgemerts sothat S(A "> M : ) = S(A) "> M : S( ). Substitution is
lifted to skeletonsas follows:

10



1. ShR;J;S; Spi=MR;SIJ;(SS1) (SSy)i if RZEVar.
2. ShF;J;Si = €[S(hS5t);:::;S(hS%")] whereSF = e and pathqe) = (s1;:::;Sn). O

Lemma 2.18 (Eect of Substitution on Final Judgemen t). Let S be any substitution. Let S be the
skeletonhR; A “x M : ;S"i wher X is either \ €' or blank. Then S(S) = R%SA 'y M : S ;SY% for some
RC S% and Y wher Y is blankif X is blank. O

Proof. By induction on the number of sub-skeletonsin S and then by caseson rule R. O
Lemma 2.19 (Substitution Preserv es Skeletons and Deriv ations). Let S be any substitution.

1. If S is a skeleton,then S(S) is a skeleton.

2. If D is a derivation, then SD is a derivation. O
Proof. By induction on the number of rules in D, using lemma 2.18. O

De nition  2.20 (Principal Typings). A derivation D is a principal typing for -term M i D isatyping
for M and for every other typing D for M, there is a substitution S sud that D®= S(D). The principality
property for typings is the existenceof a principal typing for every typable -term. O

Subsequenh sectionswill establishthat System| hasthe principality property. We next give two simple
examplesto illustrate how notions intro duced so far are used, in particular, the key conceptsof \sk eleton”,
\deriv ation" and \substitution" in the presenceof expansionvariables.

The skeleton S; = Skel(M 1) is:
- VAR
yi s Y s
VAR - F
y: 2 ¥y 2 Yy:F 3 ey:F 3
APP
y: 2"F 3 yy: 1
VAR - ABS-I|
X: 1 X yiuyy: 2~F 3! 1
- ABS-| - G
XX o1l e YYY:G( 2"F 3! 1)
- APP
(xx )(yyy): 2
Letting 1= ( M31) and S; = Unify( 1), the derivation D1 = S1(S;) is:
——— VAR
y: y:
VAR F
y:F | TyiF ! y:F Tey:F
—— VAR APP
X CoX: y:(F ! )YAF " yy:
ABS-| ABS-|
oxxoo ! T yyy:
- APP
(xx )(y 1yy):
where = (F ! )~F )!

Figure 2: Skeleton S; and derivation Dy for M1 = (x:x )( 'y :yy).

Example 2.21 (Princip al Typing for (x:x )(y:yy)). Let M; denote the -term (x:x )(y :yy). De-
picted in gure 2is a skeleton S; for M;. The skeleton S; is a particular one, producedfrom M, by the Skel
algorithm of section6. It is just a decoratedversion of the parsetree of M ; and its sizeis therefore \small",

11



i.e., proportional to the sizeof M :

y |y
\/
X yly
X:X v yy
N S
(xx )y yy)

Applying an arbitrary substitution to S;, we can obtain another skeleton for M. Thus, S; is a scheme for
in nitely many skeletonsfor M. ) )

Asscciatedwith Sy isaconstraintset 1=f ;! 1= G( 2~F 3! 1)! 2, G 2=G(F 3! 1)g,
producedfrom M by the algorithm of section6. (\Constrain t sets" and restrictions on them are de ned
precisely in section 4.) Note that there is one constraint in ; for ead use of the APP rule in S;. A
particular substitution S;, obtained from ; using the Unify algorithm of section 5, is given by:

S$1=fG:= ; 1=, 2=F ! | 2= ]

where = (F ! )~F )! with- = zand = ;. Applying substitution S; to skeleton S;, we
obtain another skeleton which is now a derivation D; = S;(S;), depicted in gure 2.

A consequencef the analysisin sections5 and 6 is that D; is a principal typing for M4, i.e., every typing
DOfor M1 is of the form D%= SYD;) for somesubstitution S° O

The skeleton S; = Skel(M») is:

— VAR — VAR
y: 2 y: 2 Z. 4 Z. 4
— VAR F VAR G
X 1 X1 y:F 27¢y:F 2 zZ: 3 2. 3 2:G 4 ¢2:G 4
APP APP
X: 15¥:F 27 xy: 1 z: 3"G 4 zz: 2
ABS-| ABS-|
X: 1 yxy:F 2! 4 zizz: 3NG4l o
ABS-I
Xy xy: 1! F 2! e z:zz:H( 327G 4! )
APP

T(xy xy)z:izz): s
Letting 2= ( M) and Sz = Unify( 2), the derivation D, = S,(Sy) is:

— VAR
y: y:
VAR G
y:1 Yy y:G Tey:G
—— VAR - A — VAR
X3 X3 Y2 ey 2 z: z:
APP — VAR ——— G
X 3y y Z:1 Z:1 z:G ".z:G
ABS-I| APP
X3 yXy: z: 2 zz:
ABS-| — ABS-I
Xy xy: szl 3 Yzizz:o3
APP
T(xy xy)z:zz): 3
where 1, 2 and 3 abbreviate the following types:
1= G ! ) 2= 17"G =(G ! )N G5 3= 2! = (G ! )~G !

Figure 3: Skeleton S, and derivation D, for M, = (x:y xy)( z :zz).

Example 2.22 (A Princip al Typing for (x:y :xy)(z:zz)). Let M, denotethe -term (x:y :xy)(z :zz).
Depicted in gure 3is a skeleton S, for M.
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As in example 2.21, the skeleton S, is a particular one, produced from M, by the Skel algorithm.
Asscciated with S, is the following constraint set, produced from M, by the algorithm of section 6:

2=f 12 F 2! 15 1! F 2! 12H(3"G 4! 2)! 3 H 3=H(G 4! 2)g
A particular substitution S,, obtained from , using the Unify algorithm of section5, is given by:

S;=fFi= ~G ;H:= | 1= 3 9:= 15 7:=; 3= 1; 1= ; 3= 3P

where we use the abbreviations ; = G ! and 3= ((G ! )ANG ) ! , with 4sand = .
Obsenwe that, in this example, S, assignsvaluesto the osprings 9 and } of ,, but doesnot needto
assignany particular value to » itself. This follows from the way substitutions are applied \outside-in",
and becomesclear when we considerthe action of S, on F  5:

So(F 2)=( "G )Sh.i%shai'l=( "G )S 2S31=S32"G(S3)=(G ! )"G

Applying substitution S, to skeleton S, we obtain a new skeleton which is also a derivation D, = S,(S,),
asdepictedin gure 3.

A consequencef the analysisin sections5 and 6 is that D5 is a principal typing for M, i.e., every typing
DOfor M is of the form D°= S%D,) for somesubstitution S°. 0O

Remark 2.23. The typingsidentied asprincipal in this paper are not identical to the things which would
be de ned to be principal typings following the generalde nition of Wells [Wel0Z. A minor di erence is that
atyping in this paper is an ertire derivation of a judgemert rather than a pair (A; ) of the type ervironment
and result type in the nal judgemen of a derivation. This di erence can be bridged by simply using the
(A; ) pair from the nal judgemen of a typing in this paper. Then ewvery principal typing of this paper is
alsoa principal typing following the generalde nition. A slightly larger di erence is that the word typing in
this paper is (somewhatarbitrarily) restricted to the caseof a derivation wherethe nal type belongsto the
restricted set T' rather than the set T of all types. So(fx : g; ) isin the nal judgemert of a principal
typing for x accordingto this paper's de nition, but not (fx : F g;F ). Becauseead typable term hasat
least one principal typing, this di erence doesnot causea problem. O

3 Prop erties of Substitutions

The mechanism of substitution in this paper is new. It comeswith seweral peculiarities that set it apart
from other forms of substitution in the literature.

3.1 On Typesin General

We start with a very simple but fundamertal result about substitutions. If S; and S, are substitutions in
rst-order unication, then S; = S, i S; = S,, where S is the lifting of S (de nition 2.15). This is a basic
fact, which is completely obvious in rst-order uni cation but requiresa little proofin -uni cation.

Proposition 3.1 is nowhereinvoked directly. But it is usedimplicitly throughout, becauseit allows us to
usethe samesymbol S to denote both a substitution and its lifting, unambiguously.

Prop osition 3.1 (Lifting is Injectiv e). LetS; :Var! (E[ T' )andS,:Var! (E[ T' ) be arbitrary
substitutions. Then S; = S, i S; = S,. O

Proof. The implication from left to right is immediate, i.e., lifting S to S is a uniquely de ned operation.
For the corverse(\lifting is injective"), we assumethat S; = S, and we prove that S; = S;.

Let be an arbitrary T-variable. We want to shov S; = S, . By deniton, S = S . Hence, if
S, =S, thenS; =S, , asdesired.

Let F be an arbitrary E-variable. We want to provethat S;F = S;F. Take an arbitrary 2 TVar and
considerthe action of S; and S, on the type (F ). By de nition 2.15:

Si(F )=e[S; $;:::;S; Sm]= e[Sy S;::::;S; 5],
wheree; = Si1F and (s1;::: ;sm) = pathgez).
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So(F )= &S 51118, M= Sy ;S ],
wheree, = SpF and (t1;::: ;ty) = pathgey).

By hypothesis, S;(F ) = S,(F ). Together with the fact that S; S 2 T' foreveryl i m and
S, i 2T for everyl | n,this impliesthat e; = ey, i.e., S1F = S;F asdesired. O

Much of the dicult y in dealing with substitutions in -uni cation results from the distinctive way in
which \comp osition" and \ground composition" of substitutions behave. We next give precisede nitions for
thesetwo operations.

De nition 3.2 (Comp osition of Substitutions).  Lifting substitutions to functions from T, to T,, as
in de nition 2.15, allows us to composethem (as functions from T, to T, ) and we usethe standard symbol
\ ".2 Speci cally, if the substitutions S; and S, are lifted to functions from T, to T, then their composition
is de ned by:

S, S1 = f'71SS')j' 2T2 g:
If S1, Sz and S3 are arbitrary substitutions, then it is always the casethat:
Ss (S2 S1) = (S5 S2) Si
This really meansSs (S, Si1) = (S3 S;) Si, which is the usual assaiativit y of function composition. [

Denition 3.3 (Ground Comp osition). If S; and S, are arbitrary substitutions, we de ne a new sub-
stitution S, S, the ground composition of S, and S, by:

S, S;=fv7! 52(51V)|V2 Varg;

which of coursecan be lifted to a function S, S; from T, to T, asin de nition 2.15. O

If S; and S, are the functions resulting from lifting S; and S,, it may be expected as elsewherein

uni cation theory that S, S; = S, Sy, but it is not! This and other subtle issuesare illustrated by
examples.

Example 3.4 (Composition 6 Ground Composition). Consider the substitutions S; = f[ = D,
where 6 ,andS; =f[F:= " D ltisclearthat S, S; = f[F:= ~ ; = D Applying
S, S; to the typeF , we obtain:

(S2 Si)(F ) = °~ 1.
Applying S, S; to the sametype F , we obtain;
(S2 SI)(F ) = Sp(Su(F ) = o~ '

Hence,the two operations,\ " and\ ", are not the same. To be explicit about the lifting operation, this
Says that §2 §1 6S, S;. O

Example 3.5 (Gr ound Composition Not Associa tive). Considerthe following substitutions:

Si;=f[F:=GH pI; S;=ff[H:= ~ Pp and Sz3=f[G:= ~ D:
A straightforward calculation shows that:

Ss (S2 S)=f[F:
(53 52) Slzf[FZ

()™ 6= "~ JH= "~ D,
HO AH! ;. G:= ~ ;H= ~ p:

Clearly, S3 (82 81)6(83 Sz) S;. O

2The \comp osition" of substitutions assuch, from Var to E[ T' , is actually meaningless, becausetheir domain and codomain
are not the same.
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Example 3.6 (Substitutions Not Closed Under Composition). We give two examples, ead illus-
trating a di erent point.

1. Consider the substitutions:
S;=flF= ~ ;=19 and S,=f[G= »~ ; 1= p,;

where 6 . While S, S; is well-de ned as a function from T, to T», it is not a substitution, i.e.,
the lifting of a substitution. To seethis, considerthe action of S, S; on the typesF and G :

Sz SI)F )=%(Su(F )= °* and (S; Si)(G )=S(Su(G )=

There is no substitution S which mapsboth F to 9~ andG to %~ . If such a substitution
S existed, it would map two distinct E-variables F and G to the sameexpansion ~  (which is
possible) and the sameT-variable ! to two distinct types and (which is not possible). It follows
alsothat there is no substitution which mapsthe singletypeF 2~ G to ( °~ )~ ( 9~ ). Thus,
posing = (F ~G ), wehaveS 6 (S, S;) for every substitution S.

2. Let now:

Si=fF:= ~( "~ ) ®=p and SH=fG:= ~ ; ":= p;
where 6 . Considerthe action of §‘2’ §2 onthe typesF and G

—0 =0 —0,=0 —0 =0 —0,=0

(S; SOF )=5,(5:(F )= °2(*r ) and (5, 5)(G ') =5,(5,(G )= n
By the reasoningusedabove, there is no substitution which mapsF G 1to ( 9~ ( 108 )A( 104 ),
Thus, posing °= (F ~G 1), wehaveS °6 (§2 §(1)) O for every substitution S.

We have purposelygiventwo types, and © overwhich the composition of two substitutions is not equivalent
to a single substitution. Looking ahead, and ©°violate condition 1 and condition 2, respectively, of \w ell-
named" types(de nition 3.9). In lemma 3.18, we show that if is well-namedand S; is well-named, then
there is indeed a substitution Ssuchthat S = (S, S;) . O

Remark 3.7. It is possibleto imposerestrictions on variable namesand the use of substitutions in order
to recover the usual properties encourtered in other forms of uni cation, including the following desirable
property:

1.S, S1=5S, S;,

for all appropriately restricted substitutions S; and S,, which would imply two other desirable properties:
2.S3 (S2 S1)=(Ss S2) S;,and
3. the function S, S; is a substitution, i.e., the lifting of a substitution.

For property 2, the assaiativity of \ " (not always guaranteed, by example 3.5) would follow from the
asscaiativity of \ " (always guaranteed, by de nition 3.2). For property 3, asS, S; is a substitution (by
de nition 3.3), it would follow that S, S; is (the lifting of) a substitution.

Howevwer, it doesnot seemto be worth the e ort to guarantee the precedingthree properties at some
reasonabldevel of generality. Instead, we are careful in restricting the useof substitutions in order to achieve,
at a minimum, the third property above. O

3.2 On Well-Named Types Only

Seweral properties of substitutions aretrue provided they are restricted to \w ell-named" types. The de nition
requires the preliminary notion of \E-path", which also plays an important role in the analysis of later
sections.
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De nition 3.8 (E-paths). The set EVar of all nite sequencesof E-variables is also called the set of
E-paths. We de ne a function E-path from Var T, to nite subsetsof EVar . By induction:

1. E-path(v; )= 7.
(

f'g ifv=;
2. E-path(v; )= )
path(v: ) ? ifvé :
3. E-path(v;* ! " )= E-path(v;') [ E-path(v;").
4. E-path(v;' ~' 9 = E-path(v;') [ E-path(v;' 9.
5. E-path(v: F' ) = fFGjG2 _E-path(v; )g ff vé F;
f'g[ fFGj G2 E-path(v;' )g ifv=F:
Let ' beatypecontext with n 1holes ®W;:::; Mandlet ="'[ y;:::; o] where 1;::1; aren
fresh and distinct T-variables. We de ne E-path( ;') = E-path( ;; ) foreveryl i n. O

Denition 3.9 (Well Named Types and Well Named Type Contexts). Asewverytypeisalsoatype
context, it su ces to write the de nition for the latter. We say that atype context ' 2 T, is well named i
both of the following statemerts hold:

1. For every v 2 Var(' ), it holds that E-path(v;' ) = f Gg (a singleton set) where v doesnot occur in G.
2. For all vs;v' 2 Var(' ) with v basicand s;t 2 f0;1g ,if s tthens=t.

Informally, the rst condition says that, for every (type or expansion) variable v, the sequenceof E-
variables encourtered as we go from the root of ' (viewed as a tree) to any occurrenceof v is always the
same. Furthermore, E-variablesdo not nestthemsehes. If E-path(v;' ) is the singleton setf Fg, we can write
E-path(v;' ) = F without ambiguity.

The secondcondition saysthat if a variable v occursin ' , then no proper o spring of v occursin ' , where
a variable v® ! is called an o spring of vS. Note that typesthat mention only basic variables automatically
satisfy the secondcondition. O

Remark 3.10. Condition 1 in de nition 3.9 is the important one and will be recalled repeatedly in proofs
later. Condition 2 will be automatically satis ed in the way we set up constraints and in the way we apply
substitutions to them, and will play no signi cant role in the interesting part of our analysis.

When we derive a constraint set ( M) from a -term M in section 6, we will be careful to restrict ( M)
to typesover basic variables, thus automatically satisfying condition 2. Types over variables that are not
basic will be introduced only as a result of applying substitutions. In -uni cation, if a substitution S is
applied to atype , the resulting type S may mention seweral distinct renamingsvs;::: ; vy (\o spring")
of the samevariable v in . Although we do not do it in this report, it is possibleto choosevs;::: ;v to
be fresh basic variables, obviating the needto imposecondition 2. To simplify the bookkeeping, we follow
a dierent approad, whereby all o springs in S of the samevariable v are obtained by attaching distinct
and incomparable o set labelsto v, asin de nition 2.15. (The o set labels are incomparable as strings in
f0;1g .) In this way we guarantee that condition 2 is satis ed again.

There are various technical implications of condition 2 in de nition 3.9 in relation to variable naming.
Thesemay be ignored without a ecting the reader'sunderstanding through most of the analysis. Condition
2 in de nition 3.9 matters and makesan important di erence only in a few placesin this sectiononly. [

In general,the standard composition of two substitutions using\ " doesnot produce a substitution, i.e.,
for substitutions S; and S, there doesnot necessarilyexist a substitution Sz sudch that Sz = (S, S1). (See
example 3.6). To work around this dicult y, we use\ ¢", a new binary operation on substitutions which
we call \safe composition relative to E", where E is an ervironment expressingcertain naming constraints.
Lemma 3.18 makesthe new notion precise. We needa few preliminary de nitions and related facts rst.
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Denition 3.11 (E-P ath Environmen t). Given a well-named type context ' , we form its E-path envi-
ronment as follows:
(

, F if E-path(v;' ) = fFg;
E- =
(Een )(v) unde ned if E-path(v;' )= ?:

An E-path ervironment is a partial function E: Var! EVar that is the result of applying the E-envfunction
to a well-namedtype context ' . Let E be a metavariable over E-path environments.

Let E be an E-path environment, which implies there is a well-named type context ' inducing it, i.e.,
E = E-en(' ). Let S be a substitution such that S' is a well-named type context. We de ne SE to be
another E-path ervironment, by setting

( _ o
SBHW = if E-path(v:S' ) = fFg;

unde ned if E-path(v;S' ) = ?:

O

Lemma 3.12 (E-P ath Environmen ts Are Pre x-Closed). Let E be an E-path environmentand let v 2
Var. If E(v) is de ned with E(v) = FG, then E(G) is de ned with E(G) = F. O

Proof. Immediate from the de nitions. O

We give two equivalent de nitions of \safe composition”, in 3.13 and 3.14. The rst is more compact
and corveniert to usein someproofs. The secondis more constructive and makes explicit that S, g Sy,
the safecomposition of substitutions S; and S, relative to E, is well-de ned as a function.

De nition  3.13 (Safe Comp osition). Let S; and S, be substitutions, and E an E-path ernvironment.
The safe composition of S; and S; relative to E is a new substitution, written S, ¢ S; and de ned by:

8
> if v= Vv, E(v) = F, e= Sy(Sy(F ) with #,(e) = n,
(S2 eSI(V) = r=path( W;e)and el 1;:::;" n]= Sa(S1(FV));

" f[p(v) otherwise.

which of coursecan be lifted to a function S, g S; from T, to T, asin de nition 2.15. O

De nition  3.14 (Algorithmic  De nition  of Safe Comp osition). First, de ne auxiliary functions env-o set
and path-to-hole as follows.

( Y
(s%1) if B> in dom(E) ands® t = s,

env-o set(E)(b;s) = .
(B)(bs) unde ned otherwise.

Obsene thag env-o set(E) is a well de ned function, becausefor eac b and s there is at most ones® s
such that b* 2 dom(E), becauseE is generatedfrom somewell-namedtype corntext ' .

G if path( ;') =s;

th-to-holg’ =
path-to-hole’ )(s) unde ned otherwise.

Obsene that path-to-holg’ ) is a well de ned function, becausefor any ' and s there is at most onei such
that path( ();')=s.
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Now, de ne the safecomposition operator as follows.

(Sl E Sg)(V) =letbP=v
in if env-o set(E)(b;s) is de ned
then let (s%t) = env-o set(E)(b;s)
0

vV =P

F =EVY

e = SySu(F )

n =#2(¢)

in if path-to-holge)(t) is de ned

then let i = path-to-holge)(t)
el g a] = Se(Sa(FVY)
in"';

else f[ p(v)

else f[ p(v)

O

We next prove three technical results. Lemma 3.15is usedto establish lemmas3.16 and 3.17, and the
latter two are usedin the proof of lemma 3.18 and the proof of lemma5.11.

Lemma 3.15. Let S be a substitution and let e be an expansion. Then:
1. Seis an expansion.
2. Let#,(e)=k 1land#,(Se)=n k. Then there are mapsa, bandr solelydepndingon e and S:
a:fl;:::;ng! f1;:::;kg;
b:fl;:::;ng! fl1;:::;ng, and
r:f1;:::;kg f1;:::;ng! fO;1g

suchthat for all * 1;:::;" k 2 T it holdsthat:
S(e[' 15205 k) = (SO)[SH 4y i @MDY ;2o SH ()i " (AMPMD]
where
f'a@siiiitam@=1"1;:007" kg, i.e., ais atotal surjective map,
if E-path( ;e)= Ffor1 i Kk,

then pathS(F )) = (r(i; 1);::: ;r(i; nj)) for somen; 1,
n=ni+ +n,

fbj)laj)=1andl j ng=fl:::;nigforeveryl i k. O
Proof. Both parts are by structural induction on e. Part 1 is easyand left to the reader. Consider part 2
only. For the basecasee=  of the induction, the result is straightforward.
Proceedinginductiv ely, supposethe result is true for expansione and for every expansion whose size
does not exceedsiz€e). Let F 2 EVar and considerthe action of S on Fe[' 1;::: ;" k] for somearbitrary
"1;:0:007" k 2 T2 We make a record of what we needto push the argumert through:

1. Let#,(SF)=m 1andpathgSF) = (p1;:::;Pm)-
2. Forewery 2 f1;:::;mg, let #,(Shei”)=n- k.
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3. By the induction hypothesis, for every * 2 f1;::: ;mg there are mapsa-, b and r- solely depending
on hei” and S:

a :fl;:::;ng! f1;:::;kg;
b:fl:::;ng! f1;:::;ng; and
r-:f1;::0;kg fl:::;ng! fO;1g

such that for all * 9;:::;" © 2 T, it holds that:

S(Rei® [ 9i::03" KD = (SPeiP)ISH 2. I" @ DO iy S g i (= ()]
where

it amy9=f % R,

if E-path( :heiP)=Fforl i Kk,

then pathgS(F )) = (r-(i; 1);:::;r-(i; n+i )) for somen-; 1,
n=ny1+n;2+ + N,
fb()lag)=iand1l j ng=fl:::;n,gforeveryl i k.
4. We also need a general fact about assciativity of the operation of placing types in the holes of
expansions,namely,
efe vasiir pn hiiieml ms it mn Il =
(€oler;:ivemDl Loy g ms it M 1

Basedon the precedingobsenations, it is now straightforward to ched the following sequenceof equalities,
for arbitrary ' 1;::: ;' k 2 T2

w
~
T
D
—
ol
=~
=
1

(SF)[She[' 1;::: ;" kJiPyyror; She[ 1500 «]iPm]
(SF)[S(heiPr[n 1iPr;z:: ;R iPr]); o S(heiPm [ 1iPm oz H (iPm])]

i b1 iP1ru(an(1):bi(2) ... . iP1 ri(ai(na);bi(ny)) -
(SF)[S"EI [SH a;(1) ! s ,SH ar(ny)! ],

Shei Pm [SH . (1)ipm I'm (am (1) ;bm (1)) Tl 'SH . (nm)ipm I'm (am (Nm );bm (nm))]]

= (S(Fe))[Sh al(l)ipl ri(ai(1);bi(1) 11 SH al(nl)ipl rl(al(nl);bl(nl));
SH an (1)ipm I'm (am (1) ;bm (1)) T 'SH am (nm)ipm I'm(@m (Nm);bm (Nm ))]

The rst and secondequalities follow from the de nitions, the third equality usesthe facts collected in 3
above basedon the induction hypothesis, and the fourth equality follows from 4. From the right-hand side
of the last equality, it is now easyto extract maps a, b and r that satisfy the conclusionof part 2 for the
expansionFe.

The remaining caseof the induction is e = e; " e;, and we assumethe conclusionof part 2 is true for every
expansionwhosesizeis strictly smaller than siz€e). This caseis straightforward (easierthan the preceding
caseF e) and left to the reader. O

Lemma 3.16. Let S be an arbitrary substitution and let F 2 EVar . For all * 2 T,, it is the casethat:
S(F' )= (S(F )[Sh i';:::;8hHi™]

where pathgS(F )) = (ry;:::;rn). O
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Proof. This is a special caseof lemma 3.15, obtained by makingk = 1,e=F ,and' ;=". O

Lemma 3.17. Let S; and S, be arbitrary substitutions and let F 2 EVar . By part 1 of lemma 3.15,
Si(F ) and Sp(S1(F )) are exmnsions. Lete; = S;(F ) and e, = Sp(Sy(F ), with #,(e1) =k  land
#,(e2)=n k. Thenfor all' 2 T,, it holdsthat:

SZ(S]_(FI )) = ez[SgrS]_H inifl;::: :SohS1H j Gn ir"]

for appropriately de ned u;r1;;r2;:::;th;rn 2 f0;1g depending solely on the E-path F and the substi-
tutions S; and S,. O

Proof. We have the following sequenceof equalities, using the maps a, b and r as de ned in part 2 of
lemma 3.15:

S2(S1(F')) = Sa(ed[SH iPH5ii:;SaH iPe])
= e[SohS;H iPew jTAWIDA) - g pg K jPam ()M
where pathge;) = (p1;:::;px) and, if E-path( (V:e;) = F; for every 1 ik, then pathgSy(F; )) =
(r(i; 2);r(i; 2);:::;r(i; nj)) for somen; 1. The rst equality above follows from part 2 of lemma 3.15,
posinge= F ; more directly, it alsofollows from lemma 3.16. The secondequality above follows from part
2 of lemma 3.15, posing e = e;. The desired conclusionnow follows. O

Lemma 3.18 (Sucien t Condition for Safe Comp osition). Let S; and S, be substitutions, ' a type
context,and S= S, ¢ S; for someE-path environmentE. If E  E-en(' ), then S(" ) = S2(S1(* )). O

Note that the condition E E-en(' ) implies that ' is well-named.

Proof. Fix the E-path ervironment E throughout the proof. The appropriate induction hereis on the number
n 0of occurrencesof\! " and\"" in well-namedtype contexts ' such that E E-en(' ). The basecase
of the induction on n involvesanother nestedinduction on the length © 0 of E-paths.

Basecase Typecorntexts ' for this casehaven = 0 occurrencesof\! " and\”", and therefore are of the
foom orFG orF ,with E(G)=FandE( )= F. If' = | the desiredresult is immediate. Consider
the case' = FG only, and omit the ertirely similar case' = F .

We proceedby a nestedinduction, on the length ©= 0 of F. The basecaseof the nestedinduction is
"= 0, forwhich' = G andE(G) = ". Posingv = G in de nition 3.13,we obtain in the samede nition:
e=Sy(S1 )= andr; = path( U);e) =", implying that v= v'i = G and alsothat

S2(51G) = S2(S1v) = (S22 e S1)(V) = (S2 e S1)(G) = S(G);

which is the desiredresult.
Consider next the case' = FG wherethe lengthof Fis "+ 1. If E E-en(' ), then E(G) = F. Let
e= Sp(S1(F )) with #,(e) = n and pathqe) = (ry;:::;rn). By lemma 3.17,

SHS1(FG ) = €e[ShSihG i%i'%;::::ShShG %]

for appropriately de ned au;r?;:::;ch;r2 2 f0;1g . Dening ' = S;hS.hG i i"’ for every 1 | n,
this meansthat S;(S1(FG )) = €' 1;:::;' n]. Fora xed j 2 f1;:::;ng, if weposev=G' andv= G in
de nition 3.13,we get:

SG"i = (Sg ES]_)(G”) = 'j:

The precedingobsenations imply the following sequenceof equalities:

S2AS1(FG ) = €[ 1;::03" nl as showvn above
= gSG";:::;SG™] as shown above
= (S(F ))[SG'*;:::;SG] becauseS(F ) = S»(Si(F )) by induction hypothesis
= S(FG ) by lemma 3.16
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which is the desired conclusion.

Induction case Type contexts ' for this casehave n + 1 occurrencesof \! " and \~", and therefore are
of the form F(" 1! ") or F(" 1™ ' 2) whereead of ' ; and' ; hasat most n such occurrences. Consider
the caseF (' 1! ') only, and omit the ertirely similar caseF (' 1" "' 2).

Let Si(F ) = ey and So(S1(F ) = e, with pathge;) = (r1;::: ;rn). By the basecaseof the induction,
S(F )= S2(S1(F )) = e. Fora2 f1;2g, by lemma 3.17, we have:

SuSi(F' &) = &[SMSih Ai®i'l;:r SySyH Li%ih]

for appropriate qi;r2;::: ;0n;rl 2 f0;1g that depend solely on the E-path F and the substitutions S; and
S;. Dening ' aj = SphSiH 4i% i’ foreveryl j n, wecanwrite Sy(Si(F' &) = &[ a1iiii;" anl.
Hence,we have the following sequenceof equalities:

€[SH ,i"t ;0 SH 4i"" ] = S(F' 2) by lemma 3.16
= S,(S1(F' 2)) by induction hypothesis
= el a1yt anl as shown above
This implies SH 4i" ="' 5 fora= 1;2andj = 1;:::;n. By lemma3.17, we have:

SASUF( 1! "2) = lSoSiH 11 % S8 1 L i
= [SoMSiH 1i®i™ 1 SphSiH 2i%iTT: s i ShSiH 1% i 1 ShSiH %]

Finally, the precedingimplies the following sequenceof equalities:

So(S1(F(C 1! "2)) =6 11! "21500 b " 2n] becauseS,hSih ,i% it = aj
= e[SH 1i"t! SH ,i";:::;SH i I SH ,i'] because' 5; = Sh 4i"
= (S(F )[SH 1! ",i";i;SH 1 " 5ifn] becausee, = S(F )
=S(F( 1! ') by lemma 3.16
which is the desired conclusion. O

3.3 Finite-Supp ort Substitutions

When we deal with termination properties of our algorithms in section 5 and 8 we restrict attention to
substitutions with nite support (de nition 2.16). This is justied by the following lemma.

Lemma 3.19 (Finite-Supp ort Substitutions Suce). Let S be an arbitrary substitution and ' a type
context. Then, from the givenS and' , we can construct a substitution Sy suchthat So' = S' with Dom(Sp)
nite. O

Proof. We rst de ne the setVar(’; °) of variablesin ' at level *, by induction on™ 0

Var('; 0) =fv2Va( )|Epath(v;")="g

Vear(, "+ 1) =fv2Va()|Epath(v;') 2 Var(; 0) Var(; ")g
Clearly Var(; *) is nite for every °. Moreover, there is aleastm 0 sud that:

Var(" ) = Var(; 0)[ Var(; 1] [ Va(; m) and Var(’; )86 ? forewery™ m:
The desired substitution Sy is de ned by:

8
2 S(v) if v=vPandv2 Var('; ")

So(v) = forsome0 ° m with p2 pathgS(E-path(v;' ) ));
" flp(v) otherwise.
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It is clear that Dom(Sp) is nite. Moreover, for every v 2 Var(' ) with E-path(v;' ) = F, an easyinduction
on the length © 0 of F shows that:

S(Fv )= So(Fv ) ifv2EVar;
S(Fv) So(Fv) if v2 TVar:

This implies that for every type context ' ©2 T, such that ' ' 1;:::;' ] =" for some' 1;:::;'n 2 T2
wheren=#,(" 9 0,it isthe casethat S' °= Sy' °. This last assertionis establishedby a straightforward
induction on the size of the \initial fragment" ' % of ' (details of the induction omitted). A special caseof

'Ojs' 0= with ' ; = ="', =, which impliesS' = Sp'. O

4 Lambda-Compatible Beta-Uni cation

The problem of -uni cation wasintroduced and shovn undecidableby Kfoury in [Kfo99]. This sectionin-
troduces -compatible -uni cation, arestriction of -unication, in orderto dewvelop a principalit y property
and in preparation for a uni cation algorithm preserted in section 5.

De nition 4.1 (P ositiv e and Negativ e Typ es). We identify two proper subsetsR and S of T, which
we call the \p ositive types" and the \negativ e types", respectively. We rst de ne R and S with polarities
inserted, asR and §, de ned simultaneously with R' and & , together with metavariables over these sets,
as follows:

2R =+ j( ! )

2R = j(+F)
28 = jEFE )
28 = j( ™ 9iCF)
We obtain R* and R from R' and R, respectively, by omitting all polarities. Similarly we obtain S and
Sfrom® and$ Let , , ,and alsorangeoverR' , R, S ,and S, respectively.
Note that there is a restriction that exactly one E-variable occursin ead positive position to the left of
\! ", and \"" occursonly in negative positions. Note alsothat the metavariables and are restricted to

the subsetsR' and S , respectively.

If 2R (resp. 2 9S), thereis exactly oneway of inserting polarities in  (resp. ) sothat the resulting
type O (resp. 9 with polarities isin R (resp. ®). Let ( )* 2 R (resp. () 2 ©) be the uniquely de ned
expressionobtained by inserting polarities in 2 R (resp. 2 S). We thus have two well-de ned functions:
() fromRto Rand() from Sto &. O

Denition 4.2 (W ell-Named Constrain t Sets). A constraint is an equation of the form = Owhere
; 92 T. An instance of -unication is a nite setof constraints, i.e.,

— -~ 0. - 0. ... . - 0
=f1= 0 2= 5t on= 40

We write EVar() for the setEVar( 1~ ~ ), TVar() forthesetTVar( 1~ ~ 9) andVar() for their
disjoint union EVar() [ TVar().

The above constraint set is said to be well named i the type 7 f" A op N Ois well named.
Given an arbitrary sequenceof E-variablesF 2 EVar , we write F to denote the constraint set:

F =fF =F ° = O%saconstraintin g

Wewrite F( = 9 to stand for the constraint F = F ©, O

22



De nition 4.3 (Go od Constrain ts). From now on, all generatedconstraints will be in one of 3 forms:

(@ F( =) where Var( )\ Var( )= ?.
() F(@G = ) where Var(G )\ Var( )= 2.
(© F(el 10 nl2 € 15505 nl) wheree= e, ” & and

Var( 17 ~Non)\ Var( Noa)=7?.

In form (c), we imposethe restriction e= e; * e, in order to make (c) disjoint from (a). In this way, the 3
forms are mutually exclusive.

We say a constraint is a gaood constraint if it is in one of the 3 forms above. Observe the polarities of
typesin good constraints: always positive to the left, always negative to the right, of the symbol \ =".

For precise statemert of conceptsand results later, it is conveniert to consider an additional form, of
which (a) and (b), but not (c), are special cases.This additional form is:

(d F( = ) wherethereisnoG 2 EVarsuththat =G and =G °

In form (d), there are constraints which are not good; this happenswhen Var( )\ Var( ) 6 ? and/or when
2R and 2S S . O

De nition 4.4 (Outer and Inner Variable Occurrences). In aconstraint in oneof the forms speci ed
in de nition 4.3, an E-variable H is said to have an outer occurrence if it occursin F in form (a), in form
(b) and in form (d), or if it occursin F e in form (c). An occurrenceof H which is not outer is said to be an
inner occurrence. In words, an \outer" occurrenceappears on both sidesof the constraint and at the top
level. Occurrencesof T-variables are always inner; only occurrencesof E-variablesare di eren tiated between
outer and inner.

Let bea nite setof such constraints. We say H 2 EVar has an outer (resp. inner) occurrencein  if
H hasan outer (resp. inner) occurrencein a constraint in .

The de nition of \outer" and \inner" occurrencesof E-variables carries over, in the obvious way, when
polarities are inserted in constraints. Thus, in ead of the forms in de nition 4.3:

(@ F(()*=( ))

B FEG() = () )

© Fel( D5 a) 12 el 1) 55 n) D
) F) =())

No polarities are inserted in the outer F. Only inner occurrencesare said to be positive or negative. O
Applying simplify( ) to constrain t sets:
simplify(? ) = ?.
simplify(f = g[8) = simplify( = O simplify().
F simplify( 1 = 1) if =Fiand °=F 2,
_ %snmpln‘y( 1—' 1) [ simplify( 2= 2) if = 1! zand °= P! 2
simplify( 2 9= _ simplify( 1= [ simplify( 2= ) if = 1~ ,and °= 2~ 2
% if = 9
otherwise.

Figure 4: The function simplify( ).

Lemma 4.5 (Simplication  Preserv es Good Constrain ts). Let bea nite setof good constraints.
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1. Applying the function simplif( ) dened in gure 4 to , we obtain a nite set simplif) of good
constraints, each of which is in one of the following forms:

(a1) F( =)
(a2) F( =)
B FG =)

Form (b) here is identical to form (b) in de nition 4.3; forms (a:1) and (a:2) are special casesof form
(a) in de nition 4.3.

2. The set of inner (resp. outer) variable occurreneesin simplify() is a subsetof the set of inner (resp.
outer) variable occurrenesin . O

It is worth noticing that part 1 of this lemma implies that every constraint in the result of simplifying a
set of good constraints matchesone of the rewrite rules in algorithm Unify givenin gure 5.

Proof. De ne the operation simplify;( ) on constraint setsby:

simplify,(?) = ?; _
simplify,(f = %[ ) = Simp"fyl(_i )1 simplify,() ;

S F simplify,( 1= 9 if =F ;and °=F 2,

%ffé 22 %9 if = 4! ,and °= 91§,
simplify,( = 9 = _f.= & ,2 9 if = ;7 pand 0= 07 9

%? if = 0= |

f o2 9 otherwise.

In contrast to simplify( ), simplify;( ) takes apart the argumerts of a topmost occurrenceonly of a type
constructor, ! or ~, appearing symmetrically on both sidesof the sameconstraint. This is why the side
condition in the 4th caseaboveis = 9= rather than = O With the side condition = Cinstead,
simplify; () would not be well-de ned asa function; for example, it would make simplify;( 1! 2= 1! 2)
equalto both f 1 = 3; 2= 2gand?. This is not a problem with the de nition of simplify( ).

If isa nite setof good constraints, simplify() is obtained by applying simplify;( ) to  repeatedly.
Because is a nite setand ead of its typeshas nite size,this processis bound to terminate, producing
a constraint set °sud that simplify,( 9= ©

Let bea nite setof good constraints. Each constraint in  is in form (a) or form (b) or form (c), as
described in de nition 4.3. We further classify these 3 forms into 5 forms as follows:

(a1) F( 2 );

(@2) F( 2 );

(@3) F( ! =2G% ),

B FG 2 );

(o0  F (e ;00 n]=: el 1;::1; n]); wheree= e " es.

Forms (a:1), (a:2), and (a:3) completely classi es form (a); forms (a:1) and (a:2) have the special case
F( = 9 in common,where ; °2 TVar. The action of simplify,( ) in the 5 casesis:

(a1) simplify,(F( = )) = fF( = )g;

(a2) simplifyy(F( = ) = fF( = )g; |
(a3) simplify, F( ! =G°% ) = fF( 2 ); F(G°2 )g;
() simplify, F(G = ) = fF(G 2 )g;
(0  simplify, F (e[ 1505 n]l = €[ 155315 o)) =
fRGel i mlZ el i mli Feal meniiiis nl2 €[ meaiiii; nl)g;
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where,in (¢), wetakee= e;"e; with 1  #,(e;) = m<nand#,(e2) = n m 1. Thus,only forms (a:3)
and (c) are split by simplify; () into two other smaller constraints. Hence,the processof applying simplify; ()
repeatedly stops when there are no constraints left that are in form (a:3) or in form (c). Hence,in a good
constraint set 9 such that simplify,;( 9 = © every constraint is in form (a:1) or form (a:2) or form (b).
This provespart 1 of the lemma.

For part 2 of the lemma, it suces to show that, givena nite set of good constraints, the set of
inner (resp. outer) variable occurrencesin simplify;() is a subsetof the set of inner (resp. outer) variable
occurrencesin . This is a straightforward caseanalysis, by inspecting ead of the forms (a:1), (a:2), (a:3),
(b), and (c). O

De nition 4.6 (Links and Graphs). Letv;w 2 Var. A link (from v to w) is the pair of v and w written
in the form vy w. Let be a setof good constraints. The graphof . is a nite set of links.

First considera set consisting of a single good constraint F( = ) of form (a) asspecied in de ni-
tion 4.3. In general, and are of the following forms:

= 4! oy ! and = 4! o,
for some q;:::; m82 Sand 1::::; 2R R',with m;n 0,andsome; 2 TVar. We de ne:
2f 'y g9 if m=n;
grap) = _f y wlw 2 Var( me ! I ,! )andEpath(w;) =Fg ifm<n;
" fvy |v2 Var( n+1 ! ' n! )andE-path(v;) =Fg ifm>n:

For an arbitrary set of good constraints, we de ne the graph of as:

grapt() = = fgraphFf = Qg[Ff = g g
If there are no good constraints in  of form (a), then graph() = ?. (Strictly speaking, if we take Var()
asthe set of nodesin the graph of , then graph() = ? meansthat all the nodesin the graph of are
isolated, not that there are no nodesin the graph.)

It is important to note that if vy w is alink in graph(), then E-path(v; ) = E-path(w; ): There are

no links betweenvariables that have di erent E-paths. For every F 2 EVar , we de ne graph() =F as:

graph() =F = fvy w|E-path(v; ) = E-path(w;) = Fandvy wg;
wherewe write vy w asa shorthand for \vy wis alink in graph)". O
Example 4.7 (y -Chains). Considerthe following set of good constraints, all of form (a) in de nition 4.3:

= f 1= Fi1! 5F a1l 12 5 22 Faal 5 Fp gl 5= 39

for some 1; , 2 R and 1; »2 S Supposeall the variablesin f 1; 2; 3; 1; 2;F1;F2g are pairwise
distinct. There are exactly 8 links in graph(), namely (separatedby blank spacefor clarity):

1y R 1y 1 Fiy 2 1y 2 2y F2 2y 2 Fay 3 2y 3
A graphic represenation of graph() is:
F1 F2
1 2 3
1 2

N e

For the  under consideration,graph() is acyclic. Changing,say, 3 to 1 introducescycles,which violates
condition (D) for -compatibility below. An instance of a'y -chain in graph() (read as\link-c hain" or as
\chain in grapi()", trying to avoid the overloadedword \path" in this paper) is:

1Y Fiy 2y 2y 3

This is oneof 4 possibley -chainsin graph() of maximal length. When graph() is acyclic, all the variables
appearing along a 'y -chain are guaranteed to be pairwise distinct. O
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De nition 4.8 ( -Compatibilit y). A constraint set is -compatible i is nite of the form:

= fFy( 1=: )i Fn(n = 0o

whereF;( = i) isagood constraint of form (a) or form (b) asspeci ed in de nition 4.3,foreveryl i n,
and moreover  satis es all of the following conditions:

(A) is well named.

(B) Every expansionvariable F 2 EVar has at most one inner positive occurrencein , i.e., + F occurs at
most oncein , where is obtained by inserting polarities in :

=R 0" = (1) NP n) = (n) )

(C) Everytypevariable 2 TVar occursat mosttwicein . And if it occurstwice, it occursoncepositively
as+ and oncenegatively as in the constraint set

(D) graph() is acyclic.

We usethe name\ -compatible" because,asshown in lemma 6.2, every constraint setinduced by a -term
satis es the conditions above. O

Remark 4.9. Condition (D) in de nition 4.8 is the least transparent and plays a role in the proof of
lemma5.7 only: It imposesa technical restriction on a constraint set , whosesole purposeis to guarantee
\Var( )\ Var( )= ? forevery F( = )2 " isaninvariant of algorithm Unify developedin section5. The
requirement that Var( )\ Var( ) = ? forevery F( = )2 s not strong enoughby itself to be presened
by every rewrite step of the algorithm. O

Example 4.10 (Why Condition (D) Is Included). Considerthe following set of constraints:
=f 2ZF 1 ;F 1 2 g

where 2S and 2R',with Var( )\ Var( )= ? andVar( ~ )\ f; ;Fg= ?. Then s a setof
good constraints, all of form (a) asspeci ed in de nition 4.3. We canchoose and sothat conditions (A),
(B) and (C) in de nition 4.8 are satis ed. Howevwer, it is easyto seethat no choiceof and will satisfy
(D), becausegraph() alwaysincludesthey -chain y Fy  which is acycle.

Algorithm Unify in section 5 will substitute the type F ! for in the secondconstraint, or the type
F ! for in the rst constraint, producing the sameconstraint set °in both casesnamely:
o= fF I =2F | g

which still satis es (A), (B) and (C), but not (D) again,asFy F is a cycle (a self-loop in this case). The
resulting constraint in % is not good. O

Lemma 4.11 (Simplication  Preserv es -Compatibilit y). If isa -compatible constraint set, then
sois simplify() . O

Proof. Because ¢ = is -compatible, every constraint in ¢ is a good constraint of form (a) or form
(b). By lemma 4.5, all the constraints in simplif( () are good constraints of form (a:1) or (a:2) or (b). We
next show that simplif( ) satis es conditions (A), (B), (C) and (D), in de nition 4.8. It suces to showv
that simplify;( o) satis es (A), (B), (C) and (D), where simplify;( ) is the function de ned in the proof of
lemma4.5.

Following the caseanalysisin the proof of lemma 4.5, every constraint in ¢ is a good constraint of
form (a:1), or form (a:2), or form (a:3), or form (b), but not of form (c), because ¢ is a -compatible
(and not only good) constraint set2 If  satis es conditions (A), (B) and (C), then it is immediate that
simplify; (o) alsosatis es (A), (B) and (C).

3Starting from a -compatible constraint set , which does not include good constraints of form (c), algorithm Unify
developed in section 5 applied to  may generate good constraints of form (c), in addition to form (a) and form (b).
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It remainsto chedk that simplify;( o) satis es (D). Assumethat simplify;( o) 6 o, otherwise there is
nothing to prove. There is exactly one constraint in ¢, namely, a good constraint of form (a:3), which is

split into two constraints, in order to produce simplify,( o). Supposesimplify;( o) = 1 and:
o= [fF(! 2G° )gad .= [fF( = )FG°2 )g;

for someset of good constraints. We needto ched that graph 1) is acyclic. But this is an immediate
consequencef two facts: grapi 1) = graph o) and, by hypothesis, graph( ) is acyclic. O
De nition  4.12 (Solutions). LetS:Var! (E[ T' )beasubstitution andlet =f = Oy = Sg
bea -compatible constraint set. We say S is asolution for i S;=S foreveryi2f1;:::;ng. O
De nition  4.13 (Principal Solutions). Let S: Var! (E[ T' ) be a substitution and let bea -
compatible constraint set. The substitution S is a principal solution for i S is a solution for  and for
every solution S°for , there is a substitution S®such that S° = S®S). 4 The principality property is
the existenceof a principal solution for every constraint setthat hasa solution. O

5 Algorithm for Lambda-Compatible Beta-Uni cation

We designa non-deterministic algorithm Unify which takesa -compatible constraint set asinput, suc
that if  hasa solution then every ewvaluation of Unify() terminates returning a principal solution for ,
and if  hasno solution then every evaluation of Unify() diverges.

Meta variable conventions:
2R, 2R, ;i2S, 2S ;9T e2E 2TVa, F2EVa.
Mo de of operation:

Initial call: Unify() ) Unify(simplify() ;f[ b; E-enwW)).

Final call: Unify(?;S;E)) S.

Unify( 0;So;E)) Unify( 1;S:;E), provided:
{ o= |[Ff = g and = ) S is an instance of one of the rewrite rules.
{ 1=simplify(S o) and S1=S £So .

Rewrite rules:

= ) f[ = B (e 1)
= )y f[ =B (rule 2)
F = e ;00 n] ) f[F = ep (rule 3)

Applying substitutions  to constrain t sets:
S? =7?.
S(f = %[ ) =fS =S %[ S.

Figure 5: Algorithm Unify (the function simplify( ) is de ned in gure 4).

Denition 5.1 (Unication  Algorithm).  The operation of Unify is basedon the rewrite rules shown in
gure 5. The presenation of Unify in gure 5 is self-cortained | except for two parts in the \mo de of
operation”, namely, the de nition of E-eny) and the ewaluation of S; = S ¢ Sp. If is the well-named

4We purp osely write S° = S%S) instead of S°= S% S in order to avoid pitfalls asscciated with the composition of
substitutions in -uni cation. These are carefully examined in section 3.
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constraint setf ; = O = 9g, then the E-path environment of is the E-path environment of the
type 1~ 9~ A o~ D(seede nition 3.11),i.e.,
E-en() =Eeny 1~ 20 ~ A 9

n
If Eis an E-path ervironment, the evaluation of S; = S ¢ Sp is givenin de nition 3.13. O

Remark 5.2. A rewrite stepinduced by rule 1 orrule 2 in gure 5 produces,from a given -compatible
0, another -compatible constraint setsimplifS ). In fact, ignoring trivial constraints of the form =
(sametype on both sides) and before applying simplif( ) to it, S ¢ is already -compatible. These

assertionsfollow from lemmas4.11 and 5.7 and their proofs.

By cortrast, a rewrite step induced by rule 3 in gure 5 producesa constraint set simplifS ) which
is -compatible provided ¢ is, according to lemma 5.7, whereasS ¢ is not in general. That S ¢ is
not necessarily -compatible in this caseresults from the (non-interesting) fact that a constraint of the
form fe[ 1;:::; n]l= € 1;:::; nlg wheren 2, which is good of form (c) in de nition 4.3, cannot be

-compatible yet; it must be rst broken up into

fFi( 12 1)iiFa( a2 n)g
using simplify( ), where F; = E-path( (V:e) for1 i n. O

We next prove seweral lemmas, culminating in the main result of this section (theorem 5.16). On the way,
there are 4 key intermediary results: Unify presenes -compatibility (lemma 5.7); Unify presenessolvability
(lemma 5.11); if there is a solution, Unify constructs a principal one (lemma 5.12); and if there is a solution,
Unify terminates (lemma 5.15). The remaining lemmas and de nitions provide the necessarysupporting
material.

The next twolemmas,5.3and 5.5, are usedin the proof of the rst keyresultin lemmabs.7: -compatibility
is an invariant of algorithm Unify.

Lemma 5.3 (A Prop erty of Positiv e and Negativ e Types). LetR=f 1;:::; mg R R' andlet
S=f 1;:::; ng S ,withm 1andn 1. Dene the type:
= (20 Lowl )N ah N

where is a fresh T-variable.> Supmse satis es:
1. is wel-named.
2. Every F 2 EVar( ) hasat most one positive occurrence in
3. Every 2 TVar( ) hasat most one negative occurrence in
Then, for every ; °2 R[ S suchthat 6 © it holdsthat Var( )\ Var( 9 = ?2: O

Obsene the two rst conditions above correspond to (A) and (B) in de nition 4.8, while the third
condition is a weaker version of (C) in de nition 4.8.

Proof. This is a straightforward proof. The details can be found in the technical report [KWO02]. O

Example 5.4 (Links With Polarities). Considerthe constraint set in example4.7, now with polari-
ties inserted:

= f+ 1=f+F1(1)+ ! 1 Fi(1) 0o+ gz

+ 22 +Fy( )" ! 2; Fa(2) !V o+ o

|
N

30
With polarities inserted, the 8 links of graph( ) are:

+ 1y th + 1y 1 Fiy 2 + 1y 2
+ 2y +F2 + 2y 2 Fay 3 + 2y 3

5By denition 4.1, the type thus de ned is indeed a negative type, allowing us to use the letter \ " to denote it.
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There is a pattern here,which is provedin generalin the next lemma: To the right of \y " it is always either
a positive occurrenceof an E-variable or a negative occurrenceof a T-variable.

It is possibleto specify rulesto connecttogether links with polarities, in order to producey -chains with
polarities. But this is a little awkward and there is no real needfor it. O

Lemma 5.5 (A Prop erty of Links). Let bea -compatible constraint set, and the correspnding
set with polarities inserted. Then:

1. Every link in graph( ) is in one of 2 possibleforms:

either\pvy +G" wherev 2 Var() withp2f+; gand G2 EVar() ,
or\pvy "wherev2Va() withp2f+; gand 2 TVar() .

In words, the right end-pint of a link with polarities is either a positive occurrence of an E-variable
or a negative occurrence of a T-variable.

2. For everyw 2 Var() thereis at most one gaod constraint F( = ) of form (a) in  suchthat
fvy wivy wg = fvy WIVY g 2 gWG;
i.e., all the links into w are contributed by at most one gaod constraint of form (a) in . O

Proof. Links are induced by good constraints of form (a) as specied in de nition 4.3. Consider such a

constraint F( = ). In general, and are of the following forms:
= 1! oo ! and =Gy 1! ' Gy n!
where 1;:::: m 2 Sand 1;:::: 5 2 R, with m;n 0, and ; 2 TVar and Gy;:::;G,, 2 EVar.
Inserting polarities, we obtain:
() =(1) ! ' (m) ! + and
() =+Gi( )" ! I +Gn( n)" !

Following de nition 4.6, the conclusionof part 1 of the lemma is now immediate.
Part 2 follows from the fact that, in a -compatible constraint set , every G 2 EVar() hasat most
oneinner positive occurrence,and every 2 TVar() hasat most oneinner negative occurrence. O

Remark 5.6. The dual statemert of part 2in lemma5.5, namely, for every v 2 Var() all the links out from
v are cortributed by at most one good constraint of form (a) in , is generallyfalse. For a counter-example,
considerthe constraint set:

=fF 1 = OF 0 0z O
for someappropriate ; °2 Sthat make  -compatible. The links Fy  %andFy @ both out from
F, are contributed by two di erent constraints in . O

Lemma 5.7 (Unify' Preserv es -Compatibilit y). Let ¢ and 1 be constraint setssuch that
Unify( 0;So; E) F Unify( 1;S1;E)

for someSy; S; and E (which do not matter here). If o is -compatible suchthat simpliff ¢) = o, then
1 is -compatible. In words, the properties listed in de nition 4.8 are invariant relative to the rewrite rules
of Unify. O

Proof. i is obtained from ¢ accordingto one of the 3 rulesin gure 5. We consideread of the 3 rules
separately In ead of the 3 cases,a formal proof requiresan induction on types, which we avoid becauseit
is a routine uninteresting induction that obscuresthe underlying argumert.
rule 1: The constraint under considerationis F( = ). There are two subcases,depending on whether
occurs exactly twice or exactly oncein  o. We omit the latter subcase,which is trivial, and assumethat
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occurs exactly twice. Thus, giventhat has a single positive occurrencein F( = ), we assumethat
has a single negative occurrencein . Let G( = ) bethe only constraint other than F( = )in o
that mentions . We thus have:

[ Ff 2 g[ Gf = g
simplif( [ f[ = BfG( = )g)
simpliff() [ simpliff[ := BfG( = )g)

[ simplif)f[ = BfG( = )g);
where s the subsetof all constraints of g that do not mertion . Let ", [ f[ = pfc( = )g,
sothat 1 = simplif("1). By lemma4.11, it suces to show that " is -compatible. This meanswe
have to show that all the constraints in " are good of form (a) or (b) and that " satis es conditions (A),

(B), (C) and (D) in de nition 4.8. It is conveniert to organizethe proof by rst showing (1) and (2) below,
simultaneously with the fact that " ; satis es (D):

Q) If 2 TVar( ), then Var( )\ Var( )= 7.
2 If 2 TVar( ), then Var( )\ Var( )= 2.

0

1

Because ( satis es condition (A) in de nition 4.8, it must be that G is a pre x of F. There are two cases,
depending on whether G is a proper pre x of F or not.

Casel: G is a proper pre x of F, i.e., F = GH for someH 6 ". If 2 TVar( ), then every E-variable
in A hasan inner occurrencein (because ¢ is well-named), which implies every E-variable in H hasno
inner occurrencein  (becauseVar( )\ Var( ) = ?), which implies Var( )\ Var( ) = ?, thus proving (1)
above. By atotally similar argumert, if 2 TVar( ) then Var( )\ Var( ) = ?, thus proving (2).

We next relate graph( " 1) and grap{ o). The set of nodesof grapi( " 1) is Var( o) f g, and the set
of its links is:

graph("1) = fvy w|vy ,wandvé g;

i.e., graph( " 1) is a proper subsetof graph( o). Becausegraph o) is acyclic, sois graph( " 1), thus proving
that " ; satis es (D). _ _
Case2: F=G. ThenFf = ; = ¢ o- In general, is of the form:

= ! Lo

for some 1;:::; n 2 R R and 2 TVarwith n 0. Wehave vy v for every v 2 Var( ) suc that
E-path(v; o) = F, accordingto de nition 4.6. Becausesimplif o) = o, every constraint in ¢ is a good
constraint of form (a:1) or (a:2) or (b), by lemma 4.5. There are three subcases,depending on whether
F( = ) is of oneof these 3 forms.

Subcase2.1: F( = )isofform (a:l),i.e., = °2TVarand 2 S . Because , satis es (C), it must
bethat 6 9 thus proving (1) vacuously i.e., it cannot be that 2 TVar( ). By de nition 4.6, we have

Oy vOfor every v02 Var( ) sud that E-path(v®% )= F.If 2 TVar( ), wehave %y and, asnotedin

the precedingparagraph, y v for everyv 2 Var( ) suc that E-path(v; o) = F. Because g satis es (D),
it must bethat ©°6 v for every v 2 TVar( ), thus proving (2).

We relate graph( " 1) and graph( o) in this subcaseas follows. The set of nodesof graph( " 1) are all the
variablesin Var( o) f g, and the setof its links is:

graph("1) = fvy wivy ,wandvé g[ f % w| y ,wg:

In the secondpart of this union, wereplacealink 'y win graph( o) by the link %y w, for everyw 2 Var( )
with E-path(w; o) = F. Becausegraph( o) isacyclicand %y , it now follows that graph( " 1) is acyclic,
thus proving that " ; satis es (D).

Subcase2.2 F( = )isof form (a2),i.e., = %2 TVarand 2 R' . Because , satises (C), it
must bethat °6 (no two negative occurrencesof the sameT-variable). Because , satis es (A) and is
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therefore well-named, it must be that °62TVar( ;) forevery 1 i n. Hence, °62TVar( ) which is the
sameasVar( )\ Var( ) = ?, thusproving (1). If 2 TVar( ), then necessarily = ©° HenceVly ©°=
for every v02 Var( ) sud that E-path(v®% () = F, by de nition 4.6. Because , satis es (D), together with
the fact that y v for every v 2 Var( ) such that E-path(v; o) = F, we have Var( )\ Var( ) = ?, thus
proving (2).

We relate graph( " 1) and graph( o) in this subcaseas follows. The set of nodesof graph( " 1) are all the
variablesin Var( o) f g. If 2 Tvar()and °6 ,then

graph("1) = fvy wjvy ,wandvé g[ fwy ° y ,wg:

In the secondpart of this union, wereplacealink y win graph ) by the link wy  © for everyw 2 Var( )
with E-path(w; () = F. By part 2 of lemma 5.5, there are no links of the form vy w wherev 6 and
w 2 Var( ), i.e., deleting the node in graph o) turns every such w into an isolated node or a\source" node
in this case.Hence,although the direction of the link y w is reversedto wy © no cycleis introduced as
a result. Togetherwith the acyclicity of graph( o), this implies that graph(” 1) is acyclic, thus proving that
", satises (D). If 62TVar( )and %= |, then

graph("1) = f vy wljvy ,wwithv6é andwé g[ fvy wjvy , and y ,wg:

This immediately implies that, if grapH o) is acyclic, then sois graph("1), thus proving that ", satis es
(D) again. _

Subcase2.3 F( = )isofform (b),i.e., = H °forsomeH 2 EVarand °2 R' ,and = ¢ 1;:::; n]
for somee2 Eand 1;:::; n 2 S with n= #,(e). Because ¢ is well-named,it must be 62TVar( )
and, therefore, 2 TVar( ). By lemmab5.3,it must be Var( )\ Var( ) = ?, thus proving both (1) and (2).

We relate graph( " 1) and graph( o) asfollows. The set of nodesof grapi( " 1) is Var( o) f g, and the
set of its links is:

grap(™1) = fvy wjvy ,wandvé g

In words, to obtain graph 1), we eliminate all links in graph ) of the form y w. Becausegraph o) is
acyclic, sois graph( " 1), thus proving that ", satis es (D).

We have thus completed the proof that (1) and (2) are true, and that " satis es condition (D), in all
casesand subcases

Using the fact that  occurseitherin orin , weconcludethat Var(ff := p )\ Var(ff = b )="2?,
from (1.1) and (1.2). This in turn implies f[ := PfG( = )gis a good constraint of form (a) or (b),
depending on whether G( = ) is good of form (a) or (b), respectively. It follows that every constraint in

™| is a good constraint of form (a) or (b).

We next proceedto show that ", satis es conditions (A), (B), and (C) in de nition 4.8. Because
E-path(; o) = E-path(; "1), it is readily chededthat if o satis es conditions (A) and (C), then sodoes
" 1. What makesthings work as expectedis that we substitute a negative type for a negative occurrence
of . If ¢ satises condition (B), then sodoes " ; trivially .

rule 2: This is symmetric to rule 1, i.e., the di erence betweenrule 1 andrule 2 arethe reversedpolari-
ties, and is therefore omitted. (In fact, the proof for rule 2 is somewhateasier,becausewe canhere mergethe

counterparts of subcase2.1 and subcase2.2 into a single subcase,which occurswhen Ff = ; = g 0
and( = )isofform (a), with noneedto dealwith forms (a:1) and (a:2) separately This is becausethe pos-
itiv e occurrenceof herealwaysoccursin , neverin ; by cortrast, forrule 1, whenFf = ; = ¢ 0

the negative occurrenceof may occurin just asin . As aresult also,in the proof for rule 2, we do not
needto invoke lemma5.5.)

61n only two places so far, do we need to invoke condition (D), i.e., that graph( o) is acyclic, in order to prove (1) and (2),
which are next used to show good constraints are preserved by the rewrite rules; these two places are subcase2.1 and subcase
2.2. There is one more place, in the part of the proof for rule 2 below corresponding to subcase?2.1 and subcase2.2, where we
need to invoke (D) again. Nowhere else, in the present proof or elsewherein this paper, do we need to invoke condition (D)
in an induction to prove a property other than itself. But, of course, we also have to show that (D) itself is initially satis ed,
which is shown in the proof of lemma 6.2, and preserved by all the rewrite rules, which is shown in the presernt proof.
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rule 3: Let o= [ GfF = e 1;:::; nlg, wherethe constraint F = € 1;:::; n]inducesa rewrite
. . . . N
step accordingto rule 3. ¢ istransformedto 1 = simplif(" 1) where

"= f[Fi=ehg [ Gfehis;:ii;his]= ¢ 100 nlg

wheres; = path( (V;e) for every 1 i n. Note that "1 is not necessarilyin the form required by
de nition 4.8, because” 1 may contain good constraints of form (c) as speci ed in de nition 4.3. However,
by lemma4.5, 1 = simplify(" 1) isin the required form for -compatibility, i.e., it consistsof good constraints
all of form (a) or form (b).

Consider a T-variable or E-variable v 2 Var( () such that F occursin E-path(v; o). Because g is
well-named, it must be that E-path(v; o) = GFH for someH 2 EVar . Becauseevery constraint in ¢ is
good, it must be that F 62EVar(e)). It follows that EVar(H)\ EVar(e) = ?. Hence, substituting e for F
producesa well-named " ;. Hence, 1 is alsowell-namedand, thus, satis es condition (A) in de nition 4.8.

Because ¢ satis es condition (B) and (C) in de nition 4.8, then so does " ; trivially , again using the
fact that ¢ is well-named (use, in particular, condition 2 in de nition 3.9). Thus, ; satis es conditions
(B) and (C) in de nition 4.8.

It remainsto show that 1 satis es condition (D). Forevery1 i n, let E-path( (7:e) = H; for some
Hi 2 EVar . The following equality follows from the pertinent de nitions:

grapi( 1) = fvy wlvy ,wwith F 62-path(v; )= E-path(w; o)g[
fviy w®|vy ,wwith F 2 E-path(v; o) = E-path(w; o) ands2 fs;;:::;sn99[
f graph(GHth i = g)|1 i ng:

We have to show that grapi( ;) is acyclic. Givenay -chain C = viy v,y Y Vm in graph() for some

-compatible constraint set , it is meaningful to write E-path(C; ) becauseall the ertries in C have the
sameE-path in . Givenanoset s2 f0;1g , we write C® to denotevjy Vv3y y V5, which may or
may not be a valid y -chain in graph().

Consider an arbitrary y -chain C in graph( 1). If E-path(C; 1) = C 62fGHg;:::;GH,qg, then C is
acyclic, becauseeither C is already a y -chain in graph( o) with E-path(C; o) = L, or C = Cg for some
y -chain Cp in grapi o) and s 2 f0;1g . In the latter situation, we have C = GH;hKi® with K 6 " and
s = s for somei 2 f1;:::;ng, and E-path(Cy; () = GFK which is mapped to E-path(C; ) = GH;IKi*
after applying the substitution f[F := €p.

The non-trivial caseoccurs when C = wiy ,WeyY , Yy , Wy sud that E-path(C; 1) = GH;
for somel i n. There are two cases,n = 1 and n 2. Consider the casen = 1 rst. In this
case,e= H for someH 2 EVar . By denition 4.6, X = graph ¢)=GF and Y = graph ()=GH are
disconnectedcomponerts of graph o), i.e., for every v;w 2 Var( o) sud that E-path(v; o) = GF and
E-path(v; o) = GH, wehavev § wandw @ v. In the casen = 1, after substituting H for F, the new
constraint GH( = ) introduceslinks of the form vy w, all directed from componert X to Y. Hence, X
and Y are now part of the samecomponert in graph( 1), but still acyclic; as all the other componerts of
graph 1) are componerts of graph ) and therefore acyclic, graph 1) is acyclic.

Considerthe casen 2 next. New links of the form v®'y | w are introduced by every new constraint
GHi(his = ;) wheres; 6 ", and v 2 Var( ) andw 2 Var( ). In general,thereisa xed i 2 f1;:::;ng
such that:

C=wiy , Yy WYy Weay , Y W Where
{0 k mO ° mandk+ =m,
{ wy= v, we = vg for somevy; i v 2 Var( o), with s=s; 6 ",
{ Wisr ;i Wi 2 Var( o)\ Var( 1).

If*=0,ie,C=viy , y Vi, thenby stripping the o set s weobtain ay -chain Co in graph( o),
namely, Co = v1y , Y , V. BecauseCy is acyclic, sois C acyclic.

Ifk=0,ie,C=ws1y , Y ,W:,thenCisalreadyay -chainin graph o). Becausegraph o)
is acyclic, C is also acyclic.
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Supposenow k 8 08 *. Neither of the twoy -chains,viy |, y v andWgay , Yy | Wk,
cortains a cycle, for the samereasonsgivenin the case” = 0 and k = 0, respectively. The twoy -chains are
connectedby the link viy |, wi+1 introducedby the constraint GH;(h i® = ;). Because g is well-named,
condition 1 in de nition 3.9 implies fvy;:::;wg\ fwg;:::;weerg = ?, and condition 2 in de nition 3.9
implies fv3;:::;vig\ fwq; il ;wie~g= ?. Hence,C is acyclic. O

Lemma 5.8 (Progress). Let ( bea -compatible constraint set suchthat simplif( o) = o. If o is
not empty, then for every S and E

1. Unify( 0;S;E)) Unify( 1;S e S;E),

for some 1 and S (which do not matter here). Moreover, wheneverpart 1 holdsfor some ; and S, it also
holds that:

2. If SE E-en( o)then(S gS)E E-en{ ;).

In words, part 1 saysthat ¢ alwayscontains a constraint that can be processe by one of the rewrite rules
of Unify. Part 2 is another invariant property of Unify, which saysthat E-path environments are preserve
in the processof rewriting constraint sets (how a substitution S is applied to an E-path environment E to
obtain another E-path environment SE is given in de nition 3.11). O

Proof. For part 1, we have in fact a stronger result: Every constraint in a -compatible constraint set
such that simplif() =  canbe processeddy one of the rewrite rules. This is a consequencef lemma 4.5:
A good constraint of form (a:1) is processedby rule 1, a good constraint of form (a:2) is processedby rule
2, and a good constraint of form (b) is processedby rule 3.

Part 2 follows from: the fact that 1 = simpliffS ) which implies E-eny 1) E-en(S o), the fact
that (S g S)E = S(SE) by lemma 3.18, the hypothesis SE = E-en( o), and the de nition of E-path
ervironments (de nition 3.11) { producing the following sequenceof equalities and containments:

(S eS)E=S(SE) S(E-en{ o)) = E-en S o) Een( ;i)
which is the desired conclusion. O

Lemma 5.9 (Simplify' Preserv es Solvabilit y). Let bea -compatible constraint setand let S be a
substitution. Then:

1. Sis asolution for i S is a solution for simplify() .

2. Sis a principal solution for i S is a principal solution for simplify() . O
Proof. For part 1 of the lemma, it su ces to considerthe casewhen consistsof a single constraint = 0
Moreover, it su ces to show that S is a solution for i S is a solution for simplify; (), where simplify; ()
is de ned in the proof of lemma 4.5.

There are 5 casesin the de nition of simplify;( ). In the 4th case(when = 9 and 5th case(when
simplify;() = ), the desiredconclusionis immediate.

In the 2nd case(when = ;! ,and °= 2! 9 and3rd case(when = ;~ ,and %= 9~ Q)

the desired conclusionfollows from the way substitutions are lifted to types(de nition 2.15).
For the 1st case,suppose = F and °= F with F 6 " and Var( )\ Var( ) = ?. A straightforward
computation shows that:

simplify,( = 9 = simplify,(F( 2 )) = Fsimplify,( = ) :

There are di erent subcasesdepending on the forms of and . We consideronly one of these subcases,
namely, when = ;! pand = ! 2; all other subcasesare treated similarly. For this sub-
case, the desired conclusion follows from the fact that S is a solution for F( = )i S is a solution for
fF( 1= 2);F( 2= 1)g. Remaining details omitted.

For part 2 of the lemma, let S be a principal solution for  which, by part 1, is also a solution for
simplif(). It suces to show that S is principal for simplify;(), where simplify;( ) is de ned in the
proof of lemma 4.5. This is a straightforward consequenceof principality (de nition 4.13) and the way
substitutions are lifted to types(de nition 2.15). This provesthe left-to-right implication of part 2. The
converseimplication is readily provedin the sameway. Remaining details omitted. O
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The next lemma is usedin the proof of lemma5.11.

Lemma 5.10 (A Prop erty of Substitutions). Let 2 T bewel-named, 2 TVar( )and 2 T' . If
E-path(; )= F and S is a substitution suchthat S(F )= S(F ),thenS(f[ = b )=S . O

Proof. By induction on well-named 2 T we prove the stronger conclusion: For every oset p 2 f0;1g
we have Shf = P iP = ShiP. The basecaseof the induction is = , in which caseF = ". Because
fl ;= b = here,the desiredconclusionfollows.

Proceedinginductively, thetwocases = 1! ,and = 17 ,, aretreated similarly. Considerthe rst
only. Suppose 2 TVar( ) with E-path(; )= F. With no lossof generality, let 2 TVar( 1) TVar( 2).
(The two other subcases, 2 TVar( ) TVar( 1) and 2 TVar( 1)\ TVar( »), are similar and therefore
omitted.) Then E-path(; 1) = F. By the induction hypothesis, Shf := p 1iP = Sh;iP for every p 2
f0;1g . Moreover, 6ZTVar( ») impliesf[ = P 2= 2, which implies Shf := P 2iP = Sh,iP for every
p2f0;1g . Hence,Shif = p iP = ShiP for every p2 f0;1g , which is the desiredconclusion.

The last caseof the induction is when = G %for someG 2 EVar and °2 T. If is well-named, so
is O andif 2 TVar( )then 2 TVar( 9. Let F = E-path(; ©), sothat GF = E-path(; ). Consider
an arbitrary p2 f0;1g andlet SGP = e where#, (€) = n and pathge) = (s1;:::;sn). We then have the
following sequenceof equalities:

Shi = piP=SGH = p 9iP because = G ©
= ¢gShf := p Y9PS:::::Shf := b 9P°] becauseSGP = e,
= g[Sh G4Psi:::::Sh GPsn] by the induction hypothesis
= ShG P becauseSGP = e,
= ShiP because = G °,
which is the desired conclusion. This completesthe induction and the proof. O

Lemma 5.11 (Unify' Preserv es Solvabilit y). Let o bea -compatible constraint set, let ; be a con-
straint set, and let:

Unify( 0;S;E)) Unify( 1;S g S;E)

for some S, S and E (which do not matter here). Then, from a solution Sy for (, we can construct a
solution S; for 1. O

Proof. 1 is obtained from ( accordingto one of the 3 rewrite rulesin gure 5. In ead of the 3 cases,
1 = simplif(  9) where 9 =S , for someappropriately de ned substitution S. We considereac case
separately In all 3 cases,from a solution Sy for o, we shaw the existenceof a solution S; for 9 (as well
as 1). _ _
rule 1: The givenconstraint set o= [ Ff = gistransformedto $¢=f = p [ Ff = g
There are two subcases,depending on whether  occurs exactly twice or exactly oncein . We omit the
latter subcase,which is trivial, and assumethat occurs exactly twice. If  occurs exactly twice in o,
there is exactly one constraint in o, say G( = ) 2 , that mentions andit mentions exactly once.
With no lossof generality, assume 2 TVar( ) and 62TVar( ); in particular, because ¢ is well-named,
E-path(; G ) = F. BecauseSy is asolution for o, wehaveSo(F ) = So(F ). This implies, by lemmab’.10,

that So(fl := b )= So . Hence,the desiredsolution S; for ? is simply the given solution Sy for .
rule 2: Identical to rule 1, exceptfor the reversedpolarities. )
rule 3:Let o= [ GfF =¢ 1;:::; n]g, wherethe constraint F = €[ 1;:::; ,]inducesa rewrite

step accordingto rule 3. ¢ istransformedto ;= simplify( 9) where
0= f[F:=ey [ Gfehi®;::i;hi™]=¢ 1;::0; nlg
where pathqe) = (s1;:::;sn). BecauseSy is a solution for o, we havethat So(GF ) = So(Ge). It suces

to construct a substitution S; sudh that Sg = S; gof[F := e where E°= E-en( ). We keepthe action
of S; on ewvery variable v (and its o springs) for which F 62E-path(v; o) identical to the action of Sp; in
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particular, S;(Ge) = So(Ge). For every v such that E-path(v; o) = GFH for someH 2 EVar , it therefore
su ces to construct S; sothat

So(GFHV) = (S1 eof[F := ep)(GFHV)
S1(f[F := ep(GF A V))
S1(Ge[hAvist; o bR VIS ])

Note that the action of S; on Ge is already determined, becauseF 62EVar(Ge), but not on HHviS and its
o springs. By part 1 of lemma 3.15, S;(Ge) is an expansion,say €°. We then have

e”= Si(Ge) = Sp(Ge) = So(GF )
Let #,(e9 = m n and pathge® = (p1;::: ;pm). By lemma 3.16,
So(GFRV) = eJSghA viP:;::: ; SohviPm ]
By part 2 of lemma 3.15,
S1(Ge[hAvist; i hRvIS ]) = €S hA visaw FEWBA) .- - g p yjSawm) T (@(M)ib(mM)) ]
for appropriately de ned maps:
a:fl;:::;mg! fl;:::;ng
b:f1;:::;mg! f1;:::;mg
r:fl;:::;ng f1;:::;mg! f0;1g
sudh that
fa(l);:::;a(m)g= f1;:::;ng,
if E-path( ):Ge)= GG; forl1 i n,
then pathgS;:(GG; )) = pathdSo(GG; )) = (r(i; 1);:::;r(i; m;)) for somem; 1,
m=my+ + mp,
fbhj)la)=iand1l j mg=f1:::;mgforeveryl i n.

Hence,to completethe de nition of S;, we needto satisfy the equality S;hH visai) (@) = g HviP for
eeeryl i m.If H=HH, H forsome  0andsy;r(a(i);b(i)) = g, this equality is satis ed by
setting S; accordingto the following values:

SiH' = SeHP'" and  S;v4' = SovP'!
foreveryl j “andeweryt2f0;1g . O

Lemma 5.12 (Principal Solution Constructed). ; Let ¢ and ; be -compatible constraint sets, let
S be a substitution and E an E-path environment suchthat SE E-en o), and let:

Unify( 0;S;E) 5 Unify( 1;S g S;E)
for somesubstitution S. If S; is a principal solution for 1, thensois S; sg Sfor . O

Proof. 1 is obtained from ( accordingto one of the 3 rewrite rulesin gure 5. For ead of the 3 rules,
wehave o= [ Ff = gand 1= simplifyf ), where =S , and S dependson the form of =
(see gure 5). SupposeS; is a principal solution for ;.

First, we ched that Sg = S; sg S is a solution for . Consider a constraint G 0= G Ojp 0, Which
implies that S(G 9 = S(G 9 is a constraint in 2. We have the following sequenceof equalities:

So(G 9 B (S1 seS)G 9 3 S1(S(G 9) 3 S1(S(G 9) % (S1 seS)G 9 = So(G 9

35



as desired. Equalities 1 and 5 follow from the de nition of Sy, equalities 2 and 4 follow from lemma 3.18,
and equality 3 follows from the fact that S; is a solution for 3 together with part 1 in lemma5.9. The
argumert works whetherornot G °=2 G %isF = F .

Second,we che that Sy is principal for . Let 88 bean arbitrary solution for (. Consideran arbitrary
constraint G °= G %in . The corresponding constraint in ~ is S(G 9 = S(G 9. By lemmab5.11, there
exists a solution SY for ; from SJ such that:

#  SH(G 9 =SYUS(G 9) = SYUS(G 9Y) = SHG 9

By hypothesis, S; is a principal solution for 1 and, by part 2 in lemma 5.9, a principal solution for 9.

Hence, there is a substitution & sud that:
SAS(G 9) = 5(S1(S(G Y) = 5(S1 seS(G ) = 8(So(G 9) and
SUS(G 9 = S(S1(S(G Y) = §(S1 s S(G ) = S(So(G I) :
Togetherwith (#), this implies that Sy is a principal solution for . O

To show that Unify() always terminates if  has a solution, we needto de ne a strictly decreasing
measureon solutions S, which we here take as siz€S).

Denition  5.13 (Size). We de ne the function size: T, ! N by induction on T, :
1. sizd )= sizd )= 1
2. sizg' I ") = sizd' )+ sizg' ) + 1.
3. sizd' ' 9= sizd' )+ sizd' 9 + 1.
4. sizdF' ) = sizd').

In words, siz€' ) is the number of nodesin the tree represertation of ' . Occurrencesof E-variables are not
included in the court for sizd' ). Proper subsetsof T, are T and E; it is therefore meaningful to usesizd )
and sizde) for 2 Tande2 E.

We extend the function siz€ ) to an arbitrary substitution S:Var! (E[ T' ) with nite Dom(S) as
follows. Let:

S=f[Fi:= e ;Fn = €n; 1:= 1;:11; ni= nb;
wherem + n 6 0. We de ne siz€S) by:
siz€S) = sizdep) + + sizden) + sizd 1) + + siz€ )
If Dom(S) = f[ b, we de ne siz€S) = 0. If Dom(S) is in nite, we leave siz€S) unde ned. O

Lemma 5.14 (Solutions with Finite Support Suce). Let bea -compatible constraint setand let
S be a substitution. If S is a solution for , then we can construct a substitution S° from S suchthat:

1. Dom(SY) is nite.
2. S%is a solution for . O
Proof. This is an immediate consequencef lemma 3.19. O

Lemma 5.15 ("Unify' Decreases Solution Size). Let ( bea -compatible constraint set,let ; bea
constraint set, and let:

Unify( 0;S;E)) Unify( 1;S eS;E)
for some S, S and E (which do not matter here). If Sy is a solution for ¢ with nite Dom(Sp), then we

can construct a solution S; for 1 with nite Dom(S;) suchthat siz€S;) < siz€Sy). O
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Proof. This is a slight adjustment of the proof for lemma 5.11. The given solution Sy in the proof for
lemma5.11 can be assumedto have nite Dom(Sp), by lemma5.14. Call 8, the solution constructed for
in lemma 5.11, to distinguish it from the solution S; constructed here. It is clear that siz€So) = sizd5,).
We consideread of the 3 rewrite rules separately

rule 1: The givenconstraint set o= [ Ff = gis rst transformedto $=f[ = b [ Ff = g
andthento ; = simplify( 9). Supposethe given solution Sy is suc that So(F ) = e. Then
So(F )= 8u(F )= ¢ ;0 5]
where pathg(€) = (s1;:::;Sn). Asthe variables Si;:::; S donot occurin 9, wecandene S; by:
H Si+++++ Sp
Sy = v |fv2f. ;i g,
8,v otherwise.
Becausef Si;:::; Sng Dom(Sp) while f Si;:::; Sng\ Dom(S;) = ?, we concludesiz€S;) < siz€Sp).
rule 2: Identical to rule 1, exceptfor the reversedpolarities. )
rule 3:Let o= [ GfF =¢ 1;:::; n]g, wherethe constraint F = €[ 1;:::; ,]inducesa rewrite

step accordingto rule 3. ¢ is transformedto ; = simplify( 9) where
9= f[F=epg [ Gfehi®;:::;h i]2 ¢ 1;::0; nlg

where pathge) = (s1;:::;Sn). Let pathgSo(G )) = (t1;:::;tm). Becausethe variables F!1;:::;F'™ do
not occur in 8, we can de ne S; by:

v if v2fFh; . Fimg,

Sv= .
! 8,v otherwise.

Becausef F'1;:::;F'mg Dom(Sg) while fFs;:::;Fim g\ Dom(S;) = ?, it followssiz€S;) < sizdSp). O

The following theorem shows that the algorithm is sound (i.e., the substitutions Unify produceswhen
it terminates are in fact solutions) and complete (i.e., Unify producesa solution if there is one), as well as
shawing it producesprincipal solutions. We write = for the re exiv e transitiv e closureof = .

Theorem 5.16 (Soundness, Completeness, & Principalit y). Let be a -compatible constraint set
and let E= E-en) . Then:

1. hasa solution if and only if Unify(simplify() ;f[ B;E) & Unify(?;S;E) for someS.
2. If Unify(simplify() ;f[ b;E) 3 Unify(?;S;E), then S is a principal solution for . O

Proof. Part 1 follows from lemmas5.7,5.8,5.11,5.12and 5.15. For part 2, rst note that if Unify terminates
after n 1 stepsbeyond the initial call, then the returned substitution S appliedto  producesa constraint
set of the form:

S (Sn E(Shn 1 EGhn 2 B (S1 ESo) )
Sh((Sh 1 E(Shn 2 E (S1 ES0) )

Sn(Sn 1((Sh 2 E (S1 ESo) )))

Sn(Sn 1(Sn 2( ((S1 e So)) )
Sn(Sn 1(Sn 2(  (S1(S0)) )

whereSy = f[ pand S1;:::; S, arethe n successie substitutions producedby the n rewrite steps. The rst
equality above is by the de nition of S, while all remaining equalities are by lemma 3.18. Starting from the
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last equality above, we can alsowrite the following sequenceof equalities:

S = Sn(Sn 1(Sn 2(Sn 3( (S1(So0)) )
= (Sn E 1 Sn 1)(Sn 2(Sn 3( (S1(S0)) ))
= ((Sn & :Sn 1) E »Sn 2)(Sh 3( (S1(So0)) )
= (( (((Sh & :Sn 1) E »Sn 2 E 5Sh3) ) ES1)So)
= ((C (((Sn E 1Sn 1) E 2Sn 2) E 3Sn3) ) ES1) & So)
wheregp = Eand g = S; 1(E 1) foreveryl i n 1. Invoking lemma5.7, part 2 of lemma 5.8 and

lemma5.12,it is now readily chedked that the substitution

((C (((Sn E 1Sn 1) E 2Sn 2) E sSn3) ) ES1) & So)
is a principal solution for . Hence,S is a principal solution for . O

Note that Unify divergesexactly when there is no solution. The evaluation strategy does not matter,
becausdemmas5.11and 5.15imply termination whenthere is a solution and lemma 5.12implies divergence
when no solution exists.

6 Type Inference Algorithm

This section de nes a procedure which, givena -term M, generatesa nite set ( M) of constraints, the
solhability of which is equivalent to the typability of the term M. We usethis to prove the principality
property for System | and to de ne a complete type-inferencealgorithm. An example of a run of the
type-inferencealgorithm is presened in appendix A.

If M = x, for fresh 2 TVarp: Typ(M) = ;
Env(M) = fx 7! g;
(M) =72;
Skel(M) = WAR;Env(M) ™ M : ;i:
If M = (N1N3y), for freshF 2 EVar,, 2 TVar,: Typ(M) = ;
Env(M) = Env(N1) * F Env(N2); .
(M) = (N2)[ F (N2)[ fTyp(N1) = F Typ(N2)! g
Skel(M) = hAPP;Env(M )~ M : ;Skel(N1) (F Skel(N2))i:
(
If M = (xN ), for fresh 2 TVarp: TypMy = EMVNIO) ! Typ(N) it Env(N)(x) de ned,
' Typ(N) otherwise,
Env(M) = Env(N)nx;
(M) = (N);
Skel(M) = lR;Env(M) * M : Typ(M); Skel(N)i where
if x 2 FV(N) then R = ABS-I elseR = ABS-K.

Figure 6: De nition of ( M), Skel(M), Typ(M), and Env(M ).

De nition 6.1 (Algorithm  Generating Constrain ts and Skeleton). Forewery -term M, gure 6gives
an inductiv e de nition of a setof constraints ( M) and a derivation skeleton Skel(M ), de ned simultaneously
with a type Typ(M) and a type ervironment Env(M ). In this de nition, for a given subterm occurrence
N, when a fresh variable is chosen,the samefresh variable must be usedin Env(N), Typ(N), ( N), and
Skel(N). The processof going from M to ( M) and Skel(M) is uniquely determined up to the choice of
expansionvariables and type variables. O
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Lemma 6.2 (Constrain t Set is -Compatible). LetM bean arbitrary -term. The constraint set ( M)
induced by M is -compatible. O

Proof. This is by induction on M . An appropriate induction hypothesisis stated using the functions Typ(M ),
Env(M) and ( M) in gure 6 with polarities inserted. Accordingly, de ne:

If M = x, then for fresh 2 TVary:

Typ(M) =+ |
Env(M) = fx 7! g;
(M) =72:

If M = (NP), then for freshF 2 EVar, and fresh 2 TVary:

Typ(M) = +
Env(M) = Env(N)» F Env(P); _
(M) = (N)[LF (P)[f Typ(N)=+F Typ(P)! g:

Note that an outer ocurrenceof F is inserted without a polarity in  Typ(M ), consistert with the use
of polarities in de nitions 4.4 and 4.8.

If M = (x:N ), then for fresh 2 TVary:

Env(N)(x)!  Typ(N) if Env(N)(x) de ned ,

Typ(M) = I Typ(N) otherwise,
Env(M) = Env(N)nx ;
(M) = (N):

By omitting all polarities in  Typ(M), Env(M) and ( M), we get precisely Typ(M), Env(M) and
( M), and we can also go from the latter to the former without ambiguity.

For eadh -term M, we de ne Triple(M) = Typ(M); Env(M); (M) . The induction hypothesis
speci es 6 properties of Triple(M ):

(0) Triple(M) is of the form

Typ(M) = ()" ;

Env(M) = fx1:( 1) ;i Xm 1 (m) O3

(M) =fFi(1)" =Fi( 1) ;::5Fa(n)" =Fa(n) 9
forsome; 2R, {2S and ; 2S andF 2 EVar , with m;n Oand Var( ;)\ Var( ;)= ?
forevery 1 i n. Note that every constraint in ( M) is good of form (a) in de nition 4.3; good

constraints of form (b) and form (c) are generatedonly oncethe processof -uni cation is started.
(1) Triple(M) is well-named, i.e., given the form of Triple(M ) described in property (0), the type:
AT AN 1 GETANED KRN oY G AN'Y
is well-named.
(2) If expansionvariable F 2 EVar occursin Triple(M), it occurs exactly onceas+F.
(3) If typevariable 2 TVar occursin Triple(M), it occurs exactly onceas and at most onceas +

(4) Identical to condition (D) in de nition 4.8with = ( M).
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(5) For every -term N, if neither M nor N is a subterm occurrenceof the other, then

Var Triple(M) \ Var Triple(N) = ?:

Although we do not useit in the induction, it is worth pointing out in property (0), fX1;::: ;Xmg= FV(M)
and n is the number of subterm occurencesin M that are applications.

Obsene that (1), (2) and (3) hereimply (A), (B) and (C) in de nition 4.8, while (4) hereis identical to
(D) in de nition 4.8. The hard part is to set up the induction hypothesisabove;the rest of the induction is
routine, if somewhattedious.

Let IH(M ) denotethe 6 parts of the induction hypothesisrelativized to -term M. We omit the straight-
forward veri cation that IH(x) is true, for every -variable x. Assumingthat IH(N) is true, it is alsoreadily
chekedthat IH( x:N ) is true, and we therefore omit the detalils.

Finally, assumingthat IH(N) and IH(P) are true, we want to show that IH(N P) is true. Part (0) in
IH(N P) follows from (0) in both IH(N) and IH(P), and the de nitions of Typ(N P), Env(N P) and

( N P). Each of parts (1), (2), (3) and (5) in IH(N P) follows from the corresponding parts in IH(N) and
IH(P). For part (4) in IH(N P), we needto show that graph( ( N P)) is acyclic. Let ¢ be the set:

o = fTyp(N) = FTyp(P)! g

This is the new constraint, of form (a) asspeci ed in de nition 4.3, which is addedto ( N) and F ( P) to
obtain ( N P). Then

graph(( N P))

%rap}“(( N)) [ grapi(( P)) [ graph( ¢) where,by de nition 4.6,

2f yF, vy g if Typ(N) = 2 TVar,

S fvy |v2Var()andE-path(v; o)="g if Typ(N)= !

: for some 2 Sand 2 R'

graph( o)

The acyclicity of graph( ( N P)) follows from the acyclity of graph ( N)) by part 4in IH(N), the acyclity of
graph( ( P)) by part 4in IH(P), and the fact Var(Triple(N)) \ Var(Triple(P)) = ? by part (5) in IH(N) (or
alsopart (5) in IH(P)). This last fact guaranteesv $ w for all v 2 Var(F ( P)) and w 2 Var(( N)). O

Remark 6.3. Not every -compatible constraint setis induced by a -term; for example,a -compatible
constraint set assimpleasf = F ! gisnotinducedby any -term. Moreover, the sameconstraint
set may beinduced by dierent -terms; for example, ( xxy :M)= ( y:xM ) forall -termsM. O

Lemma 6.4 (All Deriv ations Instances of Skel(M)). If D is a derivation of System| with nal judge-
ment A"~ M : , then there is a substitution S suchthat D = S(Skel(M)). O

Proof. By induction on the structure of D. (Seethe proof of theorem 22 in the appendix of [Kf099].) O

Theorem 6.5 (Constrain t Set and Skeleton Equiv alent). LetM bea -term. Then a substitution S
is a solution for ( M) if and only if S(Skel(M)) is a derivation of Systeml. Thus, ( M) is solvableif and

only if M is typablein Systeml. O
Proof. By induction on M, usingthe de nitions of ( M), Skel(M ), and substitution together with lemma2.19.
O

Corollary 6.6 (Undecidabilit y of Beta-Uni cation). It is undecidable whether an arbitrarily chosen
-compatible constraint set  hasa solution. O

From the principality property for -compatible -uni cation, we can derive the following.

Theorem 6.7 (Principal Typings and Completeness of Typ e Inference). Given -term M, let PT
be the algorithm such that

S(Skel(M)) if someevaluation of Unify( ( M)) convergesand returns S;

PT(M) =
(M) unde ned if every evaluation of Unify( ( M)) diverges

It holdsthat if M is typablein Systeml, then PT(M ) returns a principal typing for M, elsePT (M) diverges.
Thus, Systeml hasthe principality property and PT is a completetype inference algorithm for Systeml. O
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Proof. By lemma 6.2 and theorem 5.16, if S = Unify(( M)) is de ned, it is a principal solution for ( M).
By theorem 6.5, S(Skel(M)) is a typing for M . By lemma 6.4, if D is a typing for M , then D = S%Skel(M ))
for somesubstitution S° which must be a solution for ( M) by theorem 6.5. By de nition 4.13,it must hold
that S ( M)) = SUS(( M))) for somesubstitution S Thus, D = S{PT(M))7, proving that PT(M) is
a principal typing for M. O

7 Skeletons and Deriv ations at Finite Ranks

This section makesa ner analysis of the relationship betweenSkel(M ) and ( M) for an arbitrary -term
M. We then de ne the \rank" of skeletonsand derivations, and the \rank" of solutions for constraint sets.
Finally, we prove a correspondencebetweenthe rank of typings for M and the rank of solutions for ( M).

Denition 7.1 (Left Types). ForeveryskeletonS wede ne the setof left typesof S, denotedleft-typeqS),
and the nal type of S, denoted nal-type(S). If S is the skeletonhR;J; Q1  Qni whereJ is the judgemert
A >M : ,then

nal -type(S) = ;
8
E? if n=0and R = VAR;
left-typeg(S) = left-typeq Q1) [ left-typeqQ2) [ f nal-type(Q1)g !f n=2andR = APP;
3fF | 2left-typegQi)g ifn=21and R = F 2 EVar;
" left-typeq Q1) [ [ left-typedQn) otherwise
A simple induction (omitted) showsthat atypein left-typeqS) is always of the form F for someF 2 EVar
and 2 T' . In words, F 2 left-typegS) i is the nal type of the left premise Q; in a subslkeleton

hAPP; J; Q:Q2i of S. The number of typesin left-typeqS) is therefore the number of times rule APP is used
in S.

The de nition of left-typeqS) is somewhatcomplicated, but is adjusted in order to be exactly the set of
left typesof a corresponding constraint set. Let  be the constraint setf ;= 2:::; = %g. Wedene
the set left-typeq) by:

left-typeq) =1 1; 2;::1; nQ:
Lemma 7.3 relates left-typeqS) and left-typeq ). O

Denition 7.2 (The “Split' Operation). The operation split( ) is rst de ned on a single constraint
= 0 where ; °2 T are arbitrary:
8

_ 2 Fsplit{ 9= Q) _ if =Foand °=F §,
split( = 9= ., split( 1 = DIsplit( 2= 2) if = 1~ zand °= P~ 2,
f =2 9@ otherwise.
What split( ) doesis this:® If and ©aretypessuch that = €[ 1;:::; Jand 9= ¢ %:::; 9 where
i6 Oforeveryl i n,then

split( = ) =fF 12 F % iFy 0= Fy O

where F; = E-path( (;e) for every 1 i n. We extend the operation to constraint sets . If = ?,
thensplit(t) =2.1f =f = %[ ©thensplit() =split( = 9[ split( 9. O
Lemma 7.3 (Relating Left Types of Skeletons and Left Types of Constrain t Sets). Let M be a
-term, S= SkelM) and = ( M). We then have, for every substitution S:

left-types S(S) = left-types split(S)
In particular, if S is the identity substitution, then left-typegqS) = left-typeq) . O

“This requires some additional facts about substitutions, e.g., the principal solution constructed by Unify is \safe" for
composition in a certain sense. It also depends on the fact that E-path(v; Skel(M)) = E-path(v; ( M)) for all v 2 Var.
8The operation split( ) here doesonly a part of the operation simplify( ) in gure 5. The two are not identical.
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Proof. By induction on the structure of M. To push the induction through, we prove a slightly stronger
induction hypothesis, namely,

IH:  For every substitution S, every sequenceF of fresh and distinct basic E-variables,
and every o set t 2 f0;1g , we have left-typeSHFSit) = left-types split(ShF it) .

We relativize IH to S and by writing IH(S; ).

For the basecaseM = x, we have SkelM) = WWAR;x: ~ x: ;i and (M) = ?. The desired
conclusionis immediate in this case.

Proceedinginductively, let M = NiN,. Fori = 1;2,let § = Skel(N;) and ; = ( N;). Using the
simultaneous de nitions of Skel(M) and ( M) in gure 6, posingalso ; = Typ(N;) and A; = Env(N;) for
i = 1,2, we have:

S=SkelM) = PAPP;A1 " HA; " M : ;S (H S)i ; €))
= (M)= 4[H 2[f1=H2! g; (b)

whereH 2 EVar, and 2 TVar, are fresh. Let S be a substitution, F a sequenceof fresh and distinct
basic E-variables,and t 2 f0;1g . SupposeSH it = e pathge) = (ug;:::;uy) wheren=#,(e) 1,and
Gi = E-path( V:e), foreveryl i n. By denition 2.17,it is easyto seethat:

SHFSit = ¢gShgtY:;:::;Shgttn]:
Hence,by de nition 7.1 together with (a) above and the fact that nal-type(S1) = 1, we have:
left-typeq SHFSi') = Sl i n Gileft-typegShg* i) (c)
= Sl i Gi left-typeShSit ') [ left-typegSHH Spit“i) [ fSh it Uig

For arbitrary 1;:::; n; 200 ,?2 T, it is readily cheded that:

split(e] 1;:::; nl= el &:i; 0) = Grsplit(12 O [ [ Gnosplit(n= 0
Moreover, if ; or Cisin T for everyl i n,then:

splitte] ;5 al= € Z:i:; O) = Guf 12 Qg[ [ Gaf o2 Og;

which in turn implies that:
left-types split(e] 1;:::; n]= €[ %::i5 O) = Gy 15::::Gn nQ:
Hence,by de nition 7.1 together with (b), we also have:

left-types split(SHF ')

left-types split(SHF 1i') [ left-types split(SHFH ,it) | (d)
left-types split(SHE 1it = SHE(H ! i)

S

= 1 i o Gi left-typeqsplit(Sh 1i' ") [

I n

left-typedsplit(SH 2" ")) [ FSh 4i' ' g

The equality of (c) and (d) follows from IH(S;; 2) and IH(S;; 2), which implies IH(S; ) is alsotrue.
The last caseof the induction isM = ( x:N ). There are two subcasesdepending on whetherx 2 FV(N)
or not. Consider the rst subcaseonly; the secondis analyzed in the sameway. Let S°= Skel(N) and
0= ('N). Using the simultaneous de nitions of Skel(M) and ( M) in gure 6, posingalso Typ(N) =
and Env(N) = A[x 7! ], we have:

S=Skel(M)=hABS-I;A> M : | ;S%; (e)

= (M)=(N)= (f)

That IH(S; ) istrue in this casefollowsfrom de nition 7.1,together with (e), (f) and IH(S% 9. Remaining
details omitted. O
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De nition 7.4 (Rank of Types). For everys2 fL;R;0;1g , let # | (s) denote the number of occurrences
of L in s. Formally,

8

20 ifs="
#L(s):>1+#,_(t) ifs=1L t

CHL fs=R tor0O torl t

Let 2 T. There is a smallest (and, therefore, unique) ' 2 T, with n 1 holessud that

1. ="[1;:::; n]forsome 1;:::; 2 T.
2. None of the typesin f 1;:::; g contains an occurrenceof \".
The rank of hole (7 in ' is given by holerank( ;') = # (path( ;')). If' = ,ie., doesnot

mention any \*", wedene rank )= 0. If ' 6 , wedene rank( ) by:
rank( ) = 1+ maxfholerank( ;' )j1 i #,()g:
Let T T beanon-empty nite subsetof types. We de ne rank(T) by:
rank(T) = maxfrank( )| 2Tg:
If T="?,wedene rank(T) = 0. This de nition of rank is equivalent to others found in the literature. O

Denition 7.5 (Rank of Skeletons, Deriv ations and Typings). Let J be the following judgemert of
System|:

X1 105000 Xk D ko M

for someappropriate types 1;:::; k; and -term M. Wesay that ;:::; k arethe environment typesin
J and s the derived type in J. If S is a skeleton of System|, an environment type (resp., a derived type)
in S is an environment type (resp., a derived type) in one of the judgemerts of S.

If S is a skeleton of System| where every environment type hasrank 0 and every derived type has rank
0, we write rank(S) = 0 and say that S is a rank-0 skeleton

Letk 1. If Sisaskeletonof Systeml whereevery ervironment type hasrank k 1 and every derived
type hasrank  k, we write rank(S) k and say that S is a skeletonof rank at most k. If rank(S) k
but rank(S) 6 k 1, we write rank(S) = k and say that S is a rank-k skeleton A particular subsetof the
rank-k skeletonsare the rank-k derivations, and a particular subsetof the rank-k derivations are the rank-k
typings. O

De nition 7.6 (Lam bda-T erms in Special Form). Let M be a -term. We say that M is in special
foom ifM =(y1 yniN)zz 2z, whereN isnot a -abstraction, FV(N) fyi;:::;yngand zi;:::;z,
are n distinct -variables, with n 0.

LetM = y3 y,:N bea -term (not necessarilyin special form) whereN is not a -abstraction, with
n O,andlet FV(M) = fxg;:::;Xmgwith m 0. We de ne the special form of M by:

specia(M) = (X1 XmYr  Yn:N)Zs  Zmsn s

wherezi;::: ;Zm+n arem+ n distinct fresh -variables. Clearly, specia(M ) isa -term in special form. (It
is not the casein generalthat if M is in special form, then specia(M) = M .) O

Lemma 7.7 (Relating Rank of Typings and Rank of Left Types). LetM bea -term andletD he
a typing for M. If M is in special form, then rank(D) = rank(left-typegD)). O

The conclusion of the lemma is generally falseif M is not in special form. Consider, for example, the
-term M = xx: There is a typing D for xx of rank 2, while rank(left-typegD)) = O.

43



Proof. If D is a derivation with nal judgemert X1: 1;:::;Xm: m 2 P : , we de ne the set of types
nal -type (D) by:

nal-type (D) =f 1! ;:::;m! 5 @

where is a fresh T-variable (hot occurring anywhere in D). Although the usual de nition of \rank" allows
us to write the equation:

rank( nal -type (D)) = rank( 1! om0,

we have to avoid the type on the right-hand side of this equation becausejf 62T' , it is not legal according
to our syntax of types(de nition 2.3).

We also de ne left-types (D) = left-typeqD) [ nal-type (D). Without restrictions on the -term P, we
now prove by induction on the structure of D that:
IH:  rank(D) = rank left-types (D)

This is the induction hypothesis,which we write IH(D) when relativized to D.

For the basecase,we have D = hWAR;x: °~ x: ;i and left-types(D) = f ! ; g. This implies
IH(D) is true for the basecase.
Supposethe nal judgemert in D is obtained by using ABS-1, i.e., D = PABS-I;A~ xM : | ;DY

where D= MR;A[x 7! ] M : ;Qi for somerule R and appropriate sequenceQ of subderivations. We
now have the following sequenceof equalities:

rank(D) = rank(D9 by de nition of rank(D),
= rank left-types (D9 by IH(D9,
= rank (left-types(D%) f ! : o[ f ! g
= rank left-types (D) by de nition of left-types (DY),

which implies IH(D) is true for the casewhen ABS-I is the last rule usedin D.

We omit the casewhen the nal judgemert in D is obtained by using ABS-K. This caseis an easy
variation of the precedingcase,and we omit all the straightforward detalils.

Supposethe nal judgemert in D is obtained by using APP, i.e., D = hAPP;A; " A, MN : ;D;Dai
where D; = hR;;A; " Mo 1 ;Qqi and D, = hRy;A, "2 N ;Qsi, for somerules R; and R, and
appropriate sequence$); and Q, of subderivations. Let

— P 1. .1 .1
A]_ - X]_ 1,...,Xm. m,yl. m+1,...,yn. m+n
— L2000 .2, .2 .2
A2 - X]_. 1,...,Xm. m: Zl. m+l,...,Zp. m+p
for somem;n;p 0, wherethe setsfxi;:::;Xm0, fy1;:::;yngandfzy;:::;z,g are pairwise disjoint. This
implies that
— 1 2.... . .1 2. .1 1 . .2 .2
A]_AAZ - X]_ 1/\ 1,...,Xm. m/\ m,yl. m+1,...,yn. m+n:? Zl m+1,...,Zp. m+p

By the de nition of nal-type (), we thus have:

nal-type (D1) = f £1 5 iiiyq! 5 qa ! i men! g;
nal-type (D2) = f 71 ;i 20 5 20 s Lot s g;
nal-type (D) =f i~ 21 ooy b 20
T el .2 2 :
m+l = 5 ccss m+n 0 mHl C 0 ccc o mEp -t s g:

A straightforward calculation now shows that:

(y) rank(nal-type (D)[ f ! @) rank nal-type (D1)[ nal-type (D3)
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Finally, we have the following sequenceof equalities:

rank(D) = maxf rank(D1); rank(D;); rank nal-type (D) g

rank left-types (D1) [ left-types (D,) [ nal-type (D)

rank left-typeqD) [ nal-type (D1)[ nal-type (D2)[ nal-type (D)
rank left-typeqD) [ nal-type (D)

rank left-types (D) ;

where the secondequality follows from IH(D;) and IH(D;), and the fourth equality from (y) and the fact
that f | g left-typeqD). This establisheslH(D) when APP is the last rule usedin D.

Supposethe nal judgemert in D is obtained by usingrule *,i.e.,D = h" ;A1 " Ay "¢ M : 1N 2; D1 Dai
whereD; = hR1;A; "2 M : 1;Qqi and Dy = hRy; A2 "> M @ 2;Qq2i, for somerules R; and R, and appro-

priate sequencesl; and Q. of subderivations. SupposeFV(M) = fx1;:::;Xmg for somem 0, sothat
AL = X1 £ Xmooop
Ay = X1t BiiiiXm: 3
ALNAy = Xpo iN BiiiXm o AN 2

nal-type (D7) =f ! ;0 20V 5 4g;
nal -type (D3) = f 12' ; ;r%' v 209,
naltype (D) =f i~ 21 S AN 2 N g

It is therefore clear that:
(27 rank nal-type (D) rank nal-type (D;)[ nal-type (D>)
We now have the following sequenceof equalities:

rank(D) = maxf rank(D1); rank(D3); rank nal-type (D) g

rank left-types (D) [ left-types (D,) [ nal-type (D)

rank left-typeqD) [ nal-type (D;)[ nal-type (D2)[ nal-type (D)
rank left-typeqD) [ nal-type (D)

rank left-types (D) ;

wherethe secondequality follows from IH(D;) and IH(D>), and the fourth equality from (z). This establishes
IH(D) when rule ~ is the last usedin D.

The last caseof the induction is when the nal judgemert in D is obtained by using rule F, for some
F 2 EVar. This caseis straightforward and simpler than all the precedingcases.We omit all the details of

this last case.
To complete the proof of lemma 7.7, consideran arbitrary -term M in special form and a typing D for
M. Then D must have the following form (seede nition 7.6):

ABS-x R:
Y1 ynN: 1! ' nl Z1: 1 221 1 :
APP - R»
z1: 1 (Y1 YniN)zi: 2! Iog! 22 2 222 2
APP
APP — R
Z1: 0130003 Zn 11 (Y1 yaN)zm za 10 oa! Znin 2Zn i on
- APP
Z1: 130003 Zn i on (Y1 YyaN)zr z:
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for some 1;:::; n2Tand 2 T' , where ABS-x 2 fABS-1;ABS-Kg and R; 2 f VAR;~g[ EVar for every

1 i n. By the de nition of left-typeq ) and left-types ( ), we have:

left-types (D) = left-typegD) [ nal-type (D) = left-typedD)[ f ¢! ; :::5n! ; 0O:
Because ;! Fop! 2 left-typeqD) and rank( ;! gt )=rank(f ¢! ;o0 5 9)
it now follows that rank left-types (D) = rank left-typegD) which, together with IH (D), implies the con-
clusion of the lemma. O

Denition 7.8 (Rank of Solutions of Constrain t Sets). Let  be the non-empty -compatible con-
straint setf ;= %:::; ;= 9g,andletk 0. Wesay that asubstitution S: Var! (E[ T' ) is a solution
for  of rank at most k provided:

1. Sis a solution for .

2. maxfrank(S 1);:::;rank(S n)g k.

We say that S is a rank-k solution for if Sisofrank k but not k 1.If = ?, every substitution
is a solution for , and we de ne the rank of a solution for = ? to be 0 (this is an arbitrary choice which
doesnot a ect the analysis). O

Theorem 7.9 (Rank- k Typings vs. Rank- k Solutions). Let M be a -term and M° = specia(M).
The following are equivalent conditions, for all k  O:

1. Thereis a rank-k typing for M.
2. There is a rank-k typing for M °.
3. There is a rank-k solution for ( M 9. O

In the theorem statemert we can restrict k to be 6 1. It is easyto seethere is no rank-1 typing for any

-term P (as opposedto a derivation). Moreover, it can be shaowvn that there is no rank-1 solution for ( P)

for any -term P, using the fact that all positive inner occurrencesof expansionvariablesin ( P) are at
rank 2 (details omitted). This last assertiondoesnot hold for -compatible constraint setsin general.

Proof. Let k 0 be xed throughout the proof. We rst provethat, givenan arbitrary 2 T and arbitrary

z 2 -Var, there is a derivation, call it D(z : ), whose nal judgemertisz: “,z: where?=" or
? = e depending on whether 2 T' or not. For this, we write in the form = e[ 1;:::; i] wheree is
an expansionwith #,(e) = j land 1;:::; 2 T' . The construction of D(z : ) is a straightforward

induction on the size of e, obtained by using repeatedly rule ~ and rule F in gure 1; rule » (resp. rule F)
is usedas many times as there are occurrencesof \" (resp. occurrencesof F) in e. We omit the details of
this induction.

If rank( ) = O,thenrank D(z: ) = 0. If rank( ) = 1, then rank( ;) = =rank( j)=0andj 2,
which in turn impliesrank D(z : ) = 2. If rank( ) = k 2, then maxfrank( 1);:::;rank( j)g = k which
in turn impliesrank D(z: ) = k+ 1. Note that for all 2 T, it holdsthat rank D(z: ) 6 1.

We now prove the equivalenceof parts 1 and 2 in the theorem statemenrt: There is a rank-k typing for M
i thereis arank-k typing for M °. The right-to-left implication is easyto see,becauseM is a subterm of M ©.
For the left-to-right implication, supposeD |s a rank-k typing for M. Hence,D is of the form D = hR; J; Qi
whereJ isthe judgemert X1 : 1;:::;Xm: m M : . Wecanassumethat R 2 f VAR; ABS-I; ABS-K; APPg
in the judgemert J, which must therefore be of the form (seede nition 7.6):

X1: 10 Xm i m Y1 YN ma ! ' men!
for some 1;:::; m«n2Tand 2 T' ,wheren OandN isnota -abstraction.

If rank(D) = 0, then rank( ;) = Ofor everyi 2 f1;:::;m+ ng. There are no rank-1 typings, i.e., typings

of rank at most 1 but not 0. If rank(D) = k 2,thenrank( ;) k 1foreveryi 2 fl;:::;m+ ng. The
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desiredtyping D° for M © has the following form:

Q
R
X1: 1300 Xm i m o M oma ! ' men!

ABS-|
ABS-|

X1 XmM: g! ' men! D(z1: 1)

\ APP
Z1 . 1 (X1 XmIM)Zli 2! ! m+n ! D(ZZ: 2)
APP
D(Zm+n : m+n)
. APP

Z1: 1500 Zmen o men o (X1 Xm:M)Zi  Zm+n:

It is easyto ched that if rank(D) = 0 then rank(D9 = 0, and if rank(D) 2 then rank(D9 = rank(D).

We next prove the equivalenceof parts 2 and 3 in the theorem statment: There is a rank-k typing for M ©
i there is arank-k solution for ( M 9. Let S°= SkelM % and °= ( M 9. By lemma 6.4 and theorem 6.5,
there is a typing D°for M%i there is a solution S for % such that D%°= S(S9. We also have:

left-typeg DY) = left-types S(SY = left-types split(S 9
where the secondequality follows from lemma 7.3. Hence,we also have:

rankD% = k i  rank left-typegD% = k
i rank left-typegS(S%) = k

i rank left-typegsplit(S 9) =k

i Sisarank-k solution for 9

wherethe rst \i is true by lemma 7.7 and the last \i " follows from the fact that k 6 1. O

8 Termination and Decidabilit y at Finite Ranks

This section de nes UnifyFR an adaptation of algorithm Unify which producesa solution S with bounded
rank k for a -compatible constraint set . The de nition of UnifyFRdi ers from Unify only in the \mo de
of operation" as preserted in gure 7. The invocation of UnifyfFRon  at rank k producesa solution S
if Unify() producesS and rank(S) k. Otherwise, UnifyFR halts indicating failure, unlike Unify which
divergesif it cannot nd a solution.

Note that the principality of solutions produced by UnifyFR follows from the principality of solutions
produced by Unify.

The presenation of UnifyFRin gure 7 includes two new operations, \the coding of a constraint set
asapair ( ; 9" and\the decomposition of a pair ( ; 9 asa constraint set ( ; 9". Theseare precisely
stated in de nitions 8.1 and 8.2.

Denition 8.1 (From Constrain t Sets to Constrain t Pairs). The coding p qof aconstraint set =
f o= %y = OYgisthe pair (; 9 givenby:

Pa=(: 9= (1 *(n ™ (2" (70D O

To show that for a xed k 0, an evaluation of UnifyFR( ; k) terminates, we needto reasonabout the
rank of a constraint in a constraint set. The following de nitions support this.

De niton 8.2 ( -Compatible Pairs). Let ( ; 9 bea pair of types. We de ne its constraint decomposi-
tion seguen@ d( ; 9= (; MY A9) with 1+ 2n entries, where' 2 T, with n 0 holesis the
largest (and therefore unique) type context such that

1. ='[q:0; nland O="[ %05 O, wheref ; %g=fA;"\gforeveryl i n.
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Meta variable conventions:

2R, 2R, ;i2%, 2SS :9%T, e2E 2TVa, F 2 EVa.

Mo de of operation:
Initial call: UnifyFR( ;k)) UnifyFR(p o;f[ b;E-enV) ;k) wherek 0.
Final call: UnifyFR ( ; );S;E;k ) S.
UnifyFR ( o; &);So;E;k ) UnifyFR ( 1; 9);S1;E;k , provided:
{ ( o = [ Ff = g and = ) Sis an instance of one of the rewrite rules.
{(1;;?):(80;88) and S1=S £So.
{ rank( 1) k and rank( D) k.
Rewrite rules:
= ) f[ =B (ule 1)
= ) fl = Db (rule 2)
F =€ 1;::05 ] ) f[F = ep (rule 3)

Applying substitutions  to constrain t sets:
S? =7?.
S(f = %[ ) =fS =5 %[ S.

Figure 7: Algorithm UnifyFR (every part other than \Mo de of operation" is copiedfrom gure 5).

2. Foreveryl i n,if holerank( ;') iseven,then (; 9= (4;79.
3. Foreveryl i n,if holerank ;') is odd, then (;; 9= ("%A).
If G; = E-path( ;" )forl i n, then the constraint setdecomposition of ( ; 9 is:

(5 9=fGi (M= D Ga(h = g

If ( ; 9isa -compatible constraint set,then wesay that ( ; 9 isa -compatible pair. In this case,\ 2 R
and"’2 Sforl1 i n,sowecanletN = jand”’= ;forl i nandwrite ( ; 9 in the form:

(3 9=fG(1= 1):::::Gu(n= n)g:

Note that simplify ( ; 9 = ( ; 9, becaused( ; 9 choosesthe largest' with the stated property. For
the samereason,note alsothat ( ; ) = ?. We de ne the rank of constraint G;( ; = ;) in ( ; 9:

rank Gi( i = 1);(; 9 = holerank( @;'):
We alsode ne h( ; 9:
h( ; 9 = minf holerank( ;" )|1 i ng;

i.e., h( ; 9 is alower bound on the L-distance of all the holesin ' from its root (viewed as a binary tree).
If = 9="'ie.,"' hasOholes,weleave h( ; 9 unde ned. O

De nition 8.3 (Successful and Unsuccessful Evaluations of UnifyFR). Let bea -compatiblecon-
straint setand k 0. Considera xed, but otherwise arbitrary, evaluation of UnifyFR( ;k):

UnifyFR ( o; LD Ek ) UnifyFR ( 1; 9):;S1;Ek ) ) UnifyFR (i; 9;Si;Ek ) :
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where (o; ) = p gand E = E-en(). We sa this evaluation suweeds if it halts at the ith call with
i = 0 for somei 0, in which caseit alsoreturns the substitution S;.

We say this evaluation of UnifyFR( ;k) fails if either it divergesor it halts at the ith call with ; 6 2,
for somei 0. In the latter case,we also say that the evaluation halts unsuaessfuly, which meansthat
i 6 P2and for all -compatible pairs ( ; 9 and all substitutions S,

UnifyFR (i; 9;Si;E;k 6) UnifyFR ( ; 9;S;E;k ;
i.e., the evaluation is unable to continue beyond the ith call. O

De nition 8.4 (Evaluating -Compatible Pairs). Let ( o; ) and ( 1; 9) be -compatible pairs. Let
rule a be oneof the 3 ruleslisted in gure 5. We write

(o3 (15D

i ( 0; 9=fGi(12 1);::::Gn(n= n)gandthereisi 2 f1;:::;ng sud that:

1. i = ;) Sisaninstanceofrule a.

2. ( 1, ]C.)): (S O;S g)
In sudch a case,we say that ( o; J) evaluatesto, or reducesto, ( 1; 9) by rule a using constraint G;( = i)
Moreover, if rank Gi( ;i = );( o; g) = k, we sa that the constraint ; = ; is at rank k and that the

ewvaluation from ( o; J) to ( 1; D) is alsoat rank k, indicated by writing
(o 0) TR (15 1)

Wewrite (o; §)) (1; D) incase(o; ) F (1 f) for somerule a, and 5 for the re exiv e transitiv e
closureof ) . Let R f1;2;3g. Let (o; §)) ) (n; 9 bean evaluation sequencewith n 1 steps.
We write ( o; ) % (n; 9 to indicate that the evaluation has n steps, and that ead step is carried out
usingrule a for somea 2 R.

Finally, if there is no pair ( 1; {) such that (o; §) F ( 1; 1), then we sa that the pair ( o; §) is in
R-normal form. O

Lemma 8.5 (Evaluating without Rule 3). LetR = f1;2gand ( o; §) a -compatible pair. Then there
isaboundM ( o; ) solelydependingon ( o; ) suchthat for everyevaluationwith R, say( o; 8)% (1;9);
wehaven M ( o; §). In words, a diverging evaluationof ( o; J) mustuserule 3 in nitely manytimes. O

Proof. Consider a single evaluation step (o; ¢) 3 (1; - Let o= ( o5 (). and 1= ( 1; D

Then TVar( ;) is a strict subsetof TVar( o). The desiredbound M ( o; §) is therefore the size of the set

De niton 8.6 (E-Redexes in -Compatible Pairs). Let ( ; 9 bea -compatible pair andk 0. We
de ne the set of E-redexesof ( ; 9 at rank k asthe following subsetof the constraints in ( ; 9):

E-redexes( ; Ok =fG(F = )2 ( ; % |rank G(F = )(: 9 =kg: O

Lemma 8.7 (Ordering E-Redexes in -Compatible Pairs). Let( ; 9 bea -compatible pair and x
the integer k 0. Then we can list the constraints in E-redexes( ; 9;k in a particular order:

Gi(F1 12 1) Ga(F2 22 2): 115 Gu(Fn n = 1)
suchthat for everyl j n:
F; 62EVar(Gi) [ [ EVar(Gj 1) :

In particular, for j = n, we haveF, 62EVar(G,) | [ EVar(G, 1). O
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Proof. Let A= fFy;:::;FhogandB = EVar A. If G2 EVar , wewrite GB for the sequencén A obtained
from G after erasingall E-variablesin B. We de ne disjoint subsetsA1;A;;As;::: of A asfollows:

A;=fF 2 EVar|G(F = )2 E-redexes(; 9;k andG®="g:
If E-redexes( ; 9;k 6 ?,then clearly A; 6 ?. Foreweryi 1, de ne:
A = fF 2 EVar|G(F = G )2 Eredexes( ; %:k andGB 2 A, A g:

This de nition of A1;A,;As;::: is not circular, because( ; 9 isa -compatible constraint set, implying
that E-path(F; ( ; 9) is uniquely de ned without repeated ertries, for every F 2 EVar. BecauseA is
nite, there is a smallestp such that A = Az [ [ Ap. Moreover, by de nition, if Aj:1 8 ? then A; 6 2.
Hence,assumingA 6 ?, we have a partition of A into p 1 disjoint (non-empty) subsets. We partition
E-redexes( ; 9;k similarly, by de ning a subset ; of constraints, onefor every i  1:

= fG(F = )2E-redexes(; 9k |[F2Aig
Clearly, E-redexes( ; 9;k = 1] [ p. Foreweryl i p,letA; =fFg1;:::;Fin, 0. Thus,in

particular, n = ny+ n,+  + ny. To concludethe proof, we assigna xed but otherwise arbitrary order to
eadh ; separately:

Gia(Fi1 k1= 1) 15 Gin,(Fin, in, = in,) "
The sequencel; 2;::: ;n in the lemma statemert is just the sequenceappropriately renamed):
(L) (@ng); (2:1) 000 5(2in2); i s(psd)s it (psnp)
If G(F = yisin , forsomel i p,then E-path(F; ( ; 9) = G with jGBj=1i 1 by construction.

This, together with the fact that the E-path of a variable is uniquely de ned and doesnot contain repeated
ertries, implies that forall1 j pandalll r n; it holdsthat

whereeitheri=jand1l q<r,orl i<jandl g n;. The conclusionofthe lemma follows. O

De nition 8.8 (Conserv ativ e E-Redexes in -Compatible Pairs). Let ( ; % bea -compatible pair,

k 0,andG(F = ) beanE-redexof( ; 9 atrank k. Wesay G(F = ) is conservative if its reduction
decreaseghe number of E-redexesat rank k. Speci cally, if there is a -compatible pair ( 1; 9 such that

(; 93 (1 D byreducingGF = G , then jE-redexes( ; 9);k j > jE-redexes( 1; {);k . O

Lemma 8.9 (Conserv ative E-Redexes Exist). Let( ; 9 bea -compatible pair and x integerk O.
If E-redexes( ; 9;k 6 ?, then thereis a constraint in E-redexes( ; 9;k which is conservative. O

Proof. If there is exactly one constraint G(F = ) in E-redexes( ; 9;k , then the lemma conclusionis

readily veri ed: The reduction of G(F = ) doesnot create E-redexesat rank k, although it may create
E-redexesat ranks 6 k. If E-redexes( ; 9;k contains n 2 constraints, say

Gi(F1 1=: 1) 5 Ga(F2 2=: 2); it Gn(Fa n=: n)

then, by lemma 8.7, they can be ordered so that F, 62EVar(G;) [ [ EVar(Gn 1). The last constraint
Gnh(Fn n = n) in this list is a consenative E-redex at rank k. O

Lemma 8.10 (Ev aluating with Rule 3 at a Fixed Rank). LetR = f1;2g asin lemma8.5.

Hypothesis Let ( o; §) be a -compatible pair in R-normal form, with k = h( o; ), and consider an
arbitrary evaluation with the rules in R (with no rank restriction) and rule 3 restricted to conservative
E-redexesat rank k, i.e.,

50



#) (0: )3 (1D (2D =3 ()3

where for everyi 1, eitheraj 2 R or a; = 3andthestep( i 1; ;) F (i; ) is theresultof reducing a
conservative E-redex at rank k.

Conclusion The evaluation shownin (#) cannot be in nite. Moreover, if ( i; 9 cannot be evaluate
further, i.e., if (i; 9 isin R-normal form andin (3;k)-normal form (see de nition 8.4), then either ; = ?
orh(i; 9> k. O

Proof. We assumeE-redexes( ; 9;k 6 ?, otherwise the conclusionfollows immediately from lemma 8.5.
For arbitrary -compatible pair ( ; 9, de ne the measure:

P(; 9= jE-redexes(; %:h(; 9 j= the number of E-redexesof ( ; 9 at rank h( ; 9:

We alsode ne the measureN ( ; 9 asfollows:
N(; 9= P(; 9size( ;9

The sizg ) function is givenin de nition 5.13. We usethe lexicographic ordering on pairs of natural numbers
and, relative to this ordering, we show that N ( ; 9 is strictly decreasing{ provided alsothat the evaluation
starts from a -compatible pair ( o; J) in R-normal form.

If rule 1 orrule 2 isused,then P( ; 9 doesnot change,but size ( ; 9 decreasedy at least2. In
general,rule 1 and rule 2 can introduce new E-redexes,but these are necessarilyat ranks strictly greater
than h( ; 9, becausethe evaluation under considerationstarts at ( o; ) in R-normal form.

If rule 3isused,then P( ; 9 decreasedy lemma8.9, while in generalsize ( ; 9 increases.Because
we restrict rule 3 to consenative E-redexesat rank h( ; 9, all new E-redexesare at ranks > h( ; 9.

It follows that the measureN ( ; 9 is well-ordered, of order type ! 2. This implies the conclusionof the
lemma. O

De nition  8.11 (Rank-Increasing Evaluations). Let R = f1;2g. Let ( o; J) bea -compatible pair.
A rank-increasing evaluation of ( o; §) is of the form:

(6 )F (DD (27

where( 1; ) isin R-normal form and, for everyi  1,if { 8 °then R; = R[ f(3;ki)gwhereki = h(i; 9
and ( j+1; %) isin Rj-normal form. O

Lemma 8.12 (Rank-Increasing Evaluations Complete). Let bea -compatible constraint set, and
let (; 9= p g If arank-increasing evaluation of ( ; 9 diverges,then has no solution. O

Proof. A rank-increasing evaluation of ( ; 9 inducesan evaluation of Unify() sud that, if the evaluation
of ( ; 9 diverges,then the induced evaluation of Unify() alsodiverges.By lemma5.11,if  hasa solution,
then every evaluation of Unify() terminates. This implies the desiredresult. O

Theorem 8.13 (Decidabilit y of Finite-Rank Beta-Uni cation). Let bea -compmatible constraint
setand let k be a xed but otherwise arbitrary integer 1.

1. hasa solution of rank k if and only if there is a suaessfulevaluation of UnifyFR( ; k).
2. There is an evaluation of UnifyFR( ; k) which terminates.
3. It is decidable whether hasa solution of rank k. O

We purposelyimposethe restriction k 6 0 becausejf hasmorethan oneconstraint andp q= ( ; 9,
then rankf ; % 1. In sudh a case,an evaluation of UnifyFR{ ;0) always fails, evenif  has a rank-0
solution.

We conjecture part 2 of the theorem can be strengthenedto: \Ev ery evaluation of UnifyFR( ; k) termi-
nates". The conjecture will be settled if one provesthat every evaluation of a -compatible pair ( o; J) that
divergesis rank-increasing; lemma 8.10 provesit for only a particular evaluation strategy.
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Proof. For the left-to-right implication in part 1, suppose hasa solution. By theorem5.16,Unify() = S
for some substitution S, which is also a principal solution for . The evaluation Unify() = S induces
an evaluation UnifyFR( ;") & Sfor some™ 0. Let * be the leastinteger such that UnifyFR( ;) = S.
Suppose S is a rank-m solution for , with m 0. BecauseS is a principal solution for , every other
solutionisofrank m. If m 1,it is easyto seethat ~ = m, which alsoimplies that UnifyFR( ;k) & S
foreveryk m. (If m= 0and hasmorethan one constraint, then ~ = 1.)

For the right-to-left implication in part 1, supposethere is a successfukvaluation UnifyFR( ;k) & S for
somek 0, and supposek is the least integer with this property. (We do not needto imposethe restriction
k 6 O for this implication.) The ewaluation UnifyFR( ;k) & S inducesan evaluation Unify() = S. By
theorem 5.16, S is a principal solution for . Moreover, if k = 0or k 2, then S is a rank-k solution; and
if k= 1,then Sisofrank k.

We prove parts 2 and 3 of the theorem simultaneously. Let ( o; §) = p g and considera rank-increasing
evaluation of ( o; J) asspecied in de nition 8.11:

(oig)ﬁ (1??)%)1 (Z;S)%)z

Sudh an evaluation of ( o; §) always exists by lemma 8.10 and, depending on whether it divergesor not,
there are two cases. In the rst case,if the ewaluation diverges, has no solution by lemma 8.12 and,
moreover, there is n 1 such that k, > k where k, is given in de nition 8.11. In this case,the induced
evaluation of UnifyFR( ; k) terminates unsuccessfully

In the secondcase,the evaluation of ( o; g) exhibited above terminates at ( ,; 9) with , = 2. There
are two subcases,depending on whether k, > k or not. In the rst subcase,k, > Kk, it is clear that the
induced ewaluation of UnifyFR( ; k) terminates unsuccessfully corresponding to the fact that every solution
for hasrank k, > k. In the secondsubcase,k, Kk, the induced evaluation of UnifyFR( ; k) terminates
successfully corresponding to the fact that there is a rank-k, principal solution for . O

Corollary 8.14 (Decidabilit y of Finite-Rank Typabilit y). Let M bea -term andletk 0. It is

decidable whetherthere is a rank-k typing for M in systeml. O
Proof. For k 1, thereis atyping for M ofrank 1i M is simply-typable. For k 2, the result follows
from theorems7.9 and 8.13. O
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A Complete Run of the Type-Inference Pro cedure

Werevisit example2.22,illustrating arun of the type-inferenceprocedurein section6. The -term in this ex-
ampleis (x:y :xy)( z :zz). The stepspreseried below are obtained by running an actual implemertation of
the procedure, which is found at http://www.churc h-projec t. org/modular/ compai tio nal- analys is /.
(This is only one of seweral implementations available at the website, which are all developed in the context
of the compositional-analysis e ort of the Church Project.) There are non-essetial di erences between
the initial and nal skeletons below and those in example 2.22 for the same -expression;we follow the
organization in the \t ype-inferencereport" produced by the implementation at the foremertioned website.

1. Initial typing judgemer:

T(xy xy)z:zz): e

2. Initial skeleton:

yio1 Z: 4
| |
X 0 Fo VA 3 Fi
\ / \ /
@: > @: s
| |
y :Fo 1 z: 3"F1 4
| |
X 0 F2
~
@: s
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3. Initial constraint set:

f 0 Fo 1! 2
Fo 3 Fa(F1 4! s5);
o! Fo 1! 2= F2(3"F1 4! 5)! 6 @

4. Final substitution, obtained by running algorithm Unify in section5 on the initial constraint set:

fl

(F1 4! 2)"F1 4! 2

0 =

9= F1 o4l

1=

3 = F1oal 2

5 = 2

6 = (F1 4! 2)"F1 4! 2
Fo = N Fl X

F, = b

5. Final skeleton, also a derivation, obtained by applying the nal substitution to the initial skeleton:
Yo o4

yiF1 4! 2 Fi1

NV

X:(FL 4! 2)"F1 4! 2 Z: 4
~ |
@: » z:F1 4! 2 F1
| N S
y ((F1 4! 2)"F1 4 @: >
| |
X 1(F1 4! 2)"F1 4! 2 zZ:(F1 4" 2)"F1 4

\ /

@:(F1 4! 2)"F1 4! o
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