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ABSTRACT
We investigate the relationship between two polynomial time
languages: Bellantoni and Cook’s functional combinator lan-
guage BC, and Girard’s Light Linear Logic LAL (as amended
by Asperti). It is known that both languages characterize
exactly the polynomial time functions. Despite this similar-
ity, an open question has been to provide a compositional
translation between the two languages: given a ptime func-
tion f described in a BC program pf , how can we translate
pf into an LAL-program? Compositionality means that the
translation of a program is a function of the translation of
its constituent parts. The construction of such a compiler is
fundamentally an exercise in functional programming.
The best known such translation, due to Murawski and

Ong, compiles only the linear fragment BC-, where some
variables can only be referenced once. We show that this
fragment can be evaluated in logspace. Next, we prove
that extensions of their approach to the full BC language
cannot provide a correct translation into LAL. In fact, any
translation that interprets integers and primitive recursion
via inductive type codings fails. Finally, we provide a cor-
rect, compositional translation between the two languages.
For this translation we generalize Turing machine simula-
tions into an SECD machine, realized in LAL.

Categories and Subject Descriptors
D.3.1 [Programming Languages]: Formal Definitions and
Theory; F.3.3 [Logics and Meanings of Programs]: Stud-
ies of Program Constructs—Program and recursion schemes;
F.4.1 [Computation by Abstract Devices]: Mathemati-
cal Logic—Computability theory, Computational logic, Lambda
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1. INTRODUCTION

History repeats itself, first as tragedy, second as farce.
–Karl Marx

Paraphrasing not Marx, but Landin, we are now con-
structing the next 700 languages of polynomial time. We
are thereby repeating what Church, Turing, and Post first
did for recursive enumerability (r.e.), only at the level of
polynomial-time complexity. On the theoretical side, such
languages provide precise insights into how programming
constructs affect complexity. This issue is investigated, for
example by Jones [13], who characterizes a large number
of complexity classes by restricting various features of pro-
gramming languages without constructors. On the practi-
cal side, this work illustrates how compilers using evaluation
techniques like laziness and tail recursion can control com-
plexity, e.g., [5]. Moreover, it holds the key to a Shangri-La
where compilers are capable of reasoning about the com-
plexity of the programs they compile.
A seminal example of such a polynomial time language

is the combinator language BC by Bellantoni and Cook [4].
BC introduces a restricted form of primitive recursion and
composition, in order to avoid primitive recursion over val-
ues computed by a subrecursion. This restriction bounds
the length of outputs by polynomials. Hofmann [10, 11]
generalizes the approach to higher-order functions by intro-
ducing a modal type-system restricting the growth of func-
tions. Types can be used to constrain many intensional pro-
gram behaviors: when investigating type systems that en-
sure polynomial-time computation, we need to amend Mil-
ner’s “well typed programs do not go wrong” to “well typed
programs do not run too long.”
In a logical analogue of this work, Girard introduces Light

Linear Logic [8], a version of Linear Logic [7] with lim-
ited copying and stratified computation. Light Linear Logic



is greatly simplified by Asperti and Roversi in their Light
Affine Logic (LAL) [2].1 Through the Curry-Howard iso-
morphism [6, 12] this logic implicitly defines a functional
programming language [2, 19]. Proofnets for linear logics
embody the logician’s graph reduction technology for im-
plementing functional languages. The key question in us-
ing proofnets is to understand what structures are shared,
and how. Different such sharing strategies for sharing can
characterize evaluation orders, distinguishing (for example)
call-by-value and call-by-name. Along exactly these lines,
Murawski and Ong [18] construct another operator algebra,
BC±, in an attempt to encode a variation of BC into LAL.
Leivant [15, 16] proposes a variety of systems based on the
tiering of recursion in the spirit of BC. And finally, the au-
thors investigate intensional limitations to the concept of
ptime languages in [17], where it is shown that slight varia-
tions in the input-output conventions yield exponential time
bounds rather than ptime.
The Church-Turing thesis is supported by the fact that

the formalisms for describing r.e. simulate each other. Re-
stricting the complexity classes themselves to ptime, can the
formalisms described above be said to simulate each other,
giving rise to perhaps a ptime Church-Turing thesis? To be-
gin answering this question, we continue the investigation of
simulating BC in LAL. Given a ptime function f described
in BC program pf , how can we translate pf to its equivalent
in LAL?

Technical contributions: The best known translation
of BC into LAL, due to Murawski and Ong, compiles only
the linear fragment BC-, where so called safe variables can-
not be shared. We show that this fragment can be evaluated
in logspace. The key idea is that a nonstandard procedure
calling protocol can trade more time for less space—it goes
one better than tail recursion by throwing away the current
call context, grabbing instead the context for the recursive
call, and later restarting the computation once a recursive
call produces an answer.
Next, we prove that extensions of their approach to the

full BC algebra cannot provide a correct translation into
LAL. This is proved through a general theorem of the im-
possibility of any translation that interprets integers and
primitive recursion via inductive type codings. This result
shows why the Murawski/Ong result is the best possible re-
sult derivable with their technique. Finally, we provide a
correct, compositional translation of BC into LAL, where
the target code simulates a version of an SECD-machine,
and discuss how satisfactory this solution actually is.

2. PRELIMINARIES
We begin by briefly recalling the concepts essential to this

paper. This section is not intended to be self-contained so
readers are encouraged to consult the references for more
details.

2.1 The Function Algebras BC and BC-

Bellantoni and Cook introduced in [4] a function algebra
that characterizes exactly ptime without any references to
external clocks. The function algebra is an offspring of the

1The addition of affinity (where inputs to procedures can
be discarded) makes programming easier, but was computa-
tionally unnecessary: all polynomial time computations live
quite happily in the non-affine, multiplicative fragment of
light linear logic (i.e., λ-calculus without K-redexes).

class of primitive recursive versions. The lower complexity
is achieved by dividing the function arguments into normal
and safe arguments (shown with a ; in the argument list
and denoted by �x and �y) and using this division to limit
composition and recursion. The syntax of BC (with program
labels l)2 is as follows

bl ::= 0
l | (πm,m′

j )l | pl | sbl | cl

| (f l.0◦〈gl.1
1 , . . . , gl.k

k 〉)l

| rec(gl.1,hl.2
0 ,hl.3

1 )
l

(1)

where the constructors are the constant function zero, the
projection functions, the binary predecessor (right shift), bi-
nary successors, conditional, safe composition, and safe re-
cursion, resp. In the case of safe composition the number of
arguments of the functions f and g1, . . . , gk are as dictated
by the semantics:

(f◦〈g1, . . . , gm, gm+1, . . . , gm+m′〉)(�x; �y) =
f(g1(�x; ), . . . , gm(�x; ); gm+1(�x; �y), . . . , gm+m′(�x; �y)) .

Similarly, the functions g, h0, and h1 of safe recursion are
restricted by rec(g,h0,h1) = f where

f(n, �x; �y) =

{
g(�x; �y) if n = 0

hb(n
′, �x; �y, f(n′, �x; �y)) if n = n′·b .

Here · is the concatenation of two binary numbers and b is
a binary digit.
Murawski and Ong introduced a linear version of BC, BC-,

in [18]. Its fundamental syntax is (1). The difference is
highlighted by the semantics where safe linear composition
reads

(f◦〈g1, . . . , gm, gm+1, . . . , gm+m′〉)(�x : �y1, . . . , �ym′) =

f(g1(�x :), . . . , gm(�x :) :

gm+1(�x : �y1), . . . , gm+m′(�x : �ym′))

Where the variables �yi are treated linearly and not dupli-
cated, and safe linear recursion is defined by rec(g,h0,h1) =
f with

f(n, �x : �y) =

{
g(�x : �y) if n = 0

hb(n
′, �x : f(n′, �x : �y)) if n = x′·b

.

To distinguish BC-from BC we have used : to separate the
arguments.
When discussing the syntax in (1) we refer to each of the

right hand sides as a syntactic constructor. The arity of a
syntactic constructor is the number of subtrees in the syntax

tree. In other words, 0, πm,m′
j , p, sb, and c have arity 0, rec

has arity 3, and ◦ has arity k + 1. We denote a syntactic
constructor by c and its arity is kc.

2.2 Light Affine Logic
Girard introduces linear logic [7] as a means to make the

resource usage in proof normalization explicit. This is done
by focusing on the way resources are duplicated. The com-
plexity of proof normalization in linear logic is far beyond

2The difference in the labelling of the subterms of safe com-
putation and safe recursion is a notational convenience that
will become clear later.



ax
x : A � x : A

weak Γ � A
Γ, x : B � A

cut
Γ � M : A x : A,∆ � N : B

Γ,∆ � N [M/x] : B

contr
Γ, x :!A, y :!A � M : C

Γ, x :!A � M [x/y] : C

�l
Γ � M : A x : B,∆ � N : C

Γ, y : A � B � N [(yM)/x] : C

�r
Γ, x : A � M : B

Γ � λx :A.M : A � B

∀l

Γ, x : A[B/X] � M : C

Γ, y : ∀X.A � M [(yB)/x] : C
∀r

Γ � M : A
Γ � M : ∀X.A

!0
� M : A
�!(M) :!A

!1
x : B � M : A
y :!B �!(M) :!A

§ �x : �A, �y : �B � C

�x′ :! �A, �y′ : § �B � §(M) : §C

Figure 1: Typing rules for ILAL. The notation [·/·]·
is used for capture-free substitution. In the ∀-rule
it is a condition that X is not free in Γ.

any notion of feasible function. For this reason he intro-
duces a restricted version, light linear logic (LLL) [8]. Using
LLL as a type system, all programs of a fixed type evalu-
ates in polynomial time. Asperti and Roversi amended LLL
to light affine logic (LAL) by adding general weakening [1,
2]. Affinity simplified and facilitated programming while re-
stricting attention to the multiplicative fragment without af-
fecting expressiveness, but in fact that expressiveness exists
in the non-affine, multiplicative part of LLL. Nonetheless,
we employ LAL due to its notational ease for the working
programmer.
Through the Curry-Howard isomorphism the intuition-

istic fragment, ILAL, of LAL can be seen as a typed λ-
calculus. We will restrict us to ILAL since it gives us a
programming language where duplication of values is made
explicit and limited. The limited duplication is achieved
through modal types where only values of type modality !
can be copied. Furthermore, evaluation is stratified into
tiers. For this reason (I)LAL has an extra neutral modal-
ity § to align expressions in a given tier. Let us first recall
the grammar of ILAL-types:

A,B ::= V | A � B | !A | §A | ∀V.A .

Here V ranges over propositional variables, ∀ is second-order
quantification, � is linear implication, and ! and § are the
modalities.
With these types we can introduce the typing rules in

Fig. 2.2. Implicitly this also specifies our syntax; the only
non standard feature is the let-construct which introduces
the modalities and thus serves to split the computation into
tiers. Since one can derive the following typing rule:

@ Γ � M : A � B ∆ � N : A
Γ,∆ � M N

we will write function application by juxtaposition. By
defining A ⊗ B◦� ∀X.(A � B � X) � X and using
the usual λ-calculus encoding of pairs M ⊗N as λx.xM N ,

one can derive the following rules:

⊗l
Γ, x : A, y : B � M : C

Γ, z : A⊗B � let x⊗ y = z inM : C

⊗r
Γ � M : A ∆ � N : B
Γ,∆ � M ⊗N : A⊗B

.

By using for instance 1 = ∀X.X we get a unit type. And
furthermore, as Asperti points out in [1] we can even define
additive types A&B which gives us a case construction

&l
Γ � M : A

Γ � inl(M) : A⊕B
&l

Γ � M : B
Γ � inr(M) : A⊕B

&r
Γ, x : A � M : C Γ, x : B � N : C

Γ, y : A⊕B � y?M |N : C
.

It is standard to extend these constructs to general tuples
and branching over inductive types. We thus have a full-
fledged functional programming language in ILAL.
As usual for typed λ-calculus one can discuss the issue of

normalization. In particular one can prove the possibility
of proof normalization which removes all uses of the cut-
rule. This corresponds to evaluating the program. A word of
caution is warranted here: As both Asperti [1] and Terui [21]
discuss, there are various problems with doing the evaluation
in the term calculus one gets from Fig. 2.2. It is however
completely understood how to avoid these problems using
the technology of proofnets. We will not divulge into the
details since we in this paper are not concerned about the
intrinsics of how to evaluate the programs.
It is important to notice that there are no functions of

type !!A � !A (dereliction) or A � !A (promotion). It is
thus not possible to change the number of modalities around
an expression. One can therefore do evaluation level by
level: first evaluate expressions with 0 modalities, then with
1 modality, then 2 modalities, etc. We refer to this as strat-
ification. It is a defining feature of LAL evaluation that the

result has size O(n2d

) (see [17] for a simple proof) where n
is the size of the original term and d− 1 is the highest num-
ber of modalities occurring in a formula (also referred to as
the number of levels). It is worth mentioning that the pair
encoding above only increases the term size linearly, while
the encoding of additives squares it in worth case (practice
will be well below though). So using these encodings do not
break the polynomial bound.
In the following we will refer to normal form found buy

evaluation as nf(P ). Essentially, the normal form will be
a term for which the type derivation does not use the cut-
rule. It is obvious that a cut-free type derivation of a term of
type �1 · · · �k A (�i ∈ {!, §}) starts with applications of the !
and §-rules. We will use P to denotes the term P stripped
of these outermost applications of the modal rules.

3. BC- IS CONTAINED IN logspace

Theorem 1. For any function definable in the function
algebra BC-, there is a Turing Machine evaluating the func-
tion in logspace. Moreover, the Turing Machine can be
constructed from the function expression in constant work
space.

The proof depends on two facts. The first, taken from [4],
is that for any fixed BC program, the size of the output and
all intermediate values are a polynomial in the size of the



inputs:3

|f(�x; �y)| ≤ qf ( �|x|) + max
i

|yi| (2)

where f is the function being computed, qf is a polynomial,
and |·| is the usual length function. Thus we can iterate over
the bits of the output, using a counter of size O(log |�x; �y|) to
identify the bits. Second, in the linear fragment BC-, every
bit of output is a function of only a constant number of bits
of the input; again, in logspace, we can track and determine
which bits these are.
This second fact is shown by induction, and is trivial ex-

cept in the case of linear primitive recursion—recall that

f(n·b, �x : �y) = hb(n, �x : f(n, b, �x : �y).

If a bit is needed in the recursive call to f , the naive induc-
tion collapses. Instead, the key idea is basically the follow-
ing: when determining the ith bit of f(n·b, �x : �y) requires
the jth bit of f(n, b, �x : �y), check whether that bit has al-
ready been computed. If not, forget about i and compute
only the subtask. This may incur similar amnesia until a
bit is finally produced: remember the bit, the depth of the
recursion at which it was produced, and restart the original
computation. By memorizing a single computed bit in the
call chain, we can slowly emerge from the recursion with the
required bit.
In more detail, the evaluation of a function f uses (2)

and qf to find an upper bound on the number of bits in f(�x, �y).
It then proceeds from this number down to zero to query for
the bits from the rightmost to the leftmost. The querying
recursively spins of subqueries until a bit can be found either
in a constant or in the input. The evaluator thus keeps a
stack of requests for bits. When a bit has been evaluated it is
stored in fixed-length queue called the computation window.
Since the size of the entries are logarithmic in the input, the
proof consists in showing that it is sufficient to keep one en-
try per program point on the stack and in the computation
window. One could thus get an alternative implementation
by augmenting the syntax tree with the needed fields and
update the fields as needed.
We introduce the following notation for the data struc-

tures used in the evaluator:

Definition 1.

1. a program label is a description of the paths from the
root of the syntax tree to a node in the syntax tree;
we write l.n for the augmentation of the path l to
obtain the nth subchild of the node l. We use bl to
denote the subexpression labelled by l. We use ≺ for
the lexicographic ordering relation on labels.

2. An execution label is a triple (l, n, r) of a program la-
bel l, a bit index n, and a recursion depth r. This
describes the request for a bit of the output.

3. A source description is a number s describing the right
shifting accompanied by one of the following 3 forms:
input(n), comp(l), or rec(l, r). This describes whether
a function argument comes from program input n, the
subcomputation at program point l, or the recursion
defined at program point l depth r, resp.

3In [4, Lemma 4.1] this inequality is only stated as a bound
on the output. It is however a corollary, due to the compo-
sitional flavor of the proof, that it also bounds the interme-
diate values.

4. An execution stack entry is a pair consisting of an exe-
cution label (l, n, r) and an environment �e = [e1, . . . , en];
each ei is a source description (fi, si) for each of the
arguments of the function at l.

5. An computation window entry is a pair consisting of
an execution label (l, n, r) and a bit value b. The bit
value can be 0, 1, and fail; the latter describes a non-
existing bit.

For a fixed program, the number of program points is fixed
and thus the size of a program label is fixed. The only vari-
able parts of the above definition are thus the bit indexes,
the right shift s, and the recursion depth r. These are all
bounded by the maximum output size of (2) and are thus
representable in O(log |�x; �y|). So with at most one compu-
tation window and execution stack entry per program label,
the computation window and execution stack is represented
in O(log |�x; �y|) for a fixed program.
The main part of evaluator is a loop that examines the

top of the stack and finds the bit described by the stack
entry. To this it uses a function lookup which given a source
description check whether the bit is available. If the bit is
not available, the stack is modified such that the request for
the bit is on top and the main loop is restarted. Otherwise,
the bit value is returned.
The main trick is handling recursion without storing the

call stack: Suppose we have an r-deep recursion: this is
done with the computational amnesia described above. The
details of the handling of an expression bl at program point l
is in Fig. 3. The function lookup is described in Fig. 3.
To prove that the interpreter has the desired properties,

we need to formalize the fact that the interpreter traces
through the syntax tree from left to right. This is done
using the lexicographic order. We first note the following
lemma follows from inspecting the definition of the main
loop and lookup.

Lemma 1. Any entry (l.j, n, r), �e pushed during execution
has the following property: for all (comp(l′), s′) ∈ �e the
following holds:

j = 0: l′ = l.j2 for some j2 > j.

j ≤ 1: there exists l1, l2, j1, and j2 such that l.j = l1.j1.l2
and l′ = l1.j2 with j2 > j1 and the tail label l2 non-
empty. The label l1 and index j1 is the same for all
the entries in �e.

In both cases the indices j2 are different.

Corollary 1. Any entry (l.j, n, r), �e pushed during exe-
cution has the following property: for all (comp(l′), s′) ∈ �e
it is the case that l ≺ l′.

Corollary 2. During execution any given label occurs
at most once on the stack.

Proof. Induction on the length of the computation where
the five cases involving push−restart(·, ·) are checked in
the inductive step.

Proposition 1. The main loop succeeds: the bit corre-
sponding to an entry (l, n, r) on top of the execution stack
will eventually be stored in the computation window.






fail when bl = 0l

lookup(ej , n) when bl = πm,m′
j

lookup(e1, n+ 1) when bl = pl{
b when n = 0

lookup(e1, n− 1) o.w.
when bl = sb

l

{
lookup(e3, n) when lookup(e1, 0) = 1

lookup(e2, n) o.w.
when bl = cl

lookup((comp(l.0), n)) when bl = (f◦〈g1, . . . , gk〉)l{
lookup((comp(l.1), n)) when lookup(e1, 0) = fail

lookup((comp(l.(d+ 2)), n)) when lookup(e1, 0) = d
when bl = rec(g,h0,h1)

l

Figure 2: The branching in the main loop.

Split on the form of the source description:

w = input(j): bit n+ s of the jth program input; fail if non-existing

w = comp(l.j): if (l.j, 0, n + s) is in the computation window return the value. Otherwise, use the environment e and the
recursion depth r from the execution label for l to do the following:


push−restart((l.0, 0, n+ s), [comp(l.1), . . . , comp(l.k)]) bl = (f◦〈g1, . . . , gk〉)l, j = 0
push−restart((l.j, 0, n+ s), [�e�x, �e �yj ]) bl = (f◦〈g1, . . . , gk〉)l, j > 0

push−restart((l.1, 0, n+ s), [e2, . . . , ek]) bl = rec(g,h0,h1)
l, j = 1

push−restart((l.j, 0, n+ s), [shift(e1), e2, . . . , ek, rec(l, r + 1)]) bl = rec(g,h0,h1)
l, j > 1

.

The function shiftk(w, s) = (w, s + k) right shifts a source description k bits (with k = 1 when k is omitted). For the
safe composition, �e�x and �e �yj denotes the elements in l’s environment for the normal and relevant safe arguments, resp.
The newly created source descriptions in the first and the last case have zero right shift.

w = rec(l, r): Let (l, r′, n′), e′ be the current execution stack element for label l. Pop the stack up until and including this
element. Remove all computation window entries related to subtrees of l. Then

push−restart((l, r, n+ s), [shiftr−r′(e1), e2, . . . , ek])

The function push−restart(·, ·) pushes an element on the execution stack and restarts the main loop

Figure 3: The function lookup((w, s), n).

Corollary 3. The main loop terminates.

Proof. We first check the fragment of BC-without re-
cursion. We use induction on the structure of the syntax.
The only non-trivial case is the conditional where we should
check that we can find the zeroth bit of e1 without overwrit-
ing an entry stored for e2 or e3. We consider the case of
e1 and e2. Suppose they both depend on subcomputations,
say comp(l1, n1) and comp(l2, n2). Due to Lemma 1, l1
and l2 are distinct siblings of a the same node l′ with in-
dices j1, j2 > 0. Using the lexicographic order and the non-
emptiness of the tail label in Case 1 of Lemma 1, it follows
that neither l1 nor l2 will depend on the other.
With recursion, the unrolling of the stack to replace (l′, n′, r′)

by (l′, n′′, r′+1) can result in the entry (l, n, r) disappearing
from the stack. However, upon the success of the computa-
tion of (l′, n′′, r′+1), the entry (l′, n′, r′) will reappear on the
stack and thus also (l, n, r). Due to the affinity of BC-, the
subcomputation of (l′, n′, r′) has only one recursive call to l′

so the lookup of (l′, n′′, r′+1) will be last computed value of
for l′ and thus in the computation window. Consequently,
the stack will not be unrolled and the computation of (l, n, r)

will succeed. Since every recursion right shifts the recursion
variable, the recursion will eventually request a non-existing
bit and thus choose the base case of the recursion.

It is worth noting how the affinity is crucial in the above
proof and thus why it fails for BC and ptime in general:
Without affinity a function could have more than one, say k,
recursive calls in the recursive step. We would thus need
to store up to k − 1 bits for each of the recursive levels.
With the number of recursive levels being polynomial in
the input, this is obviously not storable in logspace. The
affinity thus make the situation comparable to tail recur-
sion optimizations used in compiler. For similar reasons
the interpreter cannot be extended to work for the ptime-
language BC±of [18]; the caseK-construct can need up toK+
1 different bits of a recursive value.
An implementation of the evaluator is available from the

authors’ web page.

4. COMPOSITIONAL ENCODINGS OF BC
Terui proves in [21] that ILAL evaluation is polynomial

time under all evaluation strategies. On the other hand,



Beckmann and Weiermann give a rewriting system for BC
in [3] and establish that it is only polynomial time when
evaluated call-by-value. An example illustrating the latter
is the following function f :

g(; ) = 3

h(x; y) = c(; y, y, y)

f(n; ) = rec(g,h,h)(n; ) .

which is represented by the BC-term

rec(c◦〈π1,1
2 , π1,1

2 , π1,1
2 〉,c◦〈π1,1

2 , π1,1
1 , π1,1

2 〉,s1 ◦ s1 ◦ 0) (3)

Though the function evaluates to 3, the running time will
be O(2n) under call-by-name. This example suggests that
it is only possible to encode BC into LAL if one also fixes
the evaluation strategy to call-by-value. This restriction is
incompatible with the natural, inductive-type encodings in
the style of System F, as for instance in [18, 20], where
integers are coded as binary Church numerals, and each BC
construct translates to a fixed family of LAL-terms that are
composed in a syntax-directed manner.
A closer analysis exposes the conditional c as the cul-

prit among the primitive functions: it requires evaluation
of two of the arguments and together with safe composition
it thus allows copying of work. Suppose in an encoding of
the above BC program into LAL, we code c as a λ-term in
LAL of type Int � Int � Int � Int. While we cannot add
safe arguments in BC as a primitive operation (this would
break the polynomial bound), we can replace the purported
encoding by an LAL function of that type that appends its
three arguments.4 Regarded as a λ-term and ignoring LAL
type information, the term would then compute a numeric
function with outputs of exponential length. This output

size contradicts the O(n2d

) normalization bound on LAL.
We now formalize this notion of inductive encoding. Given
the formalization we prove that if an inductive encoding ex-
isted, we could reinterpret the conditional to derive an LAL
terms that grows exponentially during evaluation.

Definition 2. A single-typed compositional encoding of BC
into LAL consists of the following:

1. A type Int representing binary integers. Associated
with this there is an embedding �·� of the natural num-
bers into LAL-proof-nets of type Int and a mapping �·�
from normal forms of type Int to integers.

2. A set Pc of terms for each syntactic constructor c

of BC. Each term P ∈ Pc fulfills the following:

• the number of variables is kc.
• the type of P and each of its free variables have
a type of the form τ1 � · · · � τk � τ0 where
k is arity of the function being encoded. Each τi

has the form �1 · · · �ni Int for some ni ≥ 0 with
each �j ∈ {!, §}.

• P is a correct interpretation of c, i.e., the normal
form of P cut against all type correct input is the
value computed by c.

3. A mapping �·� that when given any BC-function
b(x1, . . . , xm; y1, . . . , ym′)

4Addition is not good enough, since we are using a binary
representation.

takes it into a LAL-term. The mapping is constrained
as follows: the term �b� can be constructed from the
syntax tree of b as follows: for each node c(b1, . . . , bkc)
in the tree choose a Pc ∈ Pc and cut it against the
successive Pb1 , . . . , Pbkc

constructed for the sub-trees.

Some comments about the definition:

• We have labeled the encoding single-typed as it fun-
damentally uses only one type to encode integers. We
shall see in the next section that relaxing this allows a
compositional encoding.

• Since �-introduction and elimination are both revers-
ible, it is only a notational convenience, not a further
restriction, that we require each term to be of a func-
tion type.

It is easily checked that the encodings in [18, 20] are com-
positional as defined above. Furthermore it follows from the
definition that the mapping �·� on integers is injective. Gen-
erally �n� gets bigger when n grows, though �·� is not nec-
essarily non-size-decreasing. Furthermore, we are not guar-
anteed that finding a number with a bigger representation
is actually computable in LAL. We therefore need the fol-
lowing additional constraint.

Definition 3. A single-typed compositional encoding has
concatenation if there exists an LAL-term concat : Int �
Int � Int such that |nf(concatN1 N2)| ≥ nf(|N1|)+nf(|N2|).

Though there might exists compositional encodings with-
out concatenation, it is a property shared by for instance
the LAL-encoding of the standard way of doing inductive
data types in System F (see [9] for a compendium of such
encodings).
With the notion of compositional encoding fixed, we can

now prove that the existence of a single-typed compositional
encoding with concatenation would violate the exponential
bounds on proof normalization in LAL. This leads to the
following theorem:

Theorem 2. There does not exists a single-typed compo-
sitional encoding of BC into LAL which also has concatena-
tion.

Proof. We use reductio ad absurdum and assume the ex-
istence of a compositional encoding of BC into LAL having
concatenation. We consider the encoding of the function
in (3) and use the basic definition of safe recursion to un-
fold f . We have

rec(g,h,h)(bl · · · b0; ) =
h(bl · · · b1;h(bl · · · b2; · · ·h(bl; g()) · · · )) (4)

for all choices of bl · · · b0. We now consider the term Prec

used to encode the safe recursion. Since it is required to
correctly interpret all possible functions, it can only find
the value of h(x) by applying �h� to the representation of x.
In [17] it is shown that the normalization of a level can only
square the size of the proofnet corresponding to the term.
Since Prec has a fixed type it is limited to compute |n|k values
of h for some k. It can therefore only interpret (4) correctly,
by threading the output of one �h� into the next �h�. We
thus have σ2 = σ0 for �h� with type σ1 � σ2 � σ0; oth-
erwise each iteration would add modalities and there would



be some l where the number of added modalities could not
fit in with the type of rec.
We now focus attention on Pc. This is a term of type τ1 �

τ2 � τ3 � τ0 with no free variables. Due to the strat-
ification of LAL-computation, the requirement about cor-
rect interpretation implies that τ0 must have at least the
same modality as τ1, τ2, and τ3. Furthermore, τ3 must have
neutral modalities on its outermost levels since it depends
on several inputs. Combining this with the considerations
about �h� we conclude that Pc is a term of type τ � τ �
τ � τ where τ = §lInt for some l. We can thus replace Pc

by concat embedded in l boxes. This results in a term with
an exponential size normal form in contradiction with the
polynomial bound on LAL-normalization of proof-nets with
a fixed depth.

5. A COMPOSITIONAL TRANSLATION OF
BC INTO LAL

5.1 A TM simulation retrospective
Given that the inductive-type approach to an interpreta-

tion is doomed to failure, we resort to a simulation inspired
by the SECD machine [14], which is really an elaborated
Turing machine. As a first step, it is useful to recollect
how the latter may be represented as an LAL proof-net.
For brevity we describe these nets using λ-terms elaborated
with modalities !, §, and explicit substitutions marking in-
puts to boxes. Represent a TM ID as the proof-net ID =
Λβ.λc :!(B � β � β).λnL : β.λnR : β.(c(1 · · · (c(pnL)) ⊗
(cr1 · · · (crpnL)) ⊗ State, where B = ∀τ.τ � τ � τ with
constants 0 and 1, and State : Πk = ∀α.α � · · ·α � α
is a k-ary projection function, representing the finite state
control. Then to implement a transition function, note that
ψ = ID [B⊗α]!(λx : B.λb⊗a : B⊗α.x⊗(c′ba))[cons/c′] has
type §(B⊗α � B⊗α � (B⊗α)⊗(B⊗α)⊗Πk); when this
value is input to the auxiliary port of a §-box and applied
to 0⊗nL and 0⊗nR (thus appending a 0 to each end of the
tape), we get an output of type (B⊗α)⊗(B⊗α)⊗Πk. This
value presents the symbols on the left- and right-hand side
of the TM tape incident on the read/write head; the state
is then used to choose the list operations which construct a
machine configuration.
In order to construct a ptime TM simulation, duplicate

the input, coded as a list of type ∀α.!(B � α � α) �
§(α � α), to create both an initial ID, and a polynomial
iterator; the latter must reduce the list to a (Church) tally
integer of type ∀α.!(α � α) � §(α � α), then raised to a
fixed power (the degree of the polynomial runtime), intro-
ducting §-modalities dependent on the degree; the latter can
be bounded by a logarithm of the power by iterated squar-
ing. The derived tally integer can then be used as a clock
to iteratively apply the transition function to the initial ID.

5.2 An SECD implementation
Intuitively speaking, what qualifies as a compositional

translation? Let Ψ be a translator from BC programs to
equivalent LAL proofnets. Ideally, we would like the follow-
ing to hold: for some fixed functions C,R on proofnets,

Ψ f◦〈g1, . . . , gk〉 = C(Ψ f,Ψ g1, . . . ,Ψ gk) (5)

Ψ rec(g,h0,h1) = R(Ψ g,Ψh0,Ψh1) (6)

where Ψ is also defined on the basis combinators of BC.

The essence of these equations is that the translation of a
BC program is given by a function of the translation of its
constituent parts. Here, we preserve this essential idea by
instead defining translation Φ P = A(Φ0 P,Φ1 P,Φ2 P )
where for each Φi, there are also functions Ci and Ri such
that the above equations hold for (Ψ, C,R) = (Φi, Ci,Ri).
The Φi compute—compositionally—components of the de-

sired proofnets, and the functionA assembles them together;
specifically, Φ0 constructs a core transition function at the
heart of the LAL simulation, Φ1 constructs an interface for
the core transition function to derive an LAL term of type
id � id on representations of BC computation states, and
Φ2 constructs a (polynomial) iterator on the latter function.
The functions A, Ci,Ri are LAL type-dependent, but in a
very uniform, natural way—they just plug together LAL
terms, while the types of those wires vary as a function of
the translated BC program.
Machine overview: We interpret every BC program as
an LAL proofnet simulating an SECD-like machine. The
machine has a store stack, an environment stack, a com-
mand stack, and two dump stacks that implement copy-
ing and restoration of arguments. Each stack is an LAL
“tally” list of type ∀X.!(T � X � X) � §(X � X); the
!(T � X � X) represents a sharable cons, and the next X
represents an initial nil; by instantiating X with an “output
type” and supplying a suitable function and initial value for
cons,nil, we implement list iteration. Observe that T is a
fixed type T (representing 0, 1 and delimiters) for storage,
environment, and dumps, and T varies for commands—it
is a type P depending on the BC program being simulated.
Every “machine cycle” can consume the top symbol of each
stack, and push a finite number of symbols on each stack.
The machine cycles are iterated or driven by a polynomial
“tally” integer computed from the BC program. The term
we construct for the SECD machine is LAL-typable because
there is really only one loop: the clock that updates the
representation of SECD machine states.
Suppose we knew how to code LAL “machine state up-

date” terms of type IDp � IDp, where IDp is the type of
a machine for BC program p ∈ {g, h0, h1}. We have no idea
how to combine these terms to construct a similar term for
p = rec(g,h0,h1). But we do know how to construct some-
thing similar if we could separate these terms into a finite
number of well-defined components. By instead maintaining
these pieces initially, from the beginning of the construction,
we can derive a compositional translation.
SECD machine IDs: A machine instantaneous descrip-
tion (ID) has form

Λα.Λβ.λc′ :!(T � α � α).λc′′ :!(P � β � β).

§(λns : α.λne : α.λnd1 : α.λnd2 : α.λnc : β.

(c′ t1,1(· · · (c′t1,sns) · · · ))
⊗(c′ t2,1(· · · (c′t2,ene) · · · ))
⊗(c′ t3,1(· · · (c′t3,d1nd1) · · · ))
⊗(c′ t4,1(· · · (c′t4,d2nd2) · · · ))
⊗(c′′ com1(· · · (c′′comknc) · · · )))

: ∀α.∀β.!(T � α � α) �!(P � β � β) �
§(α � α � α � α � β � α(4) ⊗ β)

We write mid : id for a machine ID of the defined type.
Commands: The basis of the BC combinators are imple-
mented by basic commands of type B, a finite set of com-



mands that move stack symbols. The set of commands
for rec(g,h0,h1) must include B and all the commands for
g, h0, h1, plus a command to call the code for rec(g,h0,h1).
We thus take their disjoint sum using the construction

ΛX.λbasic : B � X.λg : G � X.

λh0 : H0 � X.λh1 : H1 � X.

λchoose : X.λbranch : X.λcall : X. E

to represent commands, where G,H0,H1 are the types of
the commands for BC programs g, h0, h1, and E is either of
the form basic c (for a basic command), g c, hi c, choose
or branch (two commands needed to implement primitive
recursion), or call.5 (An alternative construction could use
additive types.) The structure of the commands and types
is clearly compositional. A disjoint sum construction of
the command set for function composition f◦〈g1, . . . , gk〉 is
worked out similarly.
Basic commands: This is not a paper on microprogram-
ming—suffice it to say that these commands cover conven-
tional data movement between stacks. Basic commands can
cause other basic commands to be pushed onto the com-
mand stack, in order to implement primitive subroutines for
saving, copying, and removing data.
Input conventions: When BC program P is run on inte-
ger inputs ni, the coded ni (separated by delimiters) are in
the environment (stack). Every program is invariant on the
contents of the dumps. When P terminates, the output is
in the store, which may hold multiple answers (separated by
delimiters).
Commands for primitive recursion: We discuss modifi-
cations of the command stack to implement rec(g,h0,h1)(n, �x; �y),
where |�x| = p and |�y| = q, which uses the following basic
commands. Recall that the environment is the stack repre-
senting (n, �x; �y).

zero? if the first integer in the environment is even (odd),
write 1 (0) in the store.

ecopy2 pops an integer argument from the environment,
copying it to both dumps.

erestorei pops an integer argument in dump i, pushed to
the environment.

eload pops integer argument in stack, pushed to environ-
ment.

epop remove top integer from the environment.

Write c(r) for r successive instances of command c. Primi-
tive recursion begins with call on the top of the command
stack. When popped and interpreted, it is replaced with
zero?; branch in the commands; branch tests the result of
zero? (in the store), pushing the commands epop; (g call)
for g, or a more complex sequence for the recursive call:

ecopy2;
pop lowest bit in top integer of dump 1;
pop top integer in dump 2 to stack;

ecopy
(p+q)
2 ; erestore

(p+q)
2 ; call;

eload; erestore
(p+q+1)
2 ; choose;

5Recall for types A1, A2 the coding of disjoint sum as A1 +
A2 = ∀X.(A1 � X) � (A2 � X) � X with injections
inia = ΛX.λu1 : A1 � X.λu2 : A2 � X.uia. Then a case
dispatch on v : A1 + A2 with methods gi : Ai � B is just
v[B]g1 g2.

where choose pops the store, and that bit determines whether
the symbol (H0 call) or (H1 call) is pushed on the com-
mand stack. All this is tedious in detail but important in
its high-level form. A similar construction is carried out for
commands for function composition.
Interpreter for primitive recursion: This LAL term
χ̂rec(g,h0,h1) must interpret each command for primitive re-
cursion appropriately, pushing and popping stack symbols.
The interpreter is compositional since it depends on the con-
struction of χ̂g, χ̂h0 , χ̂h1 , but an awkward technical diffi-
culty is that χ̂g emits commands for the coding of BC pro-
gram g into LAL; we need to inject these commands, using a
function I : P � Y (Y quantified), into the LAL command
set for rec(g,h0,h1). Recall P, the type of commands for
rec(g,h0,h1); we define

χ̂rec(g,h0,h1) =

ΛY.λI(n) : (P � Y )(n).λC : P.λB : T (4).

copy T (4) as (T
(4)
b , T

(4)
g , T

(4)
h0

, T
(4)
h1

, T (4)) in

C [(δ � δ)⊗ (γ � γ)(4)]

(λcom : B.χ̂basic[Y ](I ◦B)
(a)com T

(4)
b )

(λcom : G.χ̂g[Y ](I ◦G)(b)com T (4)
g )

(λcom : H0.χ̂h0 [Y ](I ◦H0)
(c)com T

(4)
h0
)

(λcom : H1.χ̂h1 [Y ](I ◦H1)
(c)com T

(4)
h1
)

(cons′′ (I ◦ c1,1)) ◦ · · · ◦ (cons′′ (I ◦ c1,n1))⊗
(cons′T (4)

1 )⊗ · · · ⊗ (cons′T (4)
4 )

(cons′′ (I ◦ c2,1)) ◦ · · · ◦ (cons′′ (I ◦ c2,n2))⊗
(cons′T (4)

1 )⊗ · · · ⊗ (cons′T (4)
4 )

(cons′′ (I ◦ c3,1)) ◦ · · · ◦ (cons′′ (I ◦ c2,n3))⊗
(cons′T (4)

1 )⊗ · · · ⊗ (cons′T (4)
4 )

where γ, δ are defined later, cons′ : Y � δ � δ, and cons′′ :
T � γ � γ.
In this thorny bit of code, the command C is used to

dispatch to the possible different cases; for example, con-
sider when C is a g-command, namely, an LAL term with
body (g c) appearing after all the λ-abstractions in term C.
In this case, c is a g-command, and (λcom : G.χ̂g[Y ](I ◦
G)(b)com T

(4)
g ) is substituted for g, and the g-command

is substitued for com, deriving χ̂g[Y ](I ◦ G)(b)c T
(4)
g . The

meaning of this latter term is the interpretation of command
c by χ̂g, supplied with enough copies of the injection func-
tion G : G � P so that emitted commands are coerced into
those for rec(g,h0,h1), not those for g. The injections are
composed with I, so that χ̂rec(g,h0,h1) can later be used, as
we have just used χ̂g, to build an LAL term for a larger BC
program.
Observe that the number n of needed injection functions

can be statically, compositionally determined by the sum of
those needed for χ̂basic, χ̂g, χ̂hi , plus the number of com-
mands needed to implement choose, branch, and call (at the
end of χ̂rec(g,h0,h1)). Elements of a constant type T can be
copied without modalities: for example booleans can be du-
plicated using Copybool = λb : B.b[B ⊗ B](0 ⊗ 0)(1 ⊗ 1).
Note also the injection functions B : B � P, G : G � P,
Hi : Hi � P, and that cons′ and cons′′ have different
types—one for commands, one for other stacks. The in-



terpreter is then

χrec(g,h0,h1) = χ̂rec(g,h0,h1)[P](λ com : P.com)

: P � T (4) � (δ � δ)⊗ (γ � γ)(4)

using the identity coercion—these coercions were only in-
troduced to compositionally plug the χ̂ together. In other
words, the term χrec(g,h0,h1) tells: given the top symbols of
each stack, what gets pushed onto them? For brevity, we
omit the similar coding of function composition; our con-
struction summarizes the compositional definition of Φ0, the
LAL core transition function defined by a BC program.
Constructing a transition function of type id � id:
Recall mid : id above; then

mid [T ⊗ γ][P ⊗ δ] :

!(T � T ⊗ γ � T ⊗ γ) �!(P � P ⊗ δ � P ⊗ δ) �
§(T ⊗ γ � · · · � T ⊗ γ �

P ⊗ δ � (T ⊗ γ)(4) ⊗ P ⊗ δ)

and so (using a construction in [2] for coding Turing ma-
chines):

mid [T ⊗ γ][P ⊗ δ]

!(λe : T.λu⊗ v : T ⊗ γ.e⊗ (cons′ u v))

!(λe : P.λu⊗ v : P ⊗ δ.e⊗ (cons′′ u v))

: §(T ⊗ γ � · · · � T ⊗ γ �
P ⊗ δ � (T ⊗ γ)(4) ⊗ P ⊗ δ)

and finally,

§(x (#⊗ ns)(#⊗ ne)(#⊗ nd1)(#⊗ nd2)(nop⊗ nc))

[mid [T ⊗ γ][P ⊗ δ]/x]

: §((T ⊗ γ)(4) ⊗ P ⊗ δ)

The nz are the nil for the stacks, # : T a trivial stack symbol,
and nop : P a trivial basic command. It is straightforward
to λ-abstract over appropriate parameters to derive a term
cycle : ID � ID.
Iterator: We now need to iterate cycle to carry out the
entire computation, but the size of the iterator is a polyno-
mial in the length of the integer inputs. This polynomial Q
is readily computable, in a compositional fashion, from the
bounds given by polynomial P derived from the Bellantoni-
Cook theorem for BC, which measures the size of output as
a fixed polynomial in the length of the inputs (see equation
(2) in section 3). Because the LAL simulation operates at
the “bit” level, we can safely take Q(�x, �y) = cP (�x, �y)k for
some small integers c, k. The proof that such integers exist
is a tedious induction following the lines of the derivation of
polynomial P .

Theorem 3. Let f(�x; �y) be a BC-program whose output
is bounded by a polynomial of degree k. Let B∗ = ∀α.!(B �
α � α) � §(α � α). Then for some constant c, there
exists an LAL proofnet Π, defined compositionally from the
structure of f , with type !B∗ � · · · �!B∗ � §c log kB∗, such
that Π simulates the computation of f , and (modulo a con-
stant factor) the number of proofnet reductions required for
normalization of Π (with inputs) is bounded by the number
of reduction steps in the CBV evaluation of f .

The translation we have described, from BC programs to
LAL proofnets which simulate a kind of SECD machine, sat-
isfy the basic requirement of a compositional encoding: the

translation of the whole is made up from the translation of
the constituent parts. However, the translation is unsatis-
fying because it outputs proofnets that look like souped-up
Turing machines, which they are. More specifically, unlike
the translations of Murawski/Ong and Roversi, normal and
safe variables have the same type, and do not seem to be
treated differently.
Since the major conceptual idea of BC is the distinguish-

ing of the normal from the safe, where is this distinction
found in the equivalent LAL proofnets? The answer is:
in the iterator. If we (illegally) primitively recursed on a
safe variable, the translator would break because the itera-
tor would be too weak to complete the computation, which
would stop in mid-stream.

6. CONCLUSION AND OPEN PROBLEMS
In this paper, we investigated the difficulty of construct-

ing a compositional translation between the Bellantoni-Cook
functional combinator language BC, and the Girard-Asperti
Light Affine Logic (LAL), two well-known examples of poly-
nomial-time programming languages.
We first analyzed the natural inductive-type translation,

due to Murawski and Ong, of BC-, the linear fragment of
BC, and showed it could be evaluated in logspace, which is
most probably not ptime—thus while the coding is elegant,
its computational expressiveness is likely insufficient. We
proceeded to establish that an extension of their approach
is doomed to fail because it contradicts the normalization
theorem for LAL, which gives explicit bounds on the size of
possible output.
The lack of such an extension exhibits the fundamental

difference in strength between light logics and the function
algebra BC: the latter is only polynomial-time when evalu-
ated call-by-value. (Thus the solution to this logical puzzle
is based squarely on a programming language intuition.)
As a consequence, in order to provide a translation for

the entirety of BC, we required a mechanism that could
capture the BC evaluation order within the LAL encoding.
This need motivated the virtually microcoded construction
in the previous section, where we developed a compositional
translation inspired by the SECD-machine. The technical
anomaly that arises in attempting the essentially impossible
extension of the inductive-type approach to the full BC is
that LAL modalities ! and § appear in the wrong places;
when a function that we need has type !α � §§α instead of
type !α �!α, it can no longer be iterated.
The technical solution of this anomaly is to have only

one, big iteration: that of a machine clock on computation
states—the Bellantoni-Cook bounds on output explain ex-
actly how much power that iterator needs. Some may ques-
tion the beauty of this solution, but it is unquestionably a
compositional translation.
Notwithstanding the progress made here, there are still

more questions than answers when it comes to the relation-
ship between polynomial-time languages. If we are to gen-
uinely understand what polynomial time really means, we
must be able to explain how programming languages which
capture that notion can simulate each other. Among many
questions are the following:

• How do these results relate to Hofmann’s operator
algebra [11] and FALL [20]? Due to the additives,
Hofmann’s system has the same feature as BC that



not all evaluation strategies are polynomial time. We
thus conjecture that Hofmann’s system will exhibit
the same behavior as BC and need the SECD-inspired
compositional encoding. We also believe that the cod-
ing of BC in FALL (see [20]) is prone to the same
problem as LAL that precludes a single-typed compo-
sitional encoding of BC. 6

• A more difficult problem is to investigate the transla-
tion light logics into BC. It is not clear to us whether
one can do fundamentally better than the Turing Ma-
chine encoding as it appears that one will have to rely
on Gödel numbering the proof-nets. Is it really pos-
sible to represent a proofnet as a giant integer, and
simulate normalization by arithmetic on that integer?

• Can some sort of light CPS-conversion be used to con-
trol evaluation order, thus generating an alternate (and
perhaps prettier) solution? We have tried working
with this approach, and still have encountered the
problems with linear modalities that we describe above.

• Following the evaluation of BC- in logspace and its
inductive-type embedding in LAL, is there a good char-
acterization of the fragment of LAL that normalizes in
logspace?

Donald Knuth was once quoted as having said, “I’m glad
I got into computer science early, when the problems were
easier.” Having done exactly that, Church and Turing basi-
cally had to deal with merely getting their “computations”
to run, and any slowdown in their simulations was accept-
able. Computer scientists have often run aground answering
the question, “does the technique scale up?”—but here, in
contrast, we want to scale down to time-bounded computa-
tion. And in that more constrained world, the restrictions
on data representation and data access present formidable
obstacles to the translation between programming languages
having similar expressive power.
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