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Abstract. Intersection type systems realize a finite polymorphism where
different types for a term are itemized explicitly. We analyze System-I,
a rank-bounded intersection type system where intersection is not asso-
ciative, commutative, or idempotent (ACI), but includes a substitution
mechanism employing expansion variables that facilitates modular pro-
gram composition and flow analysis. This type system is used in a proto-
type intersection type compiler for the Church project [15]. We prove that
the problem of type inference is exactly as hard as the problem of nor-
malization: the worst-case cost of both is an elementary function, where
the iterated exponential depends on the rank. The key to these results
is that simply-typed terms must be linear without ACI, but have the
usual nonelementary power with ACI. Further, type inference is always
synonymous with normalization: the cost of computing the principal typ-
ing of any term is exactly the cost of computing its normal form. These
results do not hold when AC, and particularly I, is added.

1 Introduction

Poking holes in static type systems is a well-understood modus vivendi of pro-
gramming language design and analysis. These type systems are designed so
that programs typable at compile-time do not go wrong at run-time. A type
system defect occurs when a well-typed program indeed goes wrong; more be-
nign is when a program that goes right is rejected due to typing problems. But
just as an oncologist cannot usefully claim to have cured cancer by killing the
patient, a compiler cannot usefully claim to reject type-unsafe programs by re-
jecting all programs. The technical challenge is to design a type system for an
expressive language that always rejects unsafe programs, but accepts as many
good programs as possible, while using reasonable compile-time computational
resources.
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Intersection types provide an alternative to the ML/System F paradigm of
parametric polymorphism, which implements instead a finite polymorphism.
For example, ML rejects fn £ => (£ 3, f true) since £ must have monomor-
phic type, and type int does not unify with type bool; the intersection type
of this program is just ((int -> ’a) A (bool -> ’b)) -> ’a * ’b. Recog-
nizing intersection-typable terms is undecidable because they are exactly the
ones that strongly normalize. A practical alternative is to implement rank-
bounded intersection types, which limit the higher-order functionality of inter-
section types—the depth of a A-type in an —-type is bounded by a constant.

In [7], we analyzed the computational difficulty of this inference, comparing
it to the expressive power of the language. Here, we examine related problems
for System-I, where the A is not associative, commutative, or idempotent (ACI).
System-I is the foundation of the Church compiler project [15]: as each variable
occurrence is typed individually, typed-based flow analysis between call sites and
functions can optimize specific procedure applications.

Life without ACI: What do intersection types look like without ACI? Let k be
the Church numeral for k. Without associativity, subject reduction is lost:

((d
((d
even though 22 > 4. (In the normalization of 22, the types show that the first

and last two occurrences of the “successor” parameter in the normal form are
copies of each other.) Without commutativity, subject reduction is lost again:
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Az Ay Az wwzy)zz : (bAa) = (a—b—c) —c

Az wwzz : (aAb) — (a—b—c)—c

(The inversion of y, z in the pairing is detected in the type; even if a = b there
is a twisting.) Without idempotency, subject reduction is lost once more:

Az. Az Ay.x)zz s (aNa) — a

Az.z a—a

The absence of I also means that every Church numeral has a different type,
with generalizations of this observation to similar data representations (lists,
trees, etc.). As a consequence, typing functions on these datatypes is not possible:
how can addition on Church numerals be typed as Int — Int — Int if there is
no uniform representation of Int? The addition function can be typed, but in a
useless way: one typing for each of the additions of 7 to . Thus we can say in
types, “b+ 7 = 12” but not “if m,7 : Int, then m + 7 : Int.”

Normalization bounds: We analyze the computational difficulty of recognizing
typable terms and type inference in System-I, as well as computing bounds on
normalization of typable terms. Let K(t+1,n) = 2Kt with basis K(0,7) = n;



given a pure (i.e., not type-annotated) A-term of length n, for System-I at rank*
t, we prove that the worst-case complexity of all of the above problems is K(¢, n).
(Worst-case bounds are not the end of the story.) This answers (negatively) an
open question about System-I one of us conjectured in [7]: that in a predicative
type system, the respective complexity of recognizing term equivalence, and
recognizing typable terms, are related by the log* function.

The lack of I enforces linearity, and for this reason, the I in System-I is
a reminder of its computational impotence. In each term with a simple type
(i.e., without A), no free or bound variable can occur more than once. These
terms normalize in linear time—vastly less powerful than terms with the same
types in the simply-typed A-calculus. The expressiveness bound is a variant of
Statman’s theorem [13], but so is the bound on type inference. Both derive from
understanding how much a function with different domain and range can be
polymorphically iterated.

Relating type inference and expressiveness in every case: Unlike almost any
language you can think of, in System-I the difficulty of typing is equal to the
expressive power. By contrast, simply-typed A-calculus has polynomial-time type
inference and a K(n,2) bound on expressiveness; core-ML has a K(1,n) bound
on type inference and a K(K(1,n),2) bound on expressiveness.

Worst-case lower bounds (in ML, for example) have traditionally been wished
away since type inference works in practice: in other words, programs with small
types are good enough. Why? Programmers can usually keep the type in their
heads, goes one saying—because the bounds on normalization show that there is
a tremendous expressive power, even with those small types. But you can’t keep a
System-I type in your head, because you would then know—in advance—exactly
what your program was computing.?

To relate type inference and normalization, we use sharing graphs for A-
calculus described in [3], which we call interaction nets (or just nets) when
untyped and proofnets when containing typing information. The sharing nodes
of interaction nets (indicating contraction in linear logic) represent intersections.
We believe, following Regnier [12], that interaction nets are the right way to talk
about intersection type systems. Though System-I lacks subject reduction, the
analogous interaction net reductions preserve subject reduction.

To show type inference is synonymous with normalization for each term, we
analyze type inference for System-I including its introduction of expansion vari-
ables, proposed to facilitate the engineering of compositionality between inde-
pendently compiled pieces of code. Expansion variables are the System-I syntax
for boxes from interaction nets.

! In this analysis, rank is defined differently from that in [7] since there is no ACT: we
measure instead the alternation of — and A in types.

2 The lower bound on ML typing resulted from a perverse form of computing where
type inference and term normalization were “doing the same thing”—in contrast,
we prove that rank-bounded intersection without ACI is, to misquote Freud, an
example of pervasively polymorphous perversion: inference is always synonymous
with normalization.



We prove that a principal System-I typing of a A-term can be computed by
coding the term as a sharing graph, normalizing it, and reading off the type
(with expansion variables) from the interaction net of the normal form, without
any constraint solving. (Note that termination follows from the normalization
bounds.) Dually, we also show that from a principal System-I type including
expansion variables, we can reconstruct the normal form.

Flow analysis, semantics, intersection types: System-I facilitates flow analysis:
does some fixed call site in a program ever call some other procedure? Formulat-
ing System-I programs as interaction nets, flow analysis for intersection-typed
programs is essentially a reformulation of Girard’s geometry of interaction (Gol),
made mundane for computer scientists in the guise of context semantics [1,3,11].
And from the context semantics of a term, we may recover its principal System-
I typing with expansion variables. The method is an elaboration of a readback
algorithm we have used to prove the correctness of optimal reduction [10,3,1,11],
where we not only want to read back a A-term, but also the location of linear
logic bozes (representing expansion variables), and the existence, commutativity,
and associativity of sharing nodes. For space reasons we cannot provide further
details, but hope to in a longer version of this paper.

2 Preliminaries

2.1 System-I types: inference, expansions, rank

We motivate System-I by first considering a vanilla intersection type system in
the style of [14], with types 7,0,p € 7 and 7 € T given by the grammar

Tu=a|T—T Tu=T|7TAT

where «, 3,7, ... are type variables, and inference rules that introduce A when
a variable occurs multiple times:

—— Var
r:ThHx:T

z:7HP:7T r-p:7
- AL AK
reXNgP:ir—7 reXsg.p:7—7

'~P:7 AFP:7 I'-P:7—7 AFQ:7T
A\
PANAFP:7AT I'NAFPQ:T
Rule M (AK) types abstraction Az.P where z € fv(P) (z € fv(P)), and

App

IonI={z:7|z:7elj,x¢dom_; }U{x: 70 AT |x:1€T;}

Without the A-rule, the inference rules are syntax-directed. Duplication of term
P in the premises of A highlights a verbose feature of the type system.



System-I attempts to restrain this verbosity while retaining principality [9].
Avoiding the redundancy of rule A, we infer a principal typing once, and ob-
tain other typings by a kind of substitution called expansion. Unfortunately,
we show here that type inference is inexorably equivalent to normalization: the
duplication of boxes negates the “efficient” sharing of type inference.

In System-I, we introduce expansion variables F,G ranging over erpansions
e € £, and extend the definition of types to include expansion variables:

ec&x=0|ene|Fe TeTu=7|7AT|F71

Intuitively, expansions are binary trees (A serving as an internal node) that
can be substituted for expansion variables in a type. In such a substitution,
applications F 7/ in 7 are replaced by e with each of the holes filled with a fresh
instance of 7’.

The A-rule types each parameter occurrence in a A-abstraction. Instead, we
use rule E below to type the parameter once, and then use expansions to special-
ize each occurrence. Alternatively, we could use the rule AppAlt for application:

I'-P:a I'EP:Fr—>7 AFQ:T
—F
FI'FFP:Fa I'NFAFPQ:T

AppAlt

Note FI'={z: Fa |z : a € I' }. The latter choice commits type derivation to
an analogue of the linear logic translation [a — b] =![a] —o [b] where the F plays
the role of the !.

Intersection type systems (and System-I) type exactly the strongly normal-
izing A\-terms, so type inference is undecidable. We thus use only a tractable
fragment by limiting the alternation of A on the “domain” (i.e., argument) side
of a — in types, using a definition which differs critically from that in [9]. The
rank of a type is defined as:

ranka =0 rank(F 7) = rank 7
rank(7 — 7') = max{rank7,rank7 } rank(F 7 — 7') = max{ rank 7, rank 7’ }
rank(7 A 7') = max{ rank 7, rank 7’ }

rank((7 A7) — 7) = max{ 1 + rank 7, 1 + rank 7/, rank 7 }

2.2 Interaction Nets and Proofnets

Interaction nets provide a graphical representation of A-calculus terms, while
avoiding problems of variable capture, preserving subject reduction, and provid-
ing a link to concepts in linear logic. The A-calculus can be represented using
interaction nets (here, we have used the call-by-name encoding, presented in-
ductively in Fig. 1); to represent System-I typings we add typing information to
the nets and obtain proofnets.

The external vertices of a interaction nets are either free ports (O) repre-
senting the free variables, or the distinguished root port for the whole term.
Weakening nodes () mark unused function arguments; application (@) and



function nodes (\) mark the definition and use of procedures; sharing nodes
(V) code the multiplicity of variable occurrences; and croissant nodes (=) mark
variable occurrences. A global construction, the boz, delineates the (sharable)
argument of an application. Edges are called wires; their endpoints are attached
to ports of either a node, or the entire graph. Each node has one principal port
(marked with a black dot), and possibly other auxiliary ports.

An interaction net can be reduced using the rules presented in Fig. 2. An
interaction takes place between an @- and A\-node connected on their principal
ports, between a sharing node and box connected on their principal ports, or
between two boxes, connected from a principal to an auxiliary port. We will
see that these rules are the graphical equivalent of the constraint solving rules
in [9]. As a consequence, S-unification is just the reinvention of global reduction,
though a type inference algorithm requires the additional ingredient of strong
normalization.

The encoding is call-by-name since when an application is reduced, the ar-
gument is duplicated until each variable occurence (marked by a croissant) has
a copy. We omit discussion of necessary weakening rules, since our primary con-
cern is type inference where erasing an argument can change typability. The
system is Church-Rosser, and we write NF_, for its normal forms; it simulates
[B-reduction up to trivial permutations on the sharing nodes, as in the following
proposition.

Proposition 1. Let M and N be A-terms such that M —g N, and let [—]
denote the coding of A-terms as interaction net. Then there is a net I such that
[M] = I, and I is equivalent to [N| up to left/right orientation of auziliary
ports on sharing nodes, and their location inside or outside boxes. O

We restrict our consideration to the nets that arise from encoding and reducing
A-terms.

At this point, we have a language corresponding to the untyped A-calculus.
We recover the equivalent of a type system by annotating the wires of the in-
teraction net with types, oriented in a fixed direction along the wire, where the
type system enforces constraints around the ports of nodes and boxes. We call an
annotated interaction net a proofnet. For example, with simple types, the wire
on the principal port of an @-node has an incoming type a — 3, and the right
(left) auxiliary port has an incoming (outgoing) type a (3). Observe that each of
the typing rules Var, A\I, AK, and AppAlt correspond naively and directly to our
inductive cases in the encoding. However, the A-rule is a little problematic; we
have two options—either duplicate the structure of the box contents, or figure
out a way to share them.

The first option amounts to typing a boxed net (with output of type aA3) by
explicitly representing the two subderivations as distinct proofnets and pairing
their input to the application.? But then the sharing nodes are unpairing nodes

3 Note that the type environment of System-I contains exactly the free variables of
the term—consequently the two subderivations have the same variables in the type
environment.



(with the linear logic equivalent of ’®), and the multiple proofnets are paired
together with ®. However, the resulting proofnet would be the same size as
that of the normal form, and all reductions would be linear. We therefore take
the alternative option, where we do not duplicate the term. Instead, we use
expansions in the spirit of System-I to represent the different typings. With
these considerations in mind, we define the intersection typing of a proofnet a
la System-I:

Definition 1. A proofnet is an interaction net where

1. Each wire is oriented, and annotated with a triple consisting of a type T, an
expansion e, and a variable substitution S. The expansion of the type followed
by the substitution, S (e T), give the different typings of the wire; we therefore
write the annotations as (S (e 7)).

2. Ezxactly one free port has its wire oriented toward the port, denoting the
root of the A-term of interest. This port is the conclusion of the proof I1
(holding the type of the A-term); the remaining ports are the assumptions
(corresponding to the types of the free variables).

8. The triples on the wires incident with each node and box satisfies the con-

straints in Fig. 5.

The conclusion and the assumptions have the same expansion e.

A switching is the graph derived by replacing each \-node with a wire from

the principal port to one of the auxiliary ports. Then every switching results

in a forest of connected, acyclic graphs containing either the root port, or the
port marking a weakening from a K-redex. (This is essentially the Danos-

Regnier criterion [2].) 0

SAa

If IT without annotations and orientations of the wires is the interaction net I,
we call IT a typing of I. We say that I has typing (x; : 71, ..., Tpn : Tn, T) Where T is
the type of the conclusion of IT and 7; is the type on the free port corresponding
to the variable x;.

Theorem 1. Let M be a A-term and I = [M] its encoding as an interaction net.
Then M has System-I-typing (I, ) if, and only if, I has System-I-typing (I, 7).
O

Every System-I typable term has a principal typing [9,8]; a similar assertion
holds for the analogous interaction net:

Definition 2. Let IT be a proofnet typing an interaction net I; II is principal
if for any other proofnet II' typing I there exists a substitution S’ and an ex-
pansion substitution E' such II' can be obtained from II by replacing each of the
annotations S (e T) with (S o S)((E’ e) 7). O

3 Normalization bounds, type inference bounds

Since type inference for System-I is realized by normalization, we want to derive
upper bounds on normalization. Otherwise, it is not clear whether inference by



normalization terminates. Let K(0,n) = n and K(t + 1,n) = 2K given a -
term of rank ¢ and length n, we prove that its normal form has length O(K(¢, n)).
Also, given a A-term of length n, deciding if it is typable in rank ¢ requires time
N2(K(t,n)). The function K(¢,n) appears in both bounds because of a simple
observation: without ACI, simply-typed terms are linear—a variable can occur at
most once. For simplicity, we carry out this analysis without expansion variables.

Define a goofy redex to be (Ax1. -+ Az P)*r =~ =B Qp ... Qy, with ay #
¥ A6, which becomes ((Az1.--- Azp_1.P)[Qr/2p])* 7178 Q1 - Qrp_1 by
goofy reduction. We make the casual but crucial observation that in a goofy
redex, the bound variable x; can occur at most once in P—were it to occur
twice, xx would have a A-type. So a goofy normalization is inherently linear
(thus its name): it is guaranteed to terminate without increasing term size, nor
does it change the normal form. To bound overall normalization, we follow a
fairly standard calculation that pairs goofy developments (maximal sequences
of goofy reductions) with complete developments; after a goofy development, a
complete development must reduce the rank by 1, while increasing term size by
at most an exponential.

A complete development of a term is intuitively this: take a term, and under-
line every existing redex. Now (-reduce each of them, where redexes copied by
a [-step (called residuals) remain underlined, but new redexes (caused by sub-
stituting a A-abstraction for x in some zF") are not underlined. More formally,
define D(z) = =, D(A\x.P) = Ae.D(P), D(x P, -+ P,) = £ D(Py) -+ D(Py),
and the interesting case (where n is chosen maximally)

D((At1.-Azn.P) Q1 - Qu) = D(P)[D(Q1)/x1,..., D(Qn) /]

Lemma 1. Assume A-term T is in goofy normal form, and let 1(—) give the
mazimal rank of any redez in a term. Then «(D(T)) < «(T) O

The proof is by induction on T', and the only interesting case is the last one above
for complete developments: if the function has type 0 = a3 — -+ — a,, — 0,
the reduction (Az1. - Az, . P)?Q1 -+ Qn>P[Q1/21, ..., Qn/xy] can only create
redexes of index ai,...,a, but not 3, and since each a; = §; A 5, we know
rank «; < rank o.

Theorem 2. |D(T)| < 2/T1; thus if T is typable in rank t, its normal form has
length O(K(t, |P])). O

The proof is by induction on ¢ and repeated induction on DY(T), 0 < i < t;
in the only interesting case (see above), bound |D(P)| and |D(Q;)| as 2/”! and
21Qil; then the derived term has length at most 2/71.

This theorem shows how to construct untypable terms: just violate the nor-
malization bounds. Let 7 be the Church numeral for n; then 222 is not typable
in rank 3. Note P = Az.z2 computes f(n) = 2" on Church numerals: observe
that for any rank, A\k.k P 2 cannot be typed for almost all k. Terms untypable in
ML, System F, etc. are often anomalous and peculiar; those untypable in System-
I are the standard ones that are the mainstay of programming with inductive
datatypes in the absence of fixpoint recursion—see the Conclusions.



To derive a lower bound on the complexity of type inference, observe that
the standard codings of A-terms for Boolean values and functions are all linear
terms. Thus Boolean circuits can be given a rank 0 type, as well as the tran-
sition function of a Turing Machine (which combines circuitry with some list
processing)—as long as the latter is only used on one configuration. To iterate
the transition function, we use the following:

Lemma 2 (Polymorphic Iteration). Let N = K(t,n), m denote the Church
numeral As.\z.s™z, and let @ be a simply-typable term that can be given any of
the simple types 7(i) — 7(i + 1) for 0 < i < N, where the 7(i) are arbitrary.
Then the term (A\2.2"2)2---2& (t—1 2s) normalizes to \x.®Nx, and has simple
type 7(0) — 7(N) in rank t. O

A version of this lemma was originally proved in [7]; it can also be proved
with no use of ACI. One of the applications of this lemma with ACI was to
let @ be the term Az.z2, which is not linear—then the normal form takes an
enormous leap to K(K(¢,n),1). But without ACI, the “base” calculus is the
linear A-calculus, not the simply-typed one, and there is no such boost. Finally,
using standard machinery (see, i.e., [6,5]) we may conclude:

Theorem 3. Let P be a A-term of length n; then deciding if P is typable in
rank t is complete for DTIME[K (¢, n)]. O

Corollary 1. Let P be an untyped A-term. Compute t successive iterations of
goofy and complete developments on P, where in the case of a K-redex, we de-
velop discarded arguments as well, producing a set of terms. Then P is typable
in rank t iff normalization of these terms never creates a redexr with a nonlinear
Sfunction. O

4 Typing is never cheaper than normalization

4.1 Naive type inference via normalization

Given a fixed rank, we can construct a naive algorithm for type inference, similar
to many for other type systems, as follows: for an untyped term P, construct a
net for P, annotating each edge with a unique type variable. Begin normalization,
generating new type variables and constraints; solving the constraints generates
the type. By checking the rank of incremental solutions, we can ensure that the
algorithm terminates.

The initial constraints are just those around A- and @-nodes, and around
sharing nodes: (1) that a function must have type o — [, an argument type
«, the result type §; (2) that sharing a datum of type ¢, with uses at type u, v,
incurs the constraint ¢ = u A v. Using the call-by-name coding, every argument
of an application is in a box; each variable occurrence is marked by a croissant.
Constraints are modified when (1) a croissant of type ¢ opens a box with type u
(add t = u), and (2) a box is duplicated: make two copies of the box, replacing



each type variable u within by u’ in one copy, and u” in the other, and add the
constraint v = u’ A u”.

We observe that the technology of expansion variables in [9] implicitly asso-
ciates a variable F' with each box. A type a — (8 occurring in the box is then
written F (o — (), and various formal rules are introduced to implement the
duplication we have described in graphical shorthand. Solving the constraints
that are introduced by reduction is easy: = is an equivalence relation, and from
either a = b=c— doraAb=cAdwe derive a = c and b = d. Observe that
the latter derivation only makes sense because A is not commutative.

Lemma 3. (1) The constraints generaled are finite for strongly normalizing
terms, and every such finite set has a most general (principal) solution. (2)
Subject reduction holds, modulo the existence of K-redexes. (In this latter case,
we may continue to normalize discarded arguments.) O

In the next section, we detail the truth of (2): that the solution of syntax-
generated typing constraints is fundamentally invariant, and preserved by re-
duction. Observe that upper bounds on the length of normal forms of rank ¢
A-terms then serve as upper bounds on type inference. Furthermore, the combi-
nation of normalization and constraint solving is redundant—Ilet’s get rid of the
latter.

4.2 Type inference without solving constraints

We have now reached the high tide of the paper: we prove that due to the lack of
idempotency, type inference is the same as normalization. Thus type inference
cannot be faster than running the program, and types can be inferred without
nominally solving constraints—they can be read off of the normal form. It also
suggests a Curry-Howard isomorphism for System-I (and possible intersection
types in general) through interaction nets.

We obtain the result through an isomorphism between the normal form of
an interaction net, and its principal typing.* We first establish the isomorphism
for the restricted case of normal nets. In this case we can read the net as its
own principal typing, and dually, construct a normal net from a given principal
typing. In the general case, we show that the set of typings is unchanged under
reduction. As System-I is strongly normalizing for fixed rank, it follows that any
net has the same principal typing as its normal form. Since the isomorphism
holds for normal forms, normalization and type inference are simply two sides
of the same coin.

Principal Typing From a Normal Form In obtaining the principal typing
from the normal form, we read sharing nodes as A, function and application
nodes as —, and boxes as expansion variables. We collect the principal typing

4 Strictly speaking there is a plethora of principal typings. The difference between
them is however only in the choice of names for the type and expansion variables.



using the recursive algorithm outlined in Fig. 4; it is called typing : Z — 7.
The base case corresponds to the normal form Az;.---Azg.v with the typing
@,v1 — -+ = % — ) when v = z; and (v : a1 — - — YV — Q)
when v is free. The algorithm returns the typing by annotating the root and
the free ports with the type information, e.g., in the second case the root gets
type 71 — - -+ — 7, — « and the free port a.

Otherwise the graph represents the term Axj.---Axg.vNy--- Ny, We apply
the algorithm recursively to each of the subnets II; (corresponding to N;); the
result will be type annotations of the root and the free ports of each subnet. We
assign a fresh expansion variable F; to each of the boxes around I7;. We find the
intersection type of each shared variable by processing the sharing forest bottom-
up. The leaves are the wires coming from II; and the croissant corresponding to
the head variable. We initialize by giving the head variable type F;7{ — --- —
Fi7} — a, and each wire from II; type Fﬂr}, where 7r§ is the type returned by
the recursive call. For each sharing node we give the principal port type 7o A Te
where 7, (7,) is the type of the white (black) auxiliary port.

Computing a normal form from a principal typing Dually, the func-
tion net : 7* x 7 — NF., produces an interaction net normal form of any given
principal System-I typing.

In its onset net uses the intuition all functional programmers have about
gazing the structure of a function from its type: she immediately knows that
a function of type (@« — ) — a — [ has two outermost abstractions and
that the first argument appears in the function position of an application. What
sets System-I apart from other functional languages is the lack of ACI: without
idempotency we have a type specification for each variable occurrence; lack of
commutativity gives the orientation of sharing nodes, non-associativity tells us
the boxes, and, finally, the principal typing reveals the sources of the arguments
of applications. For instance, 2 can be typed (o — a) A (@ — @) — a — a; it is
not clear whether it is the first or the second occurrence of the first argument that
is applied to the second argument. The principal typing, (F 8 — v) AF (G a —
B) — F G o — v, makes it clear that it is the second occurrence. This insight is
captured in a well-known characterization of the form of a principal intersection

types:

Lemma 4. In a principal System-1 typing, every type variable occurs at most
twice; if it occurs twice it occurs once positively and once negatively.” Each oc-
currence of a type variable has the same expansion variables as one goes from the
root of the type’s syntax tree to the occurrence. Every expansion variable occurs
at most once positively. Ol

® Positive and negative occurrence are used in the standard way: count the number
of times we choose the left child (the argument) of an arrow in the syntax tree
when going from the root to the occurrence. If the number is even, the occurrence
is positive; if it is odd, the occurrence is negative.



Definition 3. The function net : 7* x T — NF_ s defined on any typing
meeting the conditions in Lemma 4. Let T be a type and I a type environment;
we proceed as follows:

1. Let net™ and net™ be the mutual recursive functions in Fig. 5. Produce a
forest of graphs by applying net™ to T and net™ to each type in I'. For
example, the computation of net™ (1 — 7’) constructs proofnets from net™ (')
and net™ (1), connecting them (as in Fig. 5) with a A-node.

2. Connect the ports of each type variable that is mentioned twice. Connect the
remaining ports to a weakening node. O

Proposition 2. Let I be a normal form with principal typing (I, 7). We then
have I = net({I', 7)) and typing(I) = (I, 7). d

Typings Are Preserved Under Reduction In proceeding from the sandbox
of normal forms to arbitrary interaction nets, we establish that the set of typings
is invariant under reduction. We have thus not only subject reduction, but also
subject expansion.’

We achieve this goal in two steps: First, we recast the question of typability
as a constraint problem. We show that every interaction net has a set of the
typing constraints which exactly characterizes its typings. Second, we show that
the set of solutions is invariant under reduction. It follows that a net and its
normal form have the same set of typings. As a principal typing is a typing from
which all other typings can be obtained, a net and its normal form have the
same principal typing. First the notion of typing constraints:

Definition 4. Let I € T be an interaction net. Let each wire in I be labeled with
a unique type variable and each box be labelled with a unique expansion variable.

1. The set of typing constraints C; of I is a set of equations T = o, where
some occurrences of type variable o can be labelled @ constraining « to types
from T . The nodes induce the typing constraint to the left of Fig. 6. For a box
labelled F, let C be union of the typing constraints for the nodes and boxes in-
side the box; the typing constraints for F are {a =F o/, =F 3;,..., Bk =
FB.U{FTr=Fo |7=0¢€C} where a (') is the type variable of the
root outside (inside) the box and [3; () is the type variable of the ith auz-
iliary port outside (inside) the box. The constraints C; is the union of the
constraints from the outermost boxes and the nodes outside bozes.

2. A solution U to a set of typing constraints C is an expansion substitution E
and a variable substitution T such that for all equations T = o € C we have
T(ET) = T (Eo). The substitutions are restricted to the variables occur-
ring in C, and T respects labels, i.e., type variables @ which have a labelled

occurrence in C are only substituted types from T.
O

6 Recall that subject expansion is the feature that M has the same typings as its
reducts, i.e., if M reduces to N then N : (I',7) implies M : (I, 7).



Given a fixed net, to prove an isomorphism between typings and solutions to
the typing constraints, we need to relate proofnets and solutions to the typing
constraints. Both specify an intersection type for each wire—the proofnet does
so through the annotation S (e 7) of each wire. A solution U = (E, T) to the con-
straints inserts expansions from the substitution E for the expansion variables G,
which annotate boxes surrounding a wire (listed from outermost to innermost);
the substitution T provides a type for the expanded derivatives of ~y, the wire’s
type variable (created by applying E o G to ). We consider the proofnet IT and
the solution U equivalent on a wire exactly when S (e 7) =T (E (G 7)).

Proposition 3. Let I be an interaction net and C its typing constraints. There
exists a solution (T,E) to C for all proofnets I typing I such that (T,E) and IT
are equivalent on all wires. Furthermore, given a solution (T,E) to C there exists
a proofnet II typing I such that (T,E) and II are equivalent on all wires. O

It is now sufficient to prove that the set of solutions are preserved under
reduction. Intuitively, solutions are preserved because the constraints capture
what happens under reduction. As an example consider a croissant dissolving
an outermost box: looking at the wire with the croissant there are 3 relevant
type variables in the constraint set: « above the croissant, § between the box
and the croissant, and « on the inside of the box. As there are no surround-
ing boxes, the constraints are @ = # and 8 = F7¥. Any solution (T,E) will
have T (Ea) =T (E (Fv)); as «, 3, and + are type variables the expansion sub-
stitution E has no effect and we have: Ta =T Sand T =T (F ~)). To respect
the labellings, T must substitute a 7-type for 3 so we have F = (. Consequently,
all solutions have T a« = T 8 = T ~. This is in accordance with the fact that after
dissolving the box we have a single wire. Furthermore, it allows any solution to
the reduced net to be used on the original net. (If the redex is inside a box
we have T (E(G@)) =T (E(GB)) and T (E(G B)) =T (E(G (F7))) where G
are the expansion variables of the boxes; we essentially get a list of constraints
similar to the outermost one.)

In establishing the preservation, the main technical difficulty is that a redex
and its reduct have a different number of wires. This is solved by noting that there
is redundancy in a solution, e.g., in the example above knowing the substitution
for the instances of a leaves only one choice for the instances of 8 and . It
is thus sufficient to relate the two typing constraints on a subset of variables
which can be extended to a unique solution. Call a basis any set of variables
that is sufficiently large so that any solution specified on these variables extends
uniquely to a solution for the entire set of variables occurring in the typing
constraints.

Definition 5.

1. A basis B of a set of typing constraints C is a subset of the variables occurring
in C that satisfies the following condition: For any type substitution R and
expansion substitution D specified on the variables of B, there is at most
one solution (T,E) of C such that R(z) = T(x) for any x € domR and
D(F) = E(F) for any F € domD.



2. Given a basis B and solution U = (S,E) to a set of typing constraints C, we
write U(B) to denote the restriction of a solution to the variables in B.

3. Let C be a set of typing constraints, B a basis of C, and (R,D) a pair of
substitutions specified on B. We write [(R,D)]c for the unique solution to C
if it exists. O

We can now prove that the set of solutions to the typing constraints is invari-
ant under reduction. For each reduction rule, we establish that we can choose
two bases, one for the net and one for the reduced net, with an immediate con-
nection between the wires and the boxes in the two bases. A solution for the
original net can then be transformed to solution for the reduced net (and vice
versa): restrict the solution to the basis of the original net, map it to the basis
of the reduced net, and extend it uniquely

Proposition 4. Let I and J be interaction nets such that I = J. Let Cy (Cy) be
the typing constraints of I (J). There exists bases By of Cr and By of Cj, such
that 1) [Up(Br)]c, exists and is a solution to C; when Uy is a solution to Crand
2) [Uj(By)lc, exists and is a solution to Cy for any solution Uy of C;. O

Strictly speaking we cannot be sure that the variables in C; and C; overlap; we
have however without loss of generality assumed that the unchanged wires have
the same type variables. Subject reduction and expansion follow:

Corollary 2. The set of typings is invariant under proofnet reduction. OJ

Another easy corollary follows from Lemma 2 in combination with the strong
normalization result in Sec. 3.

Corollary 3. If I is an interaction net with principal typing (I, 7) and normal
form J, then net(r) = J, and typing(J) = (I, 7). O

5 Conclusions

Idempotency is crucial. Without idempotency, the rank 0 types form only the
linear A-calculus, expressiveness of the language collapses to the same complexity
as type inference, and type inference becomes synonymous with normalization.
Without idempotency, every Church numeral has a different type, and general-
izations of this observation to similar data representations (lists, trees, etc.) are
clear. As a consequence, typing functions on those datatypes makes no sense. A
conceivable rebuttal: normal people don’t program with Church numerals—they
program with real numbers. But iteration is one of the functional programmer’s
weapons of mass construction: for example iter 0 s z = z, iter n+tl s z =
s(iter n s z)—but now, if iter is to have type Int — «, what is a?

The interaction net vernacular underlines the similarities between intersec-
tion types and linear logic. Sharing nodes capture the behavior of non-ACI fea-
tures of A. Boxes capture the essence of expansion variables—the renaming of
expansions is similar to the copying of a box. Brackets capture the essence of
absorption, and the propagation of an expansion through a type formula. And



not too surprisingly, from the context semantics of a term, we can recover its
System-I typing. The obvious question is how to preserve important aspects of
this type analysis, while allowing the expressiveness of the language to increase
substantially beyond the cost of typing.
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Fig. 3. The constraints on proofnet nodes in order to be well-typed. Note that
S (e (e’ 71)) is the same as S (e 7/) where e is e with ¢’ (with renamed expansion
variables) substituted for each 0. The annotations S (e (e’ 7)) thus consist of the

substitution S, the expansion e and the type 7/ so the case for box is well-defined.

o] oo

n1

Fig. 4. Inductive definition of the function typing that derives a principal typing
of a net. In the right subfigure, the hatched oval is the wiring between the sharing
forest at the bottom and the wires coming from the croissant and the free ports
of the subnets I14, ..., II;.

In the two cases to the left, the variables o, 1, ..., v, are fresh. In the last case,
the variables «, F1,...,F; are fresh. The algorithm is applied recursively to the
darked subnets ITy, ..., II; to obtain the types 7¢,... ,Tﬁbi for all 7. The result
types p1,---,Pm,01,---,0k are built by processing the sharing trees bottom-up

as described in the text.
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Fig. 5. The mutual recursive definitions of the functions net™ and net™ building
the skeleton of an interaction net from a type.
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Fig. 6. The typing constraints for the various interaction nodes. In the right
subfigure, F is the expansion variable of the box.



