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Abstract. More than being just a tool for expressing algorithms, a well-
designed programming language allows the user to express her ideas effi-
ciently. The design choices however effect the efficiency of the algorithms
written in the languages. It is therefore important to understand how
such choices effect the expressibility of programming languages.

The paper pursues the very low complexity programs by presenting a
first-order function algebra BC-

ε that captures exactly lf, the functions
computable in logarithmic space. This gives insights into the expressive-
ness of recursion.

The important technical features of BC-
ε are (1) a separation of variables

into safe and normal variables where recursion can only be done over
the latter; (2) linearity of the recursive call; and (3) recursion with a
variable step length (course-of-value recursion). Unlike formulations of
lf via Turing Machines, BC-

ε makes no references to outside resource
measures, e.g., the size of the memory used. This appears to be the first
such characterization of lf-computable functions (not just predicates).

The proof that all BC-
ε-programs can be evaluated in lf is of separate

interest to programmers: it trades space for time and evaluates recursion
with at most one recursive call without a call stack.

1 Introduction

Let thy speech be short, comprehending much in a few words.
From the Aprocrypha

Programmers are used to ask “how fast is my algorithm?”, but an equally
important question is “how fast is my programming language?”. While Church-
Turing thesis states that all general-purpose programming languages can solve
the same problems, they do not necessarily do so equally efficiently. For instance,
Pippenger [19] proves that LISP with assignments is asymptotically faster than
pure LISP for a particular online permutation problem. And for typed languages
increasingly complex intersection types allow increasingly larger classes of prob-
lems to be solved as investigated by Kfoury et al. [10, 15].
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Starting with seminal papers by Immerman [8] and Bellantoni and Cook [2],
the field of implicit computational complexity has blossomed providing—to para-
phrase Landin—the next 700 languages for (mainly) polynomial time. Such lan-
guages capture their respective complexity class through internal limitations
rather than external measures. While these languages in most cases are cumber-
some to program, they provide precise insights into how programming constructs
affect complexity. For instance, the present paper gives a language, BC-

ε, for the
functions computable in logarithmic space (lf) through a syntactic restriction
on course-of-value recursion combined with linearity. This suggests duplicate
recursive calls as a potential way for programs to break out of lf.

These characterizations can also be useful for complexity theory: A particular
notorious line of research is the separation problem asking whether there, for
instance, are functions computable in polynomial time (pf) that are not in lf,
or functions in non-deterministic polynomial time (npf) that are not in pf.
While everybody would believe so—and for instance trust the security of their
ATM cards on it—sadly nothing has been proved yet.

Characterizing complexity classes via Turing machines is appealing to pro-
grammers: the model is easy to understand and standard programming tricks
can be used. An external measure is however like splitting coal from diamonds by
the look: the job gets done, but you gain no insight to why the two are different.

In contrast, comparing the present characterization of lf with the charac-
terization b of pf due to Bellantoni and Cook [2],1 reveals linearity as the key
difference between pf and lf. The much, much harder (and much more interest-
ing) question is of course whether any function in pf truly needs nonlinearity.

1.1 BC-
ε in a Nutshell

On surface, BC-
ε is a slight (hence the ε in the name) generalization of the

function algebra BC- developed by Murawski and Ong [16]. Its merits are that
it highlights the limitations of lf, shows linearity as a potential distinction
between lf and pf, and is less cumbersome to use as course-of-value recursion
is more natural than primitive recursion.

Recursion in BC-
ε is a boiled down version of primitive recursion which we

(for lack of a shorter name) call safe affine course-of-value recursion: (1) in the
recursive step, recursion over the recursive value is prohibited (safe recursion),
(2) the recursive value can be used only once in the recursive step function (affin-
ity), but (3) we can skip steps in the recursive chain (course-of-value recursion).
Point (1) is accomplished through an idea due to Bellantoni and Cook [2]: We
divide the function arguments into normal and safe arguments (syntactically di-
vided by :); recursion can only be done over normal arguments and the recursive
value is provided to the step function as a safe argument.

1 b uses a more restricted recursion principle than BC-
ε. One can however use the

recursion principle of BC-
ε without breaking the pf soundness or completeness of b.



In effect, BC-
ε has a very limited course-of-values as a different step length is

allowed at each step of the recursion, e.g., we can recurse through2 f(10001111 :),
f(1000 :), f(10 :), f(1 :), f(0 :) where the step length is 4, 2, 1, 1. This is accom-
plished by a separate function which computes the step length from the normal
arguments. Syntactically, we express the recursion principle as follows

f(n,x : y) =

{
g(x : y) if n = 0
hb(x′,x : f(x′ � |db(x′,x :)|,x : y)) if n = 2x′ + b

where n � i right shifts n by i, i.e., drops the bottom i bits of n. Standard
primitive recursion arises by simply choosing db(x′,x) = 0.

As primitive recursion corresponds to right folding, BC-
ε programs can be

seen as functional programs written only using a generalized right fold function.

1.2 Related Work

Bellantoni and Cook’s b [2] captures exactly the functions computable in poly-
nomial time. BC- is an affine version of b developed by Murawski and Ong [16]
in work connecting b with Girard’s characterization of pf through light logic [4].
While Ong and Mairson in unpublished work establish that BC- can be evaluated
in lf, it is unknown whether BC- is lf complete. This is solved by BC-

ε which
is both lf-complete and sound. We reuse the basic idea of Ong and Mairson for
soundness, but make it clearer by establishing a connection to tail recursion.

The difference between BC-
ε and BC- is the recursion principle. BC-

ε uses
course-of-value recursion, while BC- uses the more restricted primitive recursion.
Combined with affinity this is a true party-killer as it imposes a quantum effect
on the recursive value: you can ask for its value, but in doing so you loose the
value. Thus, only one bit of the recursive value can determine the control in the
next step of the recursion. This seems to prevent BC- from being lf-complete.

The reader might faint and think “why another characterization?” when the
literature already contains a plethora characterizations of the lf-computable
predicates or, at best, size-bounded functions:

(1). Bellantoni [3] shows that restricting b to unary numbers is exactly the non-
size increasing lf-computable functions. This in particular includes all lf-
computable predicates. The result stems from unary numbers using only
logarithmic space when represented binary. In my view this is a trick of
representation which does not cast any light on the difference between pf
and lf.

(2). Goerdt [5] characterizes lf-predicates (and other complexity classes) in finite
model theory. Jones [9] recasts the results in terms of read-only (cons-less)
functional program using only fold to do iteration. Unlike BC-

ε they cannot
produce big output (being read-only).

(3). Voda [20] and Kristiansen [11] have characterizations of the lf-computable
predicates based on restricted imperative programs with loops.

2 Here, and throughout, function arguments for BC-
ε are given in binary.



This is however all characterization of predicates where BC-
ε with simple restric-

tions goes further and characterize the full class of computable functions: after
all most people use computers for more than yes/no-questions.

Finally a comparison should be made to the standard approach to sepa-
ration through complete problems, i.e., problems that are provably the hardest
within a complexity class. Like characterizations through implicit computational
complexity complete problems say something intrinsic about the nature of the
complexity class. They do however not necessarily tell how the computation is
limited; this is why I find implicit characterizations more appealing.

A full version of this extended abstract is available as part of my disserta-
tion [14] with SML implementations of the programs [13].

2 Preliminaries and BC-
ε

We assume that the reader is familiar with standard complexity theoretic notions
like complexity classes, hardness, and complete problems [17]. We also assume
working knowledge of standard ML [18]. Being computer scientists, the concrete
representation of numbers is important. We use N1 to denote the natural numbers
in unary, i.e., a string of 1s with length n, and N2 for natural numbers in binary.
In both cases, we use ε to explicitly denote the empty string corresponding to 0.
We write bitstrings of the bits b1, . . . , bk as bk · · · b1 with bk the most significant
bit. The length function on numbers is | · |. We use N

k,l for N
k × N

l.
We first introduce our lf-language BC-

ε. It is given as a function algebra. We
divide the function arguments into normal and safe arguments (syntactically
distinguished by a :) where recursion is only possible over the former and the
latter can be used at most once.

Definition 1. We use N2 as our input and output domain.

(1). We define the set of base functions to be the functions: 0(:) = ε; p(: ε) = ε
and p(: yb) = y; πm,n

j (x1, . . . , xm : xm+1, . . . , xm+n) = xj with 1 ≤ j ≤ m+
n; s0(: y) = y0; s1(: y) = y1; and c(: y11, y2, y3) = y2 and c(: y1, y2, y3) = y3

otherwise.
(2). Let the following functions be given: f : N

M,N
2 → N2, g1, . . . , gM : N

m,0
2 →

N2, and h1 : N
m,n1
2 → N2, . . . , hN : N

m,nN
2 → N2. Let n ≥ n1 + · · ·+ nN and

define safe affine composition of the functions as the following function in
N

m,n
2 → N2:

(f◦〈g1, . . . , gM : h1, . . . , hN 〉)(x1, . . . , xm : y1, . . . , yn) =
f(g1(x :), . . . , gM (x :) : h1(x : y1), . . . , hN (x : yN ))

where x = x1, . . . , xm and y1, . . . ,yn is a division of the variables y1, . . . , yn

such that each yi occurs at most once in any of the vectors y1, . . . ,yn.
(3). Given functions g : N

m,n
2 → N2, h0, h1 : N

m+1,1
2 → N2, d0, d1 : N

m+1,0
2 → N2,

we define the safe affine course-of-value recursion of the functions, written



rec(g,h0,δ0,h1,δ1), to be the function f : N
m+1,n
2 → N2 defined as follows:

f(n,x : y) =



g(x : y) if n = ε

hb1(bk · · · b2,x : f(bk · · · b2+δ,x : y)) if n = bk · · · b1, k ≥ 1,
δ = |db1(bk · · · b2,x :)|

(4). The function algebra BC-
ε is the least set of functions over the integers N2

containing the base functions and closed under safe affine composition and
safe affine course-of-value recursion.

Remark 1. Bellantoni and Cook’s function algebra b [2] is obtained by dropping
the affinity in the composition and recursion scheme, i.e., by using

(f◦〈g1, . . . , gM : h1, . . . , hN 〉)(x : y) =
f(g1(x :), . . . , gM (x :) : h1(x : y), . . . , hN (x : y))

and letting f = rec(g,h0,d0,h1,d1) be

f(n,x : y) =



g(x : y) if n = ε

hb1(bk · · · b2,x : y, f(bk · · · b2+δ,x : y)) if n = bk · · · b1, k ≥ 1
δ = |db1(bk · · · b2,x :)| .

Notation 1. When f is nullary (i.e., a constant), we write f for f◦〈 : 〉 : Nm,n →
N for any m and n. We write rec(g,h,δ) for rec(g,h,δ,h,δ).

The syntactic restrictions impose a bound on the size of the output.

Lemma 1 ([2, Lem. 4.1]). Let f ∈ BC-
ε be function. There is a monotone

polynomial qf such that |f(x : y)| ≤ qf (|x|) + maxi |yi|.

3 lf Completeness

We will now show that BC-
ε is complete for lf-computations. We do so by

showing that given any lf Turing machine we can define the following function
in BC-

ε:

T (t, s, w, i, j) = “the output tape in reverse and preceded by a 1 after
t iterations starting in state s with the work tape w, the head of the
read-only input tape in position i, and the head of the work tape in
position j.”

Before giving the definition of the function T it seems appropriate to state
exactly what we mean by a lf Turing machine in this paper; after all every
author has her own slightly different definition of Turing Machine.



Notation 2. We consider Turing machines with a read-only input tape (denoted
I) of length n, a work tape (denoted W) with O(log n) symbols, and a write-
only output tape (denoted O) infinite to the right. We assume that the program
will never try to move beyond the limits of the tapes. The machine’s program
consists of labeled instructions l : I consecutively numbered as 0, . . . , S−1 where
I is one of the following: leftI, leftW, rightI, rightW,ifI then l′ else l′′,
ifW then l′ else l′′, and writeW b and writeO b with b = 0, 1. We assume that
the program idles on a single state when there is no more output.

It should (hopefully) be clear that these conventions do not differ essentially
from the reader’s favorite definition of a Turing machine.

We can now turn to the function T; the function is presented in pseudo-code
in Fig. 1. The remainder of this section is devoted to showing that the function
can be encoded in BC-

ε. This has two parts: (1) representing the functions in
Fig. 1 in BC-

ε, (2) turning the recursion over multiple variables into a recursion
over a single variable. Starting with the last point, we observe the following
bounds: 0 ≤ s < S, 0 ≤ i < n, 0 ≤ j < log2 n ≤ n. Moreover, the work
tape is bound by c log2 n for some constant c; this gives 2c log2 n = nc different
configurations of the work tape. Since the Turing machine cannot twice be in
the same configuration without doing an infinite loop, the maximum number of
steps the machine can take before looping infinitely is N = S ·n ·n ·nc = S ·nc+2.
We can encode the tuple (t, s, w, i, j) uniquely as the number: t ·N+(((w ·n)+i) ·
n+ j) ·S)+s. Consequently, each step is represented by decreasing the encoding
with N + ((((w −w′) · n) + (i− i′)) · n+ (j − j′)) · S) + (s− s′) where w′, i′, j′,
and s′ represent the new state. By using unary representation this corresponds
to a simple right shift—easily caught with the course-of-value recursion scheme.3

We therefore show how to do the functions in Fig. 1 using unary numbers.

Proposition 1. Let m and n by numbers in binary. Right shift shiftR(m : n) of
m by |n| and selection of bit |n| from m are definable in BC-

ε.

Proposition 2. Let b be either 0 or 1. The following function is representable
in BC-

ε:

setb(m, bk · · · b0 :) =
{
bk · · · b|m|+1bb|m|−1 · · · b1 when k ≥ |m|+ 1
bbk−1 · · · b0 otherwise

.

Note that setb does not change the length of the output. We then continue
with arithmetic:

Proposition 3. Let m and n be integers in unary notation. Then the following
functions are representable in BC-

ε: (1) plus(m : n) = m+n, (2) minus(n : m) =
max(m− n, 0), (3) mult(m,n :) = m · n, (4) div(m,n :) = 
m/n� where n �= 0,
(5) mod(m,n :) = m mod n where n �= 0, (6) zero?(m :) = 1 if, and only if,
m = 0, and (7) <?(m,n :) = 1 if, and only if, m < n.
3 Note that binary representation will not work as the difference between two numbers
is not necessarily a string of most significant bits.



T(−1, s, w, i, j, x :) = 1

T(t, s, w, i, j, x :) = let bI = bit(i : x) in

let bW = bit(j : unary2bin(w :)) in

O(T(t − 1,S(bW, bI, s :),W(w, j, s :), I(i, s :), J(j, s :), x :), s :)

O(t, s :) =

{
sb(t) if Is = writeO b

t otherwise

S(bW, bI, s :) =




l′ if IT = ifT then l′ else l′′ and bT = 1

l′′ if Is = ifT then l′ else l′′ and bT = 0

s + 1 otherwise

W(w, j, s :) =

{
bin2unary(setb(j, unary2bin(w :) :) :) if Is = writeW b

w otherwise

I(i, s :) =




i + 1 if Is = rightI

i − 1 if Is = leftI

i

J(j, s :) =




j + 1 if Is = rightW

j − 1 if Is = leftW

j

setb(m, bk · · · b0 :) =

{
bk · · · b|m|+1bb|m|−1 · · · b0 when 0 ≤ k ≤ |m|
bbk−1 · · · b0 otherwise

Fig. 1. The function T simulating a lf Turing machine.

While the representations are straightforward, it is worth noticing how BC-
ε

allows a simpler definition of division than primitive recursion:

div(m,n :) = div′(m+ 1, n :)− 1

div′(m,n :) =

{
0 when m ≤ 0
1 + div′(m− n, n :) when m ≥ n

An unfortunate limitation of the syntactic restrictions of BC-
ε is that the two

branches cannot share any safe arguments. In a recursion this prevents using a
conditional to choose between two different actions on the recursive result. At
the cost of having the conditional controlled by a normal variable, we regain a
conditional that shares the variables of the two branches:

Lemma 2. Let f, g : N
0,1 → N be two functions representable in BC-

ε. Then
the following function is representable in BC-

ε: CONDf ,g(m : n) = f(: n) when
m mod 2 = 1 and CONDf ,g(m : n) = g(: n) when m mod 2 = 0.

Another useful function is reversing a bit string. Since we are working with
numbers, not bit vectors, we do not necessarily have rev(rev(x :) :) = x.



Lemma 3. There is a BC-
ε function rev : N2×N1 → N that reverses a bit string,

i.e., given a number n in unary rev(bk · · · b0, n :) = b0b1 · · · bk−n.

Even though we are using unary numbers in the recursion, updating the work
tape is simpler to describe if the work tape is in binary. We therefore introduce
functions to convert between binary and unary notation. This involves computing
the logarithm which I have failed to represent in BC-.

Lemma 4. Let m be an integer in unary notation. Then there is a BC-
ε-function

log(m :) = 
log2 m�+ 1 when m ≥ 0 and log(0 :) = 0.

Proof. We implement log as follows:

log(m :) =

{
0 when m = 0
1 + log(m÷ 2 :) when m > 0

which has the following representation as a BC-
ε program:

log(m :) = rec(0,0,0,s1◦〈 : π1,1
2 〉,div◦〈π1,0

1 , 21 : 〉) . ��

It should be noted how the course-of-value recursion allows us to recurse tom÷2.
In converting from binary to unary we need the powers of 2. It is generally not

possible to do exponentation in BC-
ε as it would break the bound in Lemma 1.

We can however test whether a number is a power and two. By searching all the
numbers between 0, . . . ,m we find the largest power of 2 smaller than m. This
is captured in the following lemma:

Lemma 5. Let m,n ∈ N be integers coded in unary representation. The follow-
ing functions are representable in BC-

ε: (1) power?(m,n :) = 1 if, and only if,
m is a power of n. (2) largest power(m,n :) = max({ni ≤ m | i ∈ N} ∪ {0})

We now have the tools to code the functions converting between the two
representations of integers. When converting from binary to unary, the output
might grow exponentially. This obviously violates the bound in Lemma 1 and
we therefore have to provide an extra argument limiting the size.

Proposition 4.

(1). The function unary2bin : N1 → N2 is representable in BC-
ε.

(2). Let bin2unary(m,n :) be the unary representation of m provided that m ≤ n.
The function bin2unary : N2 × N1 → N1 is representable in BC-

ε.

Proof. As for turning a number in unary into binary we simply use the standard
algorithm for finding the representation of number in a given radix. The only
problem is that the straightforward implementation provides the bits in the
wrong order. Consequently, we first convert the number and then reverse it.



As for bin2unary, we use largest power to find the highest power of 2 so we
can find the most significant bit to query for:

bin2unary(m,n :) = bin2unary′(largest power(n, 2 :),m :)

bin2unary′(p,m :) =



0 when p = 0

plus(c(: bit(log(p :)− 1 : m), p, 0) :
bin2unary′(p÷ 2,m :)

when p = p′ + 1

Correctness follows by induction on m. ��
Proposition 5. The function T given in Fig. 1 is representable in BC-

ε.

Proof. Except for the step functions S, W, I, J, and O, we have seen how to
represent the functions in Fig. 1 in BC-

ε. We have also seen how to turn the
multivariable recursion into recursion over one variable.

As for the functions S, W, I, J, and O, the conditions, e.g., “Is = rightI” can
all statically be turned into comparisons on the numerical value of s using <?. In
W we exploit that the number of configurations of the work tape is 2c·log2 n = nc.
We augment W with a fourth argument, the input tape x. Taking w′ to be the
updated work tape setb(j,unary2bin(w :) :), we can therefore compute its unary
representation as

bin2unary(w′, nc :) = bin2unary(w′,

c − 1 mults︷ ︸︸ ︷
mult(|x|,mult(|x|, · · ·mult(|x|, |x| :) :) :) :)

= bin2unary◦〈setb◦〈π4,0
2 ,unary2bin◦〈π4,0

1 : 〉〉,
mult◦〈π4,0

4 , · · ·mult◦〈π4,0
4 , π4,0

4 〉〉〉
We obtain T through affine composition. ��

We conclude with the following corrolary:

Corollary 1. For any lf Turing Machine T , there is BC-
ε function fT : N1,0 →

N computing the same function: T on input x produces the output tape y if, and
only if, fT (x :) = 1y.

The function fT is constructible in time O(S2) and space O(logS) whereas
the input can be transduced in time O(|x|) and space O(1).

It is not an issue that we use logarithmic space to compile between the Turing
machine and BC-

ε as it is the logarithmic in the size of the program.

Proof. The function fT is constructed immediately as T(S · |x|c+2, 0, 0, 0, 0, x :).
Precise time and space bounds of course depend on how the BC-

ε are repre-
sented; we consider only outputting their textual representation. An inspection
of the construction in the proof shows that S, W, I, and J can be output with
one scan over the program. For each instruction we need to output the unary
representation of the instruction number. (In the case of S we might also need to
output the unary representation of the label.) This can be done in time O(S2).
The O(logS) space uses arises from keeping track of the instruction.



4 lf Soundness

Having shown that BC-
ε is lf complete, we continue to show that it is also

lf sound. We reuse an unpublished construction by Ong and Mairson. The
construction depends on two facts:

(1). The output and all intermediate values are bound by Lemma 1.4 We therefore
need only a counter of size O(log |x;y|) to iterate over the bits of the output.

(2). One bit of the output can be produced storing only one bit of the safe
arguments and a constant number of bits from the normal arguments. This
is straightforward except for the case of safe affine recursion.
For safe affine recursion we use computational amnesia and evaluate the re-
cursion without storing the call stack until we can produce a bit at some re-
cursion level. We cache the bit and—as there is no stack of return addresses—
restart the recursion from the top. With a cached bit we can produce a bit
at higher level. Repeating this, we can eventually produce the bit a recursion
depth 0. We illustrate this with the parity function P = rec(g,h0,h1):

g(:) = 0 h0(x : r) = c◦〈 : r, 1, 0〉 h1(x : r) = c◦〈 : r, 0, 1〉 .

A standard evaluation of P(10111 :) would result in the following unwinding

P(10111 :) = h1(1011 : h1(101 : h1(10 : h0(1 : h1(ε : 0))))) .

With the computational amnesia we go through

P(10111 :),P(1011 :),P(101 :),P(10 :),P(1 :),P(ε :) = 0 .

We remember the result (and its recursion depth, 5) and restart the compu-
tation of P(10111 :). We now only need to go through the calls

P(10111 :),P(1011 :),P(101 :),P(10 :),P(1 :) = h1(ε : P(ε :)) = h1(ε : 0) = 1

as we can look up the stored value of P(ε :). We remember that the value 1
was found at recursion depth 4. We restart the computation and keep re-
peating until we eventually find P(10111 :) = 0 .

The affinity of BC-
ε is crucial for the correctness of this approach: two recursive

calls would require two bits from the first level, 4 from the second etc. This is
illustrated by the following function which is directly representable in b, but not
in BC-

ε:

f(0,m :) = m f(ni,m :) = c(: f(n,m :), p(f(n,m :)), p(p(f(n,m :)))) .

After determining the conditional using computational amnesia, the wrong bit
for f(n,m :) is cached in either branch. This must be queried through computa-
tional amnesia, but when this succeeds the cache no longer holds bit 0 controlling
the conditional.
4 Bellantoni and Cook [2, Lemma 4.1] only state the inequality as a bound on the
output. As their proof is compositional, it is also a bound on the intermediate values.



type bit = int option

type input = int -> bit

type program-m-n = input -> · · · -> input︸ ︷︷ ︸
m + n times

-> int -> bit

fun zero (bt : int) = NONE

fun succ0 (y1 : input) (bt : int) =

if bt = 0 then SOME 0 else y1 (bt - 1))

fun succ1 (y1 : input) (bt : int) =

if bt = 0 then SOME 1 else y1 (bt - 1))

fun pred (y1 : input) (bt : int) = y1 (bt + 1)

fun cond (y1 : input) (y2 : input) (y3 : input) (bt : int) =

let fun boolFromBit NONE = false

| boolFromBit (SOME b) = (b = 1)

in if boolFromBit (y1 0) then y2 bt else y3 bt

end

(* Translation of πm,n
j ; first when j≤m and then when m > j *)

fun proj-m-n-j (x1 : input) . . . (xm : input)

(y1 : input) . . . (yn : input) (bt : int) = xj bt

fun proj-m-n-j (x1 : input) . . . (xm : input)

(y1 : input) . . . (yn : input) (bt : int) = y(j − m) bt

Fig. 2. Translations of each of the base constructors into a SML function.

In this section we detail idea outlined above and prove that it stays within
lf. The core is to show that we in lf can find any given bit of the output by
only storing a fixed number of bits of the inputs to each subexpression. We do
this by translating each BC-

ε-expression into an SML-expression that finds any
given bit of the output by querying individual bits of the input.

The translation of the base constructors is in Fig. 2. A function withm normal
arguments and n safe arguments gives a function of type program-m-n. The
base constructors take the normal and safe arguments and the index of the bit
requested. They either return the bit or marks that the bit is non-existing; this is
caught in the type bit. The arguments are given as second-order functions that
returns a bit of the input upon request. The translation of safe affine composition
is given in Fig. 3 and is also straightforward.

Finally, the translation of safe affine course-of-value recursion is given in
Fig. 4. The function saferec starts computing the requested bit at depth 0. If
there is a request for a bit from the recursive call, recursiveCall updates the
goal and restarts the computation by raising the exception Restartn (where n
is a unique identifier). When a goal bit eventually has been computed—either
because the base case was reached or because the recursive call was cached—the
cache kept in result is updated. The function saferec keeps restarting the
search from depth 0 until it successfully computes the bit at depth 0. Finally,



fun comp (f : program-M-N)

(g1 : program-m-0) · · · (gM : program-m-0)
(h1 : program-m-n1) · · · (hN : program-m-nN)

(x1 : input) · · · (xm : input)

(y1 : input) · · · (yn : input) (bt : int) =

let fun X1 bt = g1 x1 . . . xm bt
...

fun XM bt = gM x1 . . . xm bt

fun Y1 bt = h1 x1 . . . xm yi1,1 . . . yi1,l1 bt
...

fun YN bt = hN x1 . . . xm yiN,1 . . . yiN,lN bt

in f X1 . . . XM Y1 . . . YN bt

end

Fig. 3. Translation of safe affine composition into an SML function. The division
of the variables y1, . . . , yn between the functions h1, . . . , hN computing safe ar-
guments is given by the vectors of indices i1, . . . , iN . They satisfy the relation
{i1,1, . . . , i1,l1 , i2,1, . . . , iN−1,lN−1 , iN,1, . . . , iL,lN } ⊆ {1, . . . , n} and that there is at
most one ij,j′ for any given number in {1, . . . , n}.

we notice that we can find the length of the displacement function by simply
querying for bits 0, 1, 2, etc. until the index reaches a non-existing bit.

Definition 2. Let f be a function of BC-
ε with m normal and n safe argu-

ments. The ML function �f� of type program-m-n is defined inductively based
on Figs. 2–4: �0� = zero, �sb� = succb, �p� = pred, �c� = cond, �πm,n

j � =
proj-m-n-j, �rec(g,h0,δ0,h1,δ1)� = saferec �g� �h0� �δ0� �h1� �δ1�, and
�f◦〈g1, . . . , gM : h1, . . . , hN 〉� = comp �g1� · · · �gM� �h1� · · · �hN�.
In the following we establish correctness through the following facts:

– The functions are tail recursive. Consequently there is a fixed maximal depth
of the stack for any program.

– Each stack entry is representable in logarithmic space on the inputs.
– The function succeeds and returns the correct bit provided that the input
functions are correct and succeed without raising an exception Restartn.

We conclude from the first two facts that the program is lf. From the last fact
we conclude that the algorithm is correct.

Notation 3. We adapt the convention of Barendregt [1] and use ≡ for the syn-
tactic equivalence of functions.

We assign an abstraction label a to each function abstraction; we write
fna x => e. We refer to abstraction labels as pairs of the function name and
the parameter, e.g., succ0 above has two abstraction labels: 〈succ0, y1〉 and
〈succ0, bit〉.



exception Restartn
val NORESULT = { depth = ~1, res = NONE, bt=~1 }

fun saferec (g : program-(m − 1)-n)
(h0 : program-m-1) (d0 : program-m-0)

(h1 : program-m-1) (d1 : program-m-0)

(x1 : input) . . . (xm : input)

(y1 : input) . . . (yn : input) (bt : int) =

let val result = ref NORESULT

val goal = ref ({ bt=bt, depth=0 })
fun loop1 body = if body () then () else loop1 body

fun loop2 body = if body () then () else loop2 body

fun findLength (z : input) =

let fun search i = if z i <> NONE then search (i + 1) else i

in search 0

end

fun x’ (bt : int) = x1 (1 + bt + #depth (!goal))

fun recursiveCall (d : program-m-0) (bt : int) =

let val delta = 1 + findLength (d x’ x2 . . . xm)

in if #depth (!goal) + delta = #depth (!result)

andalso #bt (!result) = bt

then #res (!result)

else

goal := { bt=bt, depth = #depth (!goal) + delta };
raise Restartn

end

in

( loop1 (fn () => (* Loops until we have the bit at depth 0 *)

( goal := { bt=bt, depth=0 };
loop2 (fn () => (* Loops while the computation is restarted *)

let val res =

case x1 (#depth (!goal)) of

NONE => g x2 . . . xm y1 . . . yn (#bt (!goal))

| SOME b =>

let val (h, d) = if b=0 then (h0,d0) else (h1,d1)

in h x’ x2 . . . xm (recursiveCall d) (#bt (!goal))

end

in ( result := { depth = #depth (!goal),

res = res,

bt = #bt (!goal) };
true )

end handle Restartn => false

0 = #depth (!result) ));

#res (!result))

end

Fig. 4. Translation of safe affine recursion



We recall that when evaluating the program every function applied—even
when it is the result of evaluating an expression—is constructed by one of the
abstraction occurrences fna x => e in the program.

We follow Jones [9] in defining tail recursion slightly more liberal than usual:
the call stack can grow, but there are never two stack entries for the same
abstraction.

Definition 3 (Tail Recursion).

(1). An occurrence of expression e in e0 is in tail position of e0 if (a) e0 ≡ e,
(b) e0 ≡ if e1 then e2 else e3 and e is in tail position of e2 or e3, (c)
e0 ≡ case e′0 of p1 => e1 · · · pl => el and e is in tail position of ei for
some i = 1, . . . , l. (d) e0 = e1;. . .;el and e is in tail position of el. (e)
e0 = let val v1=e1 · · · val vl=el in el+1 end and e is in tail position
of el+1.

(2). An expression e is tail recursive if there is a partial order � on e’s abstraction
labels such that: For every abstraction fna0 x => e0 in e, and every abstrac-
tion fna1 x => e′1 that can result from evaluating the function part e1 of
any application e1 e2 occurring in e0, we have either (a) a0 � a1 or (b)
a0 = a1 and the application is in tail position.

The partial order in the above definition ensures that the program can be eval-
uated without having more than one entry per abstraction on the call stack.
Rather than a fully formal proof based on the formal definition of ML [12], we
rely on an informal understanding of ML evaluation. Furthermore, we make the
following idealized assumptions: (1) Arithmetic can be done with arbitrary pre-
cision. In particular none of the functions, +, -, *, =, and <>, raise any exceptions.
(2) The memory is arbitrarily large. In particular, the function ref will never
raise an exception. (3) The basic functions are implemented tail recursively, i.e,
+, -, *, =, <>,#,!, and ref are all tail recursive.

We can now establish that the functions used in the construction fulfill the
conditions for tail recursion.

Proposition 6. Let F ∈ N
m,n be a function of BC-

ε. Its encoding into an SML
expression is �F � ≡ fna1 inp1 => · · · => fnan inpn => fnan=1 bt => e of
type program-m-n. We consider an application P = �F � exp1 · · · expl where
l = m + n. Each of the argument expressions expi can evaluate to abstractions
with abstraction labels in the set Ai. Furthermore, none of the abstraction labels
in A1 ∪ · · · ∪ Al occurs in P. There exists a partial order � on the abstraction
labels with the following properties:

(1). Consider any abstraction fna′
x => e′ in P and any application e′1 e′2 oc-

curring in e′. For any abstraction fna′
1 x => e′′1 that e′1 can evaluate to, we

have either (a) a′ � a′1 or (b) a′ = a′1 and the application is in tail position.
(2). There is an abstraction label �� that is the successor of all other abstraction

labels that occur in �F � and A1 ∪ · · · ∪Al.
(3). It holds that a1 � · · · � al+1.



(4). None of the elements a′i ∈ Ai for 1 ≤ i ≤ l has a predecessor in �.

Proof. We use induction on the structure of F inspecting each case. ��
Proposition 7. Given any BC-

ε-function F ∈ N
M,N , its SML-encoding �F � can

be evaluated in logarithmic space, i.e., for any x1, . . . , xM , y1, . . . , yN ∈ N we can
compute F (x1, . . . , xM : y1, . . . , yN ) using only logarithmic workspace.

Proof. This is accomplished by iteratively (and therefore tail recursively) query
�F � bit by bit. Using Prop. 6 the full program is tail recursive. ��

It is not hard to realize the correctness of the functions zero, succ0, succ1,
pred, cond, proj-m-n-j, and comp. We omit the gory details of the correctness
proof for saferec (it can be found in the full version) as the intuition has
been presented above. The proof relies on establishing that (1) within a call
to saferec, the calls to recursiveCall correspond to the recursive calls done
in a standard evaluator, and (2) every time loop2 is started, it takes fewer loops
until the cached bit is found.

We notice that the encoding can be produced by scanning over the BC-
ε-

expression keeping a pointer on where we are in the expression and a counter on
the number of safe recursions. We conclude the following.

Theorem 1. For any function definable in BC-
ε, there is a Turing Machine

evaluating the function in lf. The Turing Machine can be constructed from the
function expression in logarithmic space in the size of the BC-

ε-expression.

5 Conclusion and Future Work

We have presented the first implicit characterization of the lf-computable func-
tions. The characterization is appealing because it with two simple measures,
affinity and a division into safe and normal arguments, obtains a well-known
complexity class. When compared to Bellantoni and Cook’s b it highlights lin-
earity as a potential distinction between lf and pf.

Existing work on automatic analysis of resource usage, only derives pure
polynomial bounds. It is likely that BC-

ε could serve as a first step toward a
more realistic analysis. A first step would be to allow the conditional to share
arguments between the branches. This could be achieved through a resource
conscious type system in the style of Hofmann [6] with an additive type operator.

Another line of research is to continue the investigation of the connection to
linear logic. A first question is whether there is a direct encoding into light linear
logic [4] of safe affine course-of-value recursion. This would suggest a lighter than
light fragment of linear logic corresponding to logarithmic space.
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